
Journal of Magnetism and Magnetic Materials 335 (2013) 90–96
Contents lists available at SciVerse ScienceDirect
Journal of Magnetism and Magnetic Materials
0304-88

http://d

n Corr

E-m
journal homepage: www.elsevier.com/locate/jmmm
The generalized method of quantitative description of the uniaxial
anisotropy in weak ferromagnet rhombohedral calcite type structure crystals
with S-state ions
G.V. Bondarenko, S.G. Ovchinnikov, V.V. Rudenko n, V.M. Sosnin, V.I. Tugarinov, A.M. Vorotynov

Kirensky Institute of Physics, Russian Academy of Sciences, Siberian Branch, 660036 Krasnoyarsk, Russia
a r t i c l e i n f o

Article history:

Received 14 September 2012

Received in revised form

10 January 2013
Available online 8 February 2013

Keywords:

Weak ferromagnetism

Magnetic anisotropy

Impurity
53/$ - see front matter & 2013 Elsevier B.V. A

x.doi.org/10.1016/j.jmmm.2013.01.037

esponding author.

ail address: rvv@iph.krasn.ru (V.V. Rudenko).
a b s t r a c t

The method for investigation of the uniaxial and hexagonal anisotropies in weakly ferromagnetic

rhombohedral FeBO3 crystals with the Fe2þ magnetic impurity with the use of the single-ion and pair

approximation has been developed. In the framework of this method, a quantitative discrepancy

between theoretical and experimental data on a uniaxial field has been eliminated. The energy

contributions to the hexagonal anisotropy that are caused by the Dzyaloshinsky–Moriya interaction,

the crystal field of Fe3þ ions and the temperature dependence of this anisotropy were analytically

treated. The experimental temperature dependence of the hexagonal anisotropy of FeBO3 crystals is

explained. It is shown that the compensation point and the typical temperature dependence of the

hexagonal anisotropy result from the competition of the contributions of Fe3þ and Fe2þ ions. It is

shown that respective considerable contributions to the anisotropy of Fe3þ and Fe2þ ions are made by

the cubic symmetry and the uniaxial symmetry of the exchange ‘‘single-ion’’ type. The anisotropy

constants for FeBO3 crystal was obtained by using the described results. It was shown, that for the

calcite type structure crystals (iron borate and manganese carbonate) with S-state ions, the single ion

and pair models (which previously raised doubts in their validity and accuracy) describe the

experimental data good enough.

& 2013 Elsevier B.V. All rights reserved.
1. Introduction

The FeBO3 and MnCO3 compounds are rhombohedral antifer-
romagnets (TN¼348 and 32.5 K, respectively). The Fe3þ and
Mn2þ ions have five 3d electrons in the S-state with the spin
s¼5/2. To solve the problem on the magnetic anisotropy of
magnets with a S-ion [1], it is convenient to investigate FeBO3

and MnCO3 crystals due to simplicity of their magnetic structure
and narrowness of antiferromagnetic and the electron paramag-
netic resonance (EPR) lines. There also exists a series of isostruc-
tural diamagnetic crystals, which allow accurate quantitative
estimation of the spin-Hamiltonian constants corresponding to
the single-ion [2] and ‘‘single-ion’’ exchange terms [1] using the
electron paramagnetic resonance (EPR).

Several decades ago, methodical study of the magnetic aniso-
tropy stopped at the single-ion model and there was no progress
in its studies for a long time. The significant discrepancies
between the experimental data and calculations based on this
model raised doubt on its validity. Only with the appearance of
ll rights reserved.
theoretical publication [3] which describes the calculations based
on the two-ions model (work also for a long time has not been
noticed by the experimenters), the investigations (consider both
models) were resumed with the application of the EPR method
[1,2]. These investigations revealed that there are quantitative
discrepancies about 1.5–4.5�107 erg/mol for some rhombohe-
dral crystals (hematite, iron borate). However, anisotropy calcula-
tion for MnCO3 gives good agreement with experimental data (see
Table 1). For FeBO3 crystals such agreement looks problematic
evidently due to the presence of the impurities. So, some ques-
tions arise as follows. (1) At what level the agreement between
the experiment and calculation will be reached for the iron borate
at the impurity problem solution and is the generalization with
MnCO3 possible and as a consequence: (2) to what extend the
single ion and two-ions models (see below) are applicable for the
quantitative description of the magnetic anisotropy, (3) so far as
these models are based on the molecular field theory, how
accurate is it for the description of the experimental data of these
compounds, (4) Since the results of the calculation includes the
contribution of the dipole interaction, so how adequate the dipole
interaction describes the anisotropy of the magnets.

