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The presence of the pseudogap state [1], where a
significant decrease in the density of electronic states
in the vicinity of the Fermi level takes place, is one of
nontrivial peculiarities of cuprate superconductors.
Description of the pseudogap phase in some of the
works is based on the models of strongly correlated
electron systems. The key idea of this method is based
on taking into account spin fluctuations [2–5]. In
order to describe the pseudogap phase in [3], an
assumption is made that a charge density wave is
present in the system. This approach reveals the
microscopic mechanism leading to the formation of
shadow bands and to the modulation of spectral inten�
sity at the Fermi contour. Despite the success of this
approach, the origin of the spin density wave remains
an open question. It seems relevant to develop an
approach where the spin structure of a strongly corre�
lated system remains homogeneous, and the
pseudogap is induced due to pronounced fluctuations
of the spin. In this work, we show that using a simple
model of strongly correlated systems, namely, the t–
t'–t'' model, makes it possible to relate electron
degrees of freedom with spin ones and to find a renor�
malization of the electron energy structure, leading to
the formation of the pseudogap phase. 

The Hamiltonian in the t–t'–t'' model in the
atomic representation can be written in the following
form:

(1)

where  are Hubbard operators [6]:  describes a
transition of the ion at site f from the single electron

H ε μ–( )Xf
σσ

jσ

∑ tfmXf
σ0

Xm
0σ

,

fmσ

∑+=

Xf
pq

Xf
0σ

state with spin projection σ = ±1/2 to a state without

electrons,  describes the opposite process,  =

⎯σ. The diagonal operator  is a projection opera�
tor for the single electron sector of Hilbert subspace
corresponding to site f. The energy of the single�elec�
tron single�ion state is denoted as ε, μ is the chemical
potential of the system, and tfm is the electron hopping
integral from site m to site f.

In order to obtain the equations describing the nor�
mal mode, we use in this work the graphical phase of
perturbation theory for Matsubara Green’s functions
in the atomic representation. This approach is based
on the diagram technique for Hubbard operators [7].
Earlier, it has been shown in [8], that in the one�loop
approximation, the processes of scattering on spin and
charge fluctuations can be represented by the force
operator. The expression for the normal component of
the force operator in the first Born approximation has
the form

(2)

where ωm is the Matsubara frequency, n is the concen�
tration of electrons, T is the temperature, χs and χc are
the static spin and charge susceptibilities respectively,
Ωs = 0.01|t| and Ωc = 1.00|t | are weight coefficients
characterizing the scale of excitations in spin and
charge subsystems, tk is the Fourier transform of the
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hopping integral, and Q = (π, π). The use of the static
spin susceptibility is based on the well�known experi�
mental fact [9] that the magnetic susceptibility has a
sharp maximum at the point of the antiferromagnetic
instability Q = (π, π). That is why for spin susceptibil�
ity we chose the model [10, 11]

(3)

The value of static spin susceptibility χc corresponds to
the dynamic charge susceptibility at zero frequency
averaged over Brillouin zone. The dynamic charge
susceptibility was found by taking a Fourier transform
of two�time temperature Green’s function 

(4)

Using equations of motion in a usual manner [12], we
find

(5)

where Kq is Fourier transform of kinetic correlator.
The performed calculations showed that charge sus�
ceptibility has a maximum at zero value of quasi�
momentum. Density–density correlator is one of the
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quantities, which can characterize the contribution of
charge fluctuations to the energy structure of system
under consideration. Using the spectral theorem [13]
and also using Eqs. (4) and (5) we find the correlator

(6)

The energy spectrum of Bose excitations, which is
present in this expression, 

(7)

is gapless, and it has a linear in quasi�momentum
dependence in the region of small k, fB(x) =
1/[exp((x – μ)/T) – 1] is Bose–Einstein distribution
function, γ1k, γ2k, γ3k are invariants of a simple square
lattice

(8)

