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1. INTRODUCTION 

In all numerical methods of investigation of the
magnetic mechanism of superconductivity, for exam�
ple, in the quantum Monte Carlo (QMC) method, or
in the method of exact diagonalization of the Hamil�
tonian, a finite size of the cluster under consideration

restricts the size of the Cooper pair Bij =  by a
distance rij with a very small number of coordination
spheres [1–5]. As a rule, pair correlation functions are
very small, which causes the contradictory conclu�
sions of the authors of different works on the possibil�
ity of the  superconductivity in the limit of

strong electron correlations (SEC) in the scope of the
Hubbard or t–J models (see discussion in [5]). In this
situation, the question arises: what is the degree of
trustworthiness of the results obtained for small clus�
ters? What is the size of the Cooper pair, and can we
limit ourselves by taking into account the pairing of the
nearest neighbors only? 

In this paper, we answer this question in the scope
of the variant of the mean field theory constructed tak�
ing into account the SEC. Various approaches to the
description of the magnetic mechanism of supercon�
ductivity are known [6–11]. We follow the approach
[12], where the local prohibition of two�electron states
due to the SEC is taken into account. The advantage
of this approach is the formulation of the t–J model
and superconductivity theory in the representation of
the Hubbard X�operators instead of conventional sin�
gle�electron operators of creation/annihilation of
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electrons. The algebra of X�operators allows us to
exactly take into account the “no�double occupancy”
constraint at all stages of calculations. The supercon�
ductivity theory [12] was recently generalized taking
into account the electron–phonon interaction (EPI)
along with the magnetic one [13]. 

2. CORRELATION FUNCTION OF COOPER 
PAIRS IN THE t–J MODEL 

In high�temperature superconductors of the
La2 ⎯ xSrxCuO4 type, the hole with spin σ in the site Ri

is described by the Hubbard operator  = .

It is the excitation between d9p6 spin doublet with one
hole , (σ = ±1/2) and two�hole Zhang–Rice sin�
glet d9p6 + d8p6 |2〉. The two�electron d10p6 states (zero
of holes) are forbidden due to the SEC and excluded
from the Hilbert space so that the condition of the
completeness of the local basis set { , ,

} has the form 

Under these conditions, the superconducting pairing
of the Hubbard fermions is described by an anomalous
average 
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In the case of the  symmetry, the gap Δk is deter�

mined as follows: 

(2)

where x is the concentration of doping with complete
number of holes nh = 1 + x per formula unit of
La2 ⎯ xSrxCuO4 and Jk is the exchange interaction Fou�
rier transform J = 2t2/U. The gap depends on the wave
vector as Δk = Δ0ϕk, and ϕk = 0.5(coskxa – coskya).
Correlation function (1) is 

(3)

where F0σ = (1 + x)/2 =  +  is the spectral
weight of the hole determined by the occupation num�

bers of the initial and final states, Eq = (  + )1/2,
and ξq is the electron dispersion in the normal phase.
At T = 0, the equation for the gap takes the form 

(4)

The addition of the EPI with a constant λph to the t–J
model retains the form of the equation for the gap but
with a renormalized coupling constant [13]: λJ 
λtot, where 

As usual in the BCS theory, here, the Heaviside θ�
function cuts pairing out of a narrow region of the
order of the Debye frequency ωD wide near the Fermi
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level. A final expression for a pair correlation function
takes the form 

(5)

We calculated this function with the parameters of the
t–J model calculated from the first principles by the
LDA + GTB method for La2 – xSrxCuO4 [14] and the
EPI parameter found from the equalization of the cal�
culated and experimental values of the isotope�effect
by oxygen in La2 – xSrxCuO4 [13]. 

The amplitude of the correlation function (5) along
the x axis, from r (m = 0) to r (m = 40), is presented in
Fig. 1. The dashed line shows approximation 1/m,
which can be obtained analytically from Eq. (5) taking
into account the main contribution in the right side
from the vicinity of the Fermi level, where Eq = Δq.
The value |B(1, 0)| is of about 30% of the sum 

which shows that we lose very many if we restrict our�
selves by the consideration of nearest neighbors only.
For a two�dimensional square lattice, we analyzed not
only function  but also the product of this func�
tion by coordination number zn for the nth coordina�
tion sphere. The function  is constructed
in Fig. 2a. The contribution of the first coordination
sphere is of about 17% of the summary one. In order to
evaluate the part of correlations taken into account in
the confinement by the mth coordination sphere, we
calculated the quantity 