The final answer to these questions provides the investigations
performed on the basis of the developed quantitative method.

www.elsevier.com/locate/jmmm
www.elsevier.com/locate/jmmm
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Table 1
Contributions to the uniaxial anisotropy constant at T¼0 K. oAdip

—dipole (calcula-

tion)[4], oAcf mc
—single-ion and oex

Amc
—‘‘single-ion’’ exchange from EPR data [1,2].

aAT
¼oAcf mc

þoex
Amc
þoAdip

and a(Fe3þ), aðMnCO3Þ—theoretical and experimental

values of the uniaxial anisotropy constant, respectively. aðMnCO3Þ value is

obtained from the fitting theoretical curve with AFMR data, [34] manganese

carbonate and from FeBO3 [19] (corrected by the residue of the Fe2þ impurity ions

contribution).

107
ðerg=molÞ oAcf mc

oex
Amc

oAdip
aAT aðFe3þ

Þ, aðMnCO3Þ

FeBO3 11.79 �14.70 10.25 7.34 6.16

MnCO3[35] 0.25 �2.91 10.70 8.04 8.43
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The method includes (1) Simulations of the anisotropy con-
stants for the pure crystals, (2) simulations of the influence of the
impurities on the magnetic anisotropy, (3) simulation of the
contribution of the dipole interactions to the uniaxial anisotropy
of the FeBO3 an MnCO3 crystas [4], (4) estimation of the single ion
contribution to the anisotropy by using of the EPR method for the
series of the isostructural diamagnetic crystals [2], and (5) estima-
tion of the ‘‘single-ion’’ exchange contribution to the uniaxial
anisotropy by using of the EPR pair spectra for the series of the
isostructural diamagnetic crystals with the magnetic impurities [1].

Let us point out that the estimation of the pair
spin-Hamiltonian constants in [1] has been made roughly, so in
Chapter 56 we gave a refined experimental data of the paper [1]
and adequate theoretical treatment (Chapter 45) for FeBO3 and
MnCO3.

Physically, the occurrence of the pair model (with accounting
‘‘single-ion’’ exchange anisotropy only) can be explained as
follows. An admixture of excited states to the ground state and
the covalence effect change the values of the spin and orbital
moments of a cation. This results in modification of the spherical
configuration of an electron cloud of an ion in the S-state and, as a
consequence, in the occurrence of the dependence of the ion
energy on the spin orientation. Such a mechanism gives rise to the
‘‘single-ion’’ exchange anisotropy whose operator form (written
in terms of the total spin S¼s1þs2) coincides with an ordinary
single-ion anisotropy one. The mechanism of the ‘‘single-ion’’
exchange anisotropy is also described in [5].

For a complete and accurate solution to the problem it is
theoretically necessary to investigate the following questions in
these crystals.

The temperature dependence of the hexagonal anisotropy of
iron borate and hematite crystals available in the literature [6–9]
remains understudied. There is also some quantitative disagree-
ment between the theoretical and experimental data on the
uniaxial anisotropy of FeBO3 crystals [1]. The existence of a
compensation point of the hexagonal anisotropy FeBO3, different
anisotropy values for different samples, and the significant
growth in the low-temperature region indicate the presence of
impurities [6–8]. Hence, we should clarify the effect of the host
and impurity magnetic subsystems on uniaxial and hexagonal
anisotropy of FeBO3. We need to derive the single ion and pair
spin-Hamiltonian constants dependencies on the lattice constants
for the diamagnetic analogs in order to determine of the uniaxial
anisotropy constants in magnetically concentrated crystals. How-
ever, not a complete set of the experimental values of the
constants of spin-Hamiltonians for the diamagnetic analogs does
not allow performing a generalization for the hexagonal aniso-
tropy for FeBO3 and MnCO3 crystals. Note, that large numbers of
the fitting parameters force us in order to improve the accuracy to
use simultaneously two experimental curves (uniaxial and hex-
agonal) during the fitting procedure. Moreover, the values of the
these parameters determined from the EPR data were used as the
starting values of the fitting procedure.
1.1. Magnetic anisotropy of pure FeBO3 crystals. Phenomenological

description

The thermodynamic potential [10,11] for the FeBO3 crystal can
be written as

F¼ ð1=2ÞBm2þð1=2Þacos2 y�dsin yðmycos j�mxsin jÞ
þqsin3 ycos ycos 3jþesin6 ycos 6jþtmzsin3 ysin 3j ð1Þ

where the first, second, and third terms are the exchange inter-
action, uniaxial anisotropy, and Dzyaloshinsky interaction,
respectively [12,13]. The last three terms correspond to the
hexagonal anisotropy in the basal plane of the crystal. Below,
we omit the six-order invariant at constant e in this equation,
since for 3d ions this invariant is zero [6]. The last term in (1) can
be neglected due to smallness of mz. In Eq. (1), m¼ ðM1þM2Þ=M is
the ferromagnetic vector; M1 and M2 are the sublattice magneti-
zations of a Fe3þ ion, M¼ 29M19¼ 29M29; and y and j are the
polar and azimuth angles of the antiferromagnetic vector
l¼ ðM1�M2Þ=M.

