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Quantum discord in the central spin model  
 

V.E. Zobov* 
L.V. Kirensky Institute of Physics, Russian Academy of Sciences, Siberian Branch, 660036, 

Krasnoyarsk, Russia, 

ABSTRACT   

The quantum properties of dynamic correlations in a system of an electron spin surrounded by nuclear spins under the 
conditions of free induction decay (FID) and spin echo have been studied. Analytical results for the time evolution of 
mutual information, classical part of correlations, and quantum part characterized by quantum discord have been 
obtained within the central spin model in the high-temperature approximation. The same formulas describe the quantum 
discord in both the FID and the spin echo although the forms of the dependences are different because of difference in 
the parameters entering into the formulas. Discord of the spin echo compared with the FID has a strong dependence on 
time at short times, and it tends to zero with decreasing of the magnetic field, whereas in the case of the FID it reaches a 
plateau.  
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1. INTRODUCTION  
In recent years there has been grown interest in studying quantum information1,2, quantum computers2,3, and in the 
separation of correlations on quantum and classical parts4. For example, highly mixed state of qubits in the deterministic 
quantum computation with one qubit (DQC1)5 is believed to perform a task exponentially faster than any classical 
algorithm. Even at high temperatures at which there is no quantum entanglement between the control qubit and the 
mixed ones, but there is a quantum discord6 – the discrepancy between quantum versions of two classically equivalent 
expressions for mutual information4. What quantum properties are responsible for the DQC1 performance, has not yet 
been established6-11. In order to study physics of quantum discord we now consider a similar system – the central spin 
model12-15, consisting of an electron spin coupled to n nuclear spins. The sample is magnetized in a strong magnetic field. 
After the 900 pulse of resonance magnetic field on the electron spin, the free induction decay signal (FID) )(tg f  will be 
observed. If after a time t the second 1800  resonance pulse acts on the electron spin, then the spin echo16  with the 
amplitude )(tge  will be observed at the time 2t. The spin echo is a powerful method for studying the local properties of 
solids and liquids16,17. At the same time, this is an implemented experimentally example of the Loschmidt echo when 
studying nonequilibrium processes in multispin systems18,19.  

As examples, we can cite Nitrogen-Vacancy (NV) centers in diamond13,14,20,21, impurities in solid silicon12,22, quantum 
dots15 etc.. 
1) Diamond. Electron of a NV center surrounded by atoms (nuclei) of carbon. The main isotope 12C is spinless, but 

the spin of rare (1%) isotope 13C is half. 
2) Silicon. Electron on a phosphorus impurity surrounded by silicon nuclei. The isotope 28Si has the zero spin, in 
the rare (about 5%) isotope 29Si the spin is half. 
We assume a low density of electron spins and ignore interactions between them. Flips of the nuclear spins cause the 
spin-echo decay. Possible causes are a spin-lattice interaction, a spin-spin interaction, a hyperfine interaction with the 
electron spin (back action). We will consider only the latter mechanism.  

There are a huge number of theoretical and experimental works to the spin echo, including spin-echo attracted to 
studying classical and quantum properties of the reservoir of nuclear spins19-21,23,24. We do not know the works on the 
calculation of discord under the conditions of spin echo. In the work22 on the phosphorus impurity in silicon, the authors 
experimentally prepared a special two-spin state (Bell-state) of the electron-nucleus system with nonzero discord. On the 
other hand, in a series of papers6-10 the authors estimated the quantum discord at working DQC1 model to clarify the role  
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of quantum correlations. For example, such working can be the calculation of the trace of a matrix. The real or imaginary 

part of the desired trace is found by measuring the average projections xŜ or yŜ on the x or y-axis, respectively. 

The working of DQC1 computer was demonstrated on simple systems, including Ce3+ impurities in a CaF2 crystal 
observed by ESR method25. We note similar papers on the calculation of the quantum discord26-28. In present work, we 
apply to the electron-nuclei spin echo the approach to the calculation of discord developed for the DQC1 model.  

 

2. THEORY  
2.1 Free induction decay and spin echo  

Our system of an electron spin and n nuclear spins in a strong static magnetic field we will described by the simple 
model Hamiltonian with one member of the hyperfine interaction 
 ∑∑ +−= j jxjxzj jzjze IASISH ωω , (1) 

where eω and jω  are the Larmor frequencies of the electron, S = ½, and nuclear, I = ½, spins, respectively; αjÎ  is α-

component of the jth spin operator (α = x, y, z), αjA  is the hyperfine interaction constant. The Hamiltonian (1) with x-
component of the hyperfine interaction and the field along the z-axis describe well, for example, paramagnetic centers in 
diamond and malonic acid. For phosphorus impurity in silicon, the Hamiltonian with z-component of the hyperfine 
interaction and the field along the x-axis  

∑∑ +−=
j

jzjzz
j

jzjze IASISH ˆˆˆˆˆ ωω     

is needed. It is known that quantum discord does not change under a unitary transformation of one of two subsystems4 
(rotation of nuclear spins now). Both Hamiltonians give the same result. We choose the first one.  