(6)

which is shown in Fig. 2b. 
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Fig. 1. Amplitude of the correlation function along the x
axis at optimal doping. 
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Fig. 2. (a) Correlation function and (b) percentage of cor�
relations taken into account for the nth coordination
sphere. n ≤ 30. 
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The correlation function depends on the degree of
doping x. The presented results were obtained at x =
0.15 near the optimal doping. In Fig. 3, we present the
dependences of the correlation function along three
spatial directions rn = (n, 0), (n, 2n), and (n, 3n) for
lightly doped x = 0.13, almost optimally doped x =
0.15, and heavily doped x = 0.20 compositions. It is
evident from Fig. 3 that the concentration dependence
is nonmonotonic, and in some directions, the correla�
tion for the lightly doped composition is stronger than
that for the optimal doping. 

3. CONCLUSIONS 

According to our calculations, the superconduct�
ing correlations are spatially distributed and slowly
decrease with a distance. We restricted ourselves by

 Å, which corresponds to 30 coordination
spheres on a square lattice. The calculation to n = 40
showed that the longer range correlations are close to
zero. The size of the Cooper pair calculated by us is
close to the experimental value of the correlation
length ξ ≈ 30 Å in high�temperature superconductors. 

Our results show that the numerical calculations
for small clusters always strongly underestimate the
energy gain of the superconducting phase compared
with the normal phase. 

r 8a 30≈≤

This work had appeared as a response to the rhetor�
ical question of D. Scalapino during discussion of
contradictory QMC results for the superconductivity
theory in cuprates. 

ACKNOWLEDGMENTS 

We thank D. Scalapino for fruitful discussions. 
This study was supported by the Russian Founda�

tion for Basic Research (project no. 09�02�00127), the
Siberian Branch and Ural Branch of the Russian
Academy of Sciences (project no. 40), and the Minis�
try of Education and Science (project no. MK�
1683.2010.2 and the Federal Target Program “Kadry”
no. NK�589P). 

REFERENCES 

1. S. R. White, D. J. Scalapino, R. L. Sugar, N. E. Bickers,
and R. T. Scalettar, Phys. Rev. B: Condens. Matter 39,
839 (1989). 

2. Z. B. Huang, H. Q. Lin, and J. E. Gubernatis, Phys.
Rev. B: Condens. Matter 64, 205101 (2001). 

3. L. Spanu, M. Lugas, F. Becca, and S. Sorella, Phys.
Rev. B: Condens. Matter 77, 024510 (2008). 

4. D. J. Scalapino, J. Supercond. Novel Magn. 19, 195
(2006). 

5. T. Aimi and M. Imada, J. Phys. Soc. Jpn. 76, 084709
(2007). 

6. P. W. Anderson, P. A. Lee, M. Randeria, T. M. Rice,
N. Trivedi, and F. C. Zhang, J. Phys.: Condens. Matter
16, R755 (2004). 

7. A. Macridin, T. A. Maier, M. S. Jarrell, and G. A. Sa�
watzky, Phys. Rev. B: Condens. Matter 71, 134527
(2005). 

8. D. Senechal, P. L. Laverty, M. A. Marois, and
A. M. S. Tremblay, Phys. Rev. Lett. 94, 15640 (2005). 

9. K. Haule and G. Kotliar, Phys. Rev. B: Condens. Mat�
ter 76, 104 509 (2007). 

10. S. S. Kancharla, B. Kyung, D. Senechal, M. Civelli,
M. Capone, G. Kotliar, and A. M. S. Tremblay, Phys.
Rev. B: Condens. Matter 77, 184516 (2008). 

11. P. Barone, R. Raimondi, M. Capone, C. Castellani,
and M. Fabrizio, Eur. Phys. Lett. 79, 47003 (2007). 

12. N. M. Plakida and V. S. Oudovenko, Phys. Rev. B:
Condens. Matter 59, 11949 (1999). 

13. S. G. Ovchinnikov and E. I. Shneyder, J. Supercond.
Novel Magn. (2010) (in press). 

14. M. M. Korshunov and S. G. Ovchinnikov, Eur. J. Phys.
57, 271 (2007). 

Translated by N. Korovin

0.2

20 4 6 8 10
(n, 3n)

0.4

z(
n)

|B
(n

)|
, 

ar
b.

 u
n

it
s

0.1

20 4 6 8 10
(n, 2n)

0.2

0.5

20 4 6 8 10
(n, 0)

1.0
x = 0.13
x = 0.15
x = 0.20

Fig. 3. Correlation functions with rn = (n, 0), (n, 2n), and
(n, 3n) for doping concentrations x = 0.13, 0.15, and 0.20. 
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