Minimization of F yields the effective hexagonal anisotropy

oqðFe3þ
Þcos 6j¼� q2

4½aþðd2=BÞ�
cos6j:
2. Hexagonal anisotropy of pure FeBO3 single crystals.
Microscopic consideration

To determine the value of oqðFe3þ
Þcos6j, one should know

the temperature dependence and, at least, some contributions of
different mechanisms to the hexagonal anisotropy that were
determined by independent methods. The effect of the cubic
crystal field (single-ion contribution) on the basal anisotropy of
FeBO3 caused by Fe3þ ions was considered in [7]. There are no
experimental data on the ‘‘single-ion’’ exchange anisotropy of the
cubic symmetry in the literature. However, as is known, the
contribution of the uniaxial ‘‘single-ion’’ exchange anisotropy can
exceed the single-ion anisotropy [1].

In addition, the considerable contribution of Fe3þ ions to the
basal anisotropy that is determined by the crystal field and the
Dzyaloshinsky–Moriya interaction with unknown temperature
dependence can exist.

Fig. 1 shows a subimage of the two positions of Fe3þ ions in
the iron borate unit cell. In the calculation, it is convenient to use
the x0y0z0 coordinate system (X-x0,Y-�Y-y0,Z-z0) with the
origin at position 1 of a Fe3þ ion. Positions 1 and 2 are none-
quivalent. This is related to different orientations of the
BO3�

3 groups in the plane normal to the C3 axis of the crystal.
The BO3�

3 groups are shown by dark and light triangles.
Mutually perpendicular cubic axes xj, Zj, and zj are shown by

arrows. The solid and dotted arrows are directed upwards and
downwards the figure plane, respectively. The angles between the
projections of the x1, Z1, z1 and x2, Z2, z2 axes onto the (111) plane
and the crystal axis are a1¼�a and a2¼a, respectively; j¼1 and
2 correspond to positions 1 and 2. The axial components of the
crystal field for the both complexes are parallel to the C3-axis of
the crystal. This orientation of the axes in the crystals with the
calcite structure was confirmed by the EPR data [2].

The spin-Hamiltonian (SH) can be written as

Ĥ¼
X

j

gbHef f
j sjþ

Dcf

3
O0

2jþ
Fcf

180
O0

4j�
acf

180
O0

4j�20
ffiffiffi
2
p
ðO3

4jcos3aj

h�
� ~O

3

4jsin3ajÞ�

o
þdMðsx1

sy2
�sy1

sx2
Þ ð2Þ

where gbHef f
j sj is the isotropic exchange in the molecular field

approximation, g is the Lande factor, b is the Bohr magneton, sj is



Fig. 1. Distribution of axes of the cubic crystal field for two nonequivalent positions of Fe3þ ions in the FeBO3 lattice.
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the ion spin in the positions j¼1 and 2, the second and third
terms in parenthesis correspond to the single-ion uniaxial energy,
the fourth term corresponds to the cubic crystal field, dM is the
Dzyaloshinsky–Moriya constant. For simplicity, we omitted
indexes of the coordinate system.

The isotropic exchange term can be transformed to the
diagonal form by rotation of the initial xjyjzjcoordinate system
by angles yj and jj. In the x1y1z1 coordinate system, the orienta-
tion of the quantization axis for energy (2) is determined by
angles y1 and j1 and sz1 is directed along the z1-axis.

After this transformation, we retain expression (3), since the
calculation of the matrix elements indicates that only Hamilto-
nian (3) makes a nonzero contribution to the hexagonal aniso-
tropy:

Ĥ¼
X
ðgbHef f

j szjþ ~a
1
4j
~O

1

4jÞþdMðsz1
sy2

siny1�sy1
sz2

siny2Þcosðj2�j1Þ

ð3Þ

where ~O
1

4jis the equivalent spin operator for ion j and
~a1

4j ¼�ðacf

ffiffiffi
2
p

=12Þsin2 yjcosyjsin 3ðjjþajÞ. Denotation of the con-
stants in Eq. (3), operator forms, and matrix elements were given,
for example, in [14–16].

To calculate the free energy, the effective fields affecting the
first ðj¼ 1Þ and second ðj¼ 2Þ sublattices can be introduced:

dMn sz2

� �
cosðj2�j1Þ ¼ �dMn sz2

� �
cos2g¼ gbHDM1

,dMn sz1

� �
cos 2g¼ gbHDM2

Here, angle g characterizes nonparallelity of the exchange
fields affecting ions 1 and 2, n is the number of the neigbours.
Below, we assume cos2g� 1.