We obtain the central spin model in the high-temperature approximation, since the polarization for the electron spin in 
the magnetic field is small, 110/ 2 <<≈= −kTеS ωβ h , and the polarization for the nuclear spins is three orders of 

magnitude smaller SI ββ << . For this reason, the equilibrium density matrix is taken in the form 

 ZS zSeq /)ˆ1(ˆ βρ −= , (2) 

where 12 += nZ is the partition function. 

The density matrix describing the evolution of the state of the system can be written in the form 

 )](ˆ1[1)}](ˆˆ)(ˆˆ{
2

1[1)(ˆ ),(),( t
Z

tUStUS
Z

t Sefef
S ρβ

β
ρ Δ−=+−= −

−
+

+ , (3) 

both in cases of the FID (f) and of the spin echo (e) with 
 +−+++

+ −=−= SHitHitHitSHitStU f
ˆ)ˆexp()ˆexp()ˆexp(ˆ)ˆexp(ˆ)(ˆ , (4) 

 
+−+−+

−+
+

−−=

=−−=

SHitHitHitHit

HitPHitSHitPHitStUe

ˆ)ˆexp()ˆexp()ˆexp()ˆexp(

)ˆexp(ˆ)ˆexp(ˆ)ˆexp(ˆ)ˆexp(ˆ)(ˆ
180180 , (5) 

respectively, where yx SiSS ˆˆˆ ±=± , and 180P̂  is the rotation operator of the spin S by 1800 about the x axis. +Ĥ  and 

−Ĥ  are the Hamiltonians for fixed values of the projection of the electron spin 2/1+=zS  and 2/1−=zS . −
),(

ˆ
efU  

is the operator that is Hermitian conjugate to +
),(

ˆ
efU . 
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When the 1800 pulse flips the electron spin, then it changes hyperfine interaction fields of the electron spin on nuclear 
spins (see Eq. (5)). Since the nuclear spins before and after the pulse rotate in the different fields, it does not fully 
compensate for the phase and the decay of the spin echo is observed. We obtained for signals the FID and for the echo 
amplitude29 

 ∏ −=== +
j jefxxef vtUTrStStg )1())(ˆ(Re)0(ˆ/)(ˆ)( ),(),( , (6) 

where  

 
2

sin2 22 j
jxjfj

t
nv

Ω
==ν  for FID (4), and 

2
sin8 422 j

jzjxjej
t

nnv
Ω

==ν  for spin echo (5), (7) 

jjjzjjxjxjxjj nAnA Ω=Ω=+=Ω /),2/(),4/( 222 ωω . 
To carry out the calculations of Eqs. (4) – (5) we used the property of exponential operators for I = ½ given by 

}ˆˆ){2/sin(2)2/cos()ˆˆexp( zzxxzzxx InIntitInitInit +Ω−Ω=Ω−Ω− . 
The signals (6) are expressed through the parameters vj in the same way for the FID and the spin echo. However, these 
parameters (7) themselves are different depending on the time and on the magnetic field as Figure 1 shows. 

2.2 Quantum and classical correlations  

It is convenient to carry out the next calculations in the orthogonal basis kΘ  consisting of the nN 2= eigenfunctions 
of the evolution operator of the nuclear spin system6, when we have 

 k
i

kef
keU Θ=Θ Θ±±

),(
ˆ . (8) 

Since in our model there is no interaction between the nuclear spins, we obtained a product of nuclear spin contributions, 

∏ ΘΘ =
j

ii j
kk ee . At different k the phase j

kΘ  of spin j takes one of two values 

 2/arcsin2 j
j
k ν±=Θ , (9) 

and the observed signals (6) of the echo or the FID can be written as a product ∏ Θ=
j

j
kef tg cos)(),(  of 

j
j
k v−=Θ 1cos . This phase j

kΘ  is expressed through the parameter vj (7) in the same way by Eq. (9) for the FID and 
the spin echo. However, these parameters are different functions of the time and of the magnetic field (see Fig.1). 

The density matrix (3) in this representation has the form 

 }]sinˆcosˆ[1{1)(ˆ ∑ ΘΘ⊗Θ−Θ−=
k

kkkykxS SS
Z

t βρ , (10) 

where kkk ΘΘ=Π̂  are projectors on the orthogonal basis of the nuclear system. The density matrix (3) has the 
same form as the matrix of quantum computation in the DQC1 model5,6. Only they have specially prepared the unitary 
operator +

nÛ  whose trace should be calculated to solve the task, but we have the evolution operator +
),(

ˆ
efU . Now we 

apply to the density matrix (10) the approach to calculation of the quantum discord developed for the DQC1 model6-10. 