We show in Fig. 1 dependences of density–density
correlators on concentration, calculated taking into
account hops in three coordinate spheres t2 = –0.65|t |,
t3 = –0.4|t |, T = 0.01|t |, t ≡ t1. The solid, dashed and
dash�dotted lines correspond to dependences of corr�
elator at the first, second and third coordination
spheres correspondingly. It can be seen that the abso�
lute value of this correlator can be as high as 0.08 (for
the nearest neighbors). The performed calculations
make it possible to conclude that taking into account
scattering processes on charge fluctuations plays an
important role in description of the energy structure of
a strongly correlated electron system. In the figure one
can also see that a kink at concentration value n = 0.44
is present in all the curves, which is related with the
change in the topology of the Fermi surface at a given
doping. A similar kink was observed earlier in the stud�
ies of the energy structure of the t–J* model [14], and
the relation with the change in topology was estab�
lished in [15]. Using Eq. (2) and Green’s function 
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Fig. 1. Influence of long�range hops on the concentration
dependence of the density–density correlator.
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and having performed analytic continuation iωm 
ω + iδ, we can calculate the electronic spectral inten�
sity 

(10)

The inclusion of the scattering processes leads to the
fact that electron Green’s function (9) acquires a tri�
polar structure, and, consequently, the equation deter�
mining the spectrum becomes cubic. We show the
dependence of spectral intensity on the wave vector
along the main directions in Brillouin zone and on the
energy of excitations in Fig. 2. One can see that the
inclusion of the fluctuation processes in spin and
charge subsystems leads to splitting of the main band
and the formation of the so�called shadow bands. One
of these bands corresponds to scattering processes on
spin fluctuations and another corresponds to scatter�
ing on charge fluctuations. One can also see from this
figure that a considerable modulation of spectral
intensity is present in different points in Brillouin
zone. 

The influence of spin and charge fluctuations on
the density of electronic states for electron concentra�
tion n = 0.95 is shown in Fig. 3. Dashed line shows the
density of states obtained in the simplest Hubbard�I
approximation disregarding fluctuation processes
completely. In this case the chemical potential
depicted by a vertical dotted line lies in the region of
large density of states. Taking into account the above
mentioned fluctuation processes leads to inhomoge�
neous in charge carrier concentration renormalization
of the density of states. One can see that broadening of
the band takes place in the high�energy region and the
profile of the curve of density of states becomes more
complex. An important peculiarity of renormalization
is related with the fact that a significant decrease in the

A k ω,( ) 1
π
��ImD11 k ω,( ).–= density of states takes place in the vicinity of the chem�

ical potential, depicted in the figure by a solid vertical
line. This fact is related with the formation of
pseudogap phase, when modulation of the spectral
intensity at the Fermi contour is caused by hybridiza�
tion of the main band and two shadow bands (spin
fluctuation band and charge band). 

In conclusion we wish to note that the formation of
pseudogap state in the frame of developed approach is
induced both by spin and by charge fluctuations. The
hybridization of the main band with two shadow bands
is related with this fact, and it constitutes the main dif�
ference of our approach from the conventional one,
when taking into account spin fluctuation processes
leads to hybridization of the main band with one
shadow band only. In our case we obtain a more com�
plex pattern of spectral intensity redistribution along
the Fermi contour, which correlates well with experi�
mental data for pseudogap state of the normal phase of
cuprate superconductors.
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Fig. 2. Modulation of the spectral intensity in the
pseudogap phase with due regard for the spin and charge
fluctuations. The parameters are taken as follows: t' =
⎯0.65|t |, t'' = –0.4|t |, n = 0.95, and T = 0.01|t |. 
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Fig. 3. Density of states calculated in the Hubbard�I
approximation (dashed line) and also calculated taking
into account the spin and charge fluctuations (thick solid
line). Comparing the density at the intersection point of
the dotted and dashed lines and the density at the intersec�
tion point of the thin and thick lines, one can see that the
inclusion of the fluctuations leads to a strong decrease in
the density of states in the vicinity of the Fermi level.
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