Within the second-order perturbation theory [17], the energy
levels in the x1y1z1 coordinate system are

W 00
71=2 ¼ þ �ð Þ

X
j

60HDMj
sinyj ~a

1
4j

Hef f
j

��� ��� ,

W 00
73=2 ¼� þð Þ

X
j

90HDMj
sinyj ~a

1
4j

Hef f
j

��� ��� ,

W 00
75=2 ¼ þ �ð Þ

X
j

30HDMj
sinyj ~a

1
4j

Hef f
j

��� ��� :

Here the sign in and without brackets corresponds toj¼ 2 and
j¼ 1 respectively.
Now, we write the free energy per mole, taking into account
the isotropic exchange term and the energy in the second-order
perturbation theory:

F ¼�
NkT

2

� �X
j
lnZj ¼�

NkT

2

� �X
j

ln
X

m
exp �

gb Hef f
j

��� ���m
kT

0@ 1Aexp �
W 00

jm

kT

 !24 35

¼ þ �ð Þ
N

2

� �X
j

30acf

ffiffiffi
2
p

HDMj

12 Hef f
j

��� ���
0B@

1CAsin3 yjcos yjsin 3ðjjþajÞ
z2j

z0j

� �
:

Here, the temperature averaging was performed; m is the
magnetic quantum number; Zj is the partition function for the jth
ion, a1 ¼�a, a2 ¼ a (angle a is assumed to be positive as it was
done for CaCO3þMn2þ crystals in [18]), and N is Avogadro’s
number.

Next, we introduce the angles for the antiferromagnetic vector:
j1 ¼j, j2 ¼jþp, ðcosy1�cosy2Þ ¼ ð2Mz1

=MÞ�ð2Mz2
=MÞ ¼ ð2lz=

MÞ ¼ 2cosy: We also make the following denotations: HDM1
¼

HDM2
¼HDM ,9Hef f

j 9¼Hef f , z0j
¼ z0, z2j

¼ z2, z0¼(Y5
þY4
þY3
þY2
þ

Yþ1)/Y5/2, z2¼(�Y5
þ3Y4

�2Y3
�2Y2

þ3Y�1)/Y5/2, Y¼exp(�2x/
5), x¼(gbHeff/kT)¼(15/7)(TN/T)B5/2(x), B5/2(x) (the Brillouin func-
tion), and sinyj ¼ siny.

The ratio between the Dzyaloshinsky–Moriya field and the
isotropic exchange field can be presented in the form of a
trigonometric function of angle g. This ratio
tg2g¼HDM=Hef f

� sin2g is determined by minimization of the
total energy of the Dzyaloshinsky–Moriya interaction and the
isotropic exchange [12]. The expression for the hexagonal aniso-
tropy caused by the cubic crystal electric field and the
Dzyaloshinsky–Moriya interaction acquires the form

qD ¼�N
ffiffiffi
2
p

acf mcsin3amcsin2grðYÞ,

where rðYÞ ¼ 5z2=2z0: The equation for the hexagonal anisotropy
can be written as

oqcf DðFe3þ
Þcos6j¼�

ð5=2ÞNgba2
cf mc

1
3

	 

cos3amcþsin 3amcsin2g

� �2
r2ðYÞ

2 HAð0ÞþðHD
2
ð0Þ=HEð0ÞÞ

h i
B2

5=2ðxÞ
cos6j

ð4Þ

In (4), the first term in brackets corresponds to the interaction
between the spin and the crystal field. The second term in
brackets reflects the effect of the crystal field and the
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Dzyaloshinsky–Moriya interaction. Here, in HAð0Þ (uniaxial aniso-
tropy field) only the dipole interaction is included, so as the single
ion and ‘‘single-ion’’ exchange terms almost compensate each
other [1]. The field values HAð0Þ ¼ ½að0Þ=Mð0Þ� ¼ 3:13 kOe (aniso-
tropy field), HEð0Þ ¼ ½Bð0Þ=Mð0Þ� ¼ 2Hef f

ð0Þ ¼ 6020 kOe (exchange
field), and HDð0Þ ¼ ½dð0Þ=Mð0Þ� ¼ 100 kOe (Dzyaloshinsky field)
were reported in [19]. The values acfmc¼130 Oe and amc ¼ 243

were reported in [2] (index 5mcb corresponds to magnetically
consentrated crystals).

The occurrence of the hexagonal anisotropy is related to the
deviation of the sublattice moments from the basal (111) plane
[6,7]. The Dzyaloshinsky–Moriya interaction and the cubic crystal
field contribute to the hexagonal anisotropy in the following way.
The Dzyaloshinsky–Moriya interaction causes sublattice angular-
ity in the (111) plane of the crystal and the cubic crystal field
rotates the magnetic moments out of the (111) plane (Fig. 1). The
experimental curve of the oqðFe3þ

Þ extrapolated to 0 K yields the
value (�)3.1 �102 erg/mol [7]. Taking into account the crystal
field only, we obtain the value is oqcf ðFe3þ

Þ ¼�3:3� 103 erg=mol
at T¼0 K. The value of oqcf DðFe3þ

Þ calculated in the second order
of the perturbation theory with regard to the crystal field (Eq. (4))
is oqcf DðFe3þ

Þ ¼�5:6� 103 erg=mol at T¼0 K. The deviation from
the experimental data can be caused by the fact that the
covalence effects and admixture of upper states (in particular,
those implemented in the ‘‘single-ion’’ exchange interaction)
were not taken into account [3,5]. If we take these effects into
account, the calculated absolute values of oqcf ðFe3þ

Þ and
oqcf DðFe3þ

Þ should be lower.
Thus, according to Eq. (4), the most significant contributions to

the hexagonal anisotropy have the same temperature depen-
dence. Therefore, this dependence, together with the EPR data
on isostructural diamagnetic crystals with the Fe3þ impurity
[1,2], can be used to determine the single-ion and ‘‘single-ion’’
exchange contributions of the cubic symmetry.
Fig. 2. Distribution of axes of the crystal field on iron ions for a subimage of the

FeBO3 lattice with a vacancy in the center ðZH ¼ 1=4Þ:
3. Hexagonal and uniaxial extrinsic anisotropy of FeBO3

crystals. Phenomenological consideration

The thermodynamic potential for a Fe2þ ion in the FeBO3

crystal (the impurity magnetic system is in thermodynamic
equilibrium) can be written as [8]

F0 ¼ A½sin ysin y0cos jcos j0 þsin ysin y0sin jsin j0 þcos ycos y0�

þð1=2Þa0cos2 y0�Dsin3 y0cos y0cos ð3j0�cÞ ð5Þ

where A is the Fe2þ–Fe3þ isotropic exchange interaction
constant; y0 and j0 are the polar and azimuth angles of the
impurity antiferromagnetic vector l0 ¼M10�M20=M0; M0 ¼

2 M10j j ¼ 2 M20j j and M10andM20 are the sublattice magnetiza-
tions. The second and third terms in Eq. (5) are the uniaxial and
hexagonal anisotropies, respectively; D is the hexagonal aniso-
tropy constant of the impurity, and c is the phase angle.

Minimization of the sum FþF0 yields the equation for the
total effective hexagonal anisotropy

oq ¼oqðFe3þ
Þcos6jþoqðFe2þ

Þcosð6j0�2cÞ

¼oqðFe3þ
Þcos6j� D2

4a0
cosð6j�2cÞ ð6Þ

Since the hexagonal anisotropy field changes its sign above the
compensation point, in Eq. (6) c¼ 903. The tangent of this angle,
however, is temperature-independent, which follows partially
from our microscopic treatment. Thus, the equation
oqðFe2þ

Þcosð6j�2cÞ ¼o0qðFe2þ
Þcos6j is valid over the entire

temperature range (under the strong exchange interaction
between Fe3þ and Fe2þ , we have y0 ¼y, j0 ¼j). Here, the trivalent
and bivalent iron spins are assumed to be parallel to each other
and to the exchange field.

According to Eq. (6), the hexagonal and uniaxial anisotropies
are interrelated. Therefore, simultaneous fitting of the theoretical
curves of the hexagonal and uniaxial anisotropies to the experi-
mental data can yield more accurate values of parameters (1) and
(5) of the thermodynamic potential. In addition, this fitting allows
one to eliminate the quantitative disagreement reported in [1]
and to explain the temperature dependences of the anisotropy.

However, the description of the hexagonal anisotropy of the
FeBO3 crystals (for example, hematite [9]) is more complex and
can be considered within the following model.

The model represents a vacancy of BO3�
3 around which an

electron can move. The vacancy is surrounded by six nearest iron
ions, one of which is a Fe2þ ion. An electron can jump in the basal
plane of the crystal from one Fe2þ ion to another when the
effective energy of the hexagonal anisotropy becomes equal to the
potential barrier. This process is illustrated in Fig. 2. Here, the ZH

coordinates correspond to the atomic positions in the hexagonal
unit cell representation.

The boron ions in BO3�
3 groups are energetically strongly

coupled with oxygen ions and may exist as a whole in the
solution-melt at the crystal growing temperatures [8]. Due to
their spatial extent, it is difficult for them to build into the crystal
structure that leads to the vacations of these groups. As a
consequence, a small deficiency of the negative charge will result
in the appearance of the Fe2þ ions.

Solving the kinetic equations in this model, we arrive at
expression (5) of the thermodynamic potential for the impurity
equilibrium state.
4. Extrinsic anisotropy of FeBO3 crystals. Microscopic
consideration

In accordance with the study [20], a Fe2þ ion, depending on
whether the potential of the axial electric field along the trigonal
axis is minimum or maximum, can be in the singlet or doublet
ground state in terms used in [21]. The calculation of the
coefficient


1=2ÞB0

2 ¼


1=2Þ

P
iðqi=R5

i Þð3z2
i �R2

i Þ in the expression
for the potential [21] yields the positive value (1.99�1013 CGS/
cm3 [22]. Here, qi is the ion charge and Ri is the distance between
the origin of coordinates and the ith ion (i is the index of
summation of the crystal ions; the origin of coordinates is
positioned at a Fe2þ ion). Therefore, the potential will be mini-
mum and, according to [23,24]; the lower energy levels of the
Fe2þ ion spin-triplet can be described by the Hamiltonian with
the effective spin s¼ 1.
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The Hamiltonian for the Fe2þ impurity in the single-ion
approximation for the case of the lowest symmetry is [15]

Ĥ¼ gbHef f
j sjþA0

2O0
2jþA1

2O1
2jþA2

2O2
2jþ

~A
1

2
~O

1

2jþ
~A

2

2j
~O

2

2j ð7Þ

where j¼ 1 and 2 correspond to the first and second positions
(Fig. 2). The first term in (7) characterizes the isotropic exchange
interaction in the molecular field approximation; Hef f

j is the
exchange field induced by Fe3þ ions in the Fe2þ site; sj is the
spin of the Fe2þ ions in the positions j¼ 1,2. Operators Ol

k and ~O
l

k

were given, for example, in [15].
It is believed that the impurity concentration of bivalent iron is

very low and the complexes shown in Fig. 2 do not interact.
The solution of Hamiltonian (Eq. (7) Fig. 2) yields Eq. (8) for the

energy levels obtained within the first-order perturbation theory.
In this equation, s describes the anisotropy energy in the 01,
�1201, and �2401 directions in the (111) basal plane of the
crystal; b is the angle that determines the projection of the
principal axes of the spin-Hamiltonian onto the (111) plane of
the crystal.
Esj ¼ gbHef f
j mjþ

A0
2

2 ð3cos2 y0j�1Þþ A1
2

4 sin 2y0jcos ðj0jþs7bÞþ
~A

1

2
4 sin 2y0jsin ðj0jþs7bÞþ

A2
2

2 sin2 y0jcos2 ðj0jþs7bÞþ
~A

2

2
2 sin2 y0jsin 2ðj0jþs7bÞ

264
375ð3m2

j �2Þ ð8Þ
We write the free energy [25] in the form

F ¼�
Nc0kT

2

X
s

cslnZs; Zs ¼
X
mj

exp �
Esj

kT

� �
Here, mj is the magnetic quantum number, c0 is the concen-

tration of Fe2þ ions in the crystal, k is the Boltzmann constant,
and cs is the degeneracy factor.

Now, we expand the anisotropic part of this expression and
introduce the angles of the vector of antiferromagnetism. In
calculation of the anisotropy, we take into account only the first
term of the expansion. For the easy plane anisotropy, cs ¼ 1=3; for
the uniaxial one, there is no dependence of the anisotropy on s
and therefore cs ¼ 1.

The uniaxial extrinsic anisotropy constant can be written as

a0ðFe2þ
Þ ¼ 3Nc0A0

2

z01
z00

� �
:

The hexagonal effective anisotropy has the form

o0qðFe2þ
Þ ¼

Nc0Bimpz01
ðkTÞ2z00

ð9Þ

Here, Bimp is the constant value that includes the constants of
Hamiltonian (8).

z00 ¼ ðY
02
þY 0 þ1Þ=Y 0,

z01 ¼ ð1�Y 0Þ2=Y 0,

where Y 0ðx0Þ and x0½B5=2ðx
0Þ� dependences have the same form

as in Section 2.
5. Spin Hamiltonian (SH) for two exchange-coupled ions.
Anisotropy constants

In accordance with [26,27–29], the SH for two exchange-
coupled ions (here Fe3þ–Fe3þ) can be presented in terms of the
total spin S¼s1þs2 if the exchange interaction is much stronger
than effects of the other terms in the SH, that leads to the six
states with total spin S [26,28,30]. The energy levels for each state
and may be written [28] as

ES ¼ ðJ=2Þ½SðSþ1Þ2s1ðs1þ1Þ2s2ðs2þ1Þ�,

where the possible values of the total spin S¼s1þs2, s1þs2–1,y,
s1–s2; s1¼s2¼5/2. In this case [26,28,30] we may write down the
SH for the each possible value of the total spin

cH ¼ gbHSzþðDS=3ÞOðSzÞ2ð1=180Þða2FÞcSgSOðSzÞ ð10Þ

Here the total spin moment quantization axis coincides with
the direction of the external magnetic field parallel to the C3-axis,
so that the matrix elements of the B4

3O4
3 type do not contribute to

the energy states in the first order of the perturbation theory;
DS¼3aSDdipþbSDcS; aS¼(1/2)[S(Sþ1)þ4s1(s1þ1)]/(2S�1)(2Sþ3),
bS¼[3S(Sþ1)�3�4 s1(s1þ1)]/(2S�1)(2Sþ3), and gS are non-
linear functions of S mentioned in [26,30]. In accordance with
[26,30], aS, bS and gS are the coefficients attached to Ddip, DcS and
(a�F)cS, respectively. The pseudodipole parameter attached to the
aS is neglected here due to its small value (as one can see from our
experimental data (see below)).
Let us introduce the notion of the multiplet exchange field
arising due to pair interactions, with absolute value

9Hex9¼ ð1=gbÞ½@ES=9@S9� ¼ J=gb
�� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

SðSþ1Þ
p

ð11Þ

As long as the energy of every multiplet depends on S value
[26], so SH constant DcS may be than written as

DcS ¼Dcf þDc0þA
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ1Þ

p
ð12Þ

The first term represents the zero field-splitting (ZFS) con-
tribution Dcf. The second one arises from the parent lattice
distortion caused by the ‘‘stranger pair’’, and the third term
describes ‘‘single-ion’’ anisotropic exchange [3]. Since the third
term in Eq. (12) is governed by the anisotropic exchange interac-
tion it must include the isotropic exchange part in common case
[31]. So, under the consideration of the pair interactions in the
diamagnetic crystals with Fe3þ impurities, third term in Eq. (12)
is linearly dependent on isotropic exchange field, i.e on total spin

value S as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ1Þ

p
. Such type of dependence is observed

experimentally for explored here compounds and, for example,
for the MgOþMn2þ , CaOþMn2þ [28], (CH3)4NCdCl3þMn2þ [27],
MBO3 (M¼Ga, In, Sc, and Lu)þFe3þ [1] with well interpreted pair
spectra.

In a similar manner, we assume the dependence on S for the
SH parameter (a�F)cS to have the form

ða2FÞcS ¼ ða2FÞcf þða2FÞc0þBSðSþ1Þ ð13Þ

All terms in Eq. (13) have the same physical meaning respec-
tively as in Eq. (12).

To establish the correlation between presentation exchange-
coupled pairs in ‘‘magnetically concentrated’’ and diamagnetic
crystals, we performed the next computations. Let us write down
the exchange energy for i-th ion in magnetically concentrated
crystal at T¼0 K as E(T¼0 K)¼�nJSiSj, where n is the nearest
neighbor number. Assuming n¼n0¼1 and

EðT ¼ 0,n0Þ ¼ ES mc ð14Þ

we define the pair effective spin value Sn0 for paramagnetic
impurity in diamagnetic substance. It will correspond to the ith
ion ground-state energy E(T¼0) in ‘‘magnetically concentrated’’



Fig. 4. Temperature dependence of the uniaxial anisotropy of Fe3þ ions [aðFe3þ
Þ]

(curve 1) and Fe2þ ions [a0ðFe2þ
Þ] (curve 2) in FeBO3 crystals. Curve 3 corresponds

to oA ¼ aðFe3þ
Þþa0ðFe2þ

Þ. Solid curve shows the theoretical data; points show the

experimental ones [19].
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crystal at a given n. Solution of Eq. (14) for si¼sj¼5/2 is Sn0¼1.79.
Then, taking a sum over all neighbors of ith ion in the left part of
Eq. (14), one can find the exchange energy for ith ion in a
magnetically concentrated crystal at T¼0 K to be

EðT ¼ 0Þ ¼ n0ESmcðSn0Þ ð15Þ

The right part of Eq. (15) represents the energy of n para-
magnetic pairs in a diamagnetic crystal.

Taking into account (12) and (13) and values of Amc, Bmc

parameters, that are responsible for the ‘‘single-ion’’ anisotropy
of ith ion in magnetically concentrated crystal (can be derived, for
example from Fig. 5) are equal to

Dmc ¼Dcf mcþ2:26nAmc ð16Þ

ða2FÞmc ¼ ða2FÞcf mcþ5:00nBmc ð17Þ

Parameters Dmc and (a�F)mc involve not only well known
single-ion terms Dcfmc and (a�F)cfmc but the exchange correction
terms also. The well-known in literature single-ion expressions at
T¼0 K can be used to write down the effective anisotropy field
with exchange correction terms for the rhombohedral antiferro-
magnetic crystals [32]. In accordance with Eqs. (16), (17) and [32],
the ‘‘single-ion’’ exchange and single-ion contributions to the
uniaxial anisotropy constant (for second order of magnitude) at
T¼0 K may be written as follows

oAcf mcþoex
Amc ¼ 2Ngbsðs21=2ÞfDcf mcþ2:26nAmc

þð1=6Þðs21Þðs23=2Þ½ða2FÞcf mcþ5:0nBmc�g ð18Þ
Fig. 5. Parameter B dependency (see Eq. (13)) that was derived from EPR pair

spectra on hexagonal lattice ratio cH/aH for MBO3þFe3þ crystals [1]. The arrow

indicates B value for FeBO3 and MnCO3 crystals.
6. Comparison between the calculation and the experiment

Theoretical curves of the hexagonal (oq) and uniaxial (oA)
anisotropies governed by the contributions of Fe2þ and Fe3þ ions
were fitted to the experimental data using the least-squares
method. Six fitting parameters were used at this procedure, four
of which were fixed and correspond to the calculated dipole
contribution, experimental easy plane anisotropy value
(�3.1�102 erg/mol) and two parameters that represent the
sum of single ion and ‘‘single-ion’’ exchange contributions and
were obtained from EPR data ([oAcf mcðs

2Þþoex
Amcðs

2Þ ¼ 2:352�
107 erg=mol and oAcf mcðs

4Þþoex
Amcðs

4Þ ¼ 5:60� 106 erg=mol� at
T¼0 K) (see Eq. (18)).

Fig. 3 presents temperature dependences of the hexagonal
anisotropy oq ¼oqðFe3þ

Þþo0qðFe2þ
Þ of the FeBO3 crystals. In the

calculation of oq, expressions (4) and (9) were used.
Fig. 3. Temperature dependence of the hexagonal anisotropy oq ¼oqðFe3þ
Þþ

o0qðFe2þ
Þ in FeBO3 crystals. Points correspond to the experiment [6]; solid curve

corresponds to the theory.
Fig. 4 shows the temperature dependence of the uniaxial
anisotropy constants for the Fe3þ and Fe2þ ions. Calculated curve
2 reflects the contribution of the Fe2þ ions to oA. Fitting of the
curve that includes the single-ion, ‘‘single-ion’’ exchange, and
dipole mechanisms of the anisotropy of Fe3þ ions (without the
consideration of the Fe2þ contribution) in iron borate and
manganese carbonate to the experimental data was described in
[33].

Fig. 5 shows dependency of the parameter B (see Eq. (13)) that
was derived from EPR pair spectra on hexagonal lattice ratio cH/aH

for MBO3þFe3þ crystals. The arrow indicates B value for FeBO3

and MnCO3 crystals. Such definition of the B parameter turns out
to be possible due to its monotonic experimental dependency on
cH/aH [1] for FeBO3, MnCO3 and a�Fe2O3 crystals.
7. Conclusions

The calculated uniaxial (oA) and hexagonal (oq) anisotropies
are in satisfactory agreement with the experimental data. Similar
to the case of Fe3þ ions [1], the anisotropy governed by Fe2þ ions
contains two large contributions of the opposite sign: the
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single-ion and ‘‘single-ion’’ exchange. The significant contributions
of the single-ion and, as a consequence, ‘‘single-ion’’ exchange are
confirmed by the large experimental axial constants of the Hamil-
tonian of Fe2þ ion spins [15] (for example, the uniaxial constant of
ZnSiF6 �6H2OþFe2þ is 3A0

2 ¼ 20:2 cm�1 ion�1).
The following fitting parameters have been obtained:

c0A0
2 ¼ 9:87� 10�18 erg=ion, c0Bimp ¼ 1:125� 10�52 erg3=ion

The existence of the relatively large contribution of the
‘‘single-ion’’ exchange to the cubic symmetry is demonstrated
by the temperature dependences and quantitative estimation of
the basal anisotropy on the Fe3

þ ion sites. Taking into account
that there are three main mechanisms of the hexagonal aniso-
tropy, the value oq(Fe3þ)�(�)(acfmcþaex)2 extrapolated from
77 K to 0 K is �3:1� 102 erg=mol. Constant aex corresponds to
the contribution of the ‘‘single-ion’’ exchange whose value is
relatively large (Section 2). So far, the presence of the contribution
of the cubic symmetry ‘‘single-ion’’ exchange to the anisotropy
has not been discussed in the literature.

It has been shown that the contribution governed by the
Dzyaloshinsky–Moriya interaction and the cubic crystal field
must be taken into account in the analytical treatment of the
hexagonal anisotropy.

Note that the analytical treatment of a Fe3þ ion in FeBO3 can
be applied to a Mn2þ ion in MnCO3. The computation technique
used is suitable for carbonates with the orbital-singlet
ground state.

We derived the theoretical expressions for the contribution of
Fe2þ ions to the uniaxial and hexagonal extrinsic anisotropies of
the FeBO3 crystals in the single-ion approximation. The method
for calculating the uniaxial anisotropy of the divalent iron
impurity can be used for a series of rhombohedral (MnCO3,
CoCO3, NiCO3)þFe2þ and FeCO3 crystals also.

The validity and accuracy of the model accounting single-ion
and ‘‘single-ion’’ exchange contributions for the quantitative
description of the anisotropy of the iron borate and manganese
carbonate is shown (see Table 1). It was also shown that the
calculation of contributions of dipole interactions to the magnetic
anisotropy gives good results. The developed method can be
applicable to other compounds with S-state ions.
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