The information-theoretic measure of correlations between the two systems is the mutual information, 
 )ˆ()ˆ()ˆ()ˆ( ρρρρ SSSI IS −+= , (11) 

where reduced density matrices are 
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Figure 1. The parameters vf and ve as functions of the time at different values of the magnetic field (the number beside the 

curves are values A/2ω ) ((a) and (b)) and as functions of the magnetic field at 1)2/(sin 2 =Ωt  (c).  
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ZEtTrt ISI /ˆ2)(ˆ)(ˆ == ρρ , )](ˆˆ[
2
1)(ˆ)(ˆ tgSEtTrt xSSIS βρρ −== , 

IÊ  and SÊ  are unit matrices. In the high-temperature approximation in the lowest (quadratic) polarization order we 
find:  
for the von Neumann entropy 

2
2

22 )ˆ(
2ln2

log}ˆlogˆ{)ˆ( ρβρρρ Δ−=−= Tr
Z

ZTrS S , 

for the mutual information 

 [ ])(1
2ln8

)ˆ(
2
1)ˆ(

2
1)ˆ(1

2ln2
)ˆ( 2

2
222

2
tgTrTrTr

Z
I S

IInSS
S −=

⎭
⎬
⎫

⎩
⎨
⎧ Δ−Δ−Δ=

β
ρρρ

β
ρ . (12) 

)ˆ(ρI  (12) is the measure of total correlations: quantum and classical. Following Neumann, to extract the classical part 
we should project the density matrix. For the electron spin 2/1=S  we have two projectors onto two states, 

 )ˆˆˆ(
2
1ˆ

zzyyxxS SaSaSa ++±=Π ± , (13) 

with the quantization axis defined by the direction cosines αa  ),,( zyx=α . In our density matrix (10) is no z-

component of the electron spin, so we take the cosines in the xy plane: ϕϕ sin,cos,0 === yxz aaa .   
After projecting, we have 

{ }∑ ΘΘ⊗Θ+Π−ΘΘ⊗Θ+Π=ΔΠ −+
k

kkkSkkkSS t )cos(ˆ)cos(ˆ
2
1))(ˆ(ˆ ϕϕρ . 

After calculating the trace in the high-temperature approximation we find  

 [ ]ϕβϕϕβρ 2cos)(1
2ln16

cos)()(cos
2
1

2ln8
))ˆ(ˆ( 2

2
222

2

KtgtgI S

k
kn

S
S −−=

⎭
⎬
⎫

⎩
⎨
⎧

−Θ+=Π ∑ , (14) 

where  
 ∏∏∏∏ −−−−=Θ−Θ=

j
j

j
j

j

j
k

j

j
k vvK ]1)1(2[)1(2coscos 222 . (15) 

Universal measure of classical correlations is obtained after calculating the maximum of the angle φ. The maximum of 
Eq. (14) achieved at φ=0 if K<0, and at φ=π/2, if K>0, and expressed in terms of the modulus of K, 

 [ ]KtgI S
S +−=Π )(1

2ln16
))ˆ(ˆ(max 2

2βρ
ϕ

. (16) 

Subtracting it from the total correlations, we find quantum discord - quantum part of correlations, 
 ))ˆ(ˆ(max)ˆ( ρρ

ϕ
SIID Π−= . (17) 

We obtain the result for the discord,  

 [ ]KtgD S −−= )(1
2ln16

2
2β

, (18) 

and for its ratio to the total correlations, 

 ⎥
⎦

⎤
⎢
⎣

⎡

−
−=

)(1
1

2
1

)( 2 tg
K

I
D
ρ

. (19) 
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3. DISCUSSION  
Let us analyze the result. Initially, the magnetization is directed along the x-axis. With increasing time, the electron spin 
deviates. The different terms in the superposition state (10) deviate at different angles determined by the state of the 
nuclear spins. Small-time variation is small, 1<<∑ j jv , the mutual information and the discord are small too,  

 ∑=
j

j
S vI
2ln4

)(
2β

ρ ,   ∑≈
j

jv
I

D
)(ρ

. (20) 

If 1<<jv , but 1>∑
j

jv , we have )]2exp(1[
2
1

)( ∑−−≈
j

jv
I

D
ρ

. At large times, the electron spin in the 

superposition (10) of different states is distributed more or less uniformly in the xy plane, and we have 

 
2ln8

)(
2
SI

β
ρ =  ,            

2
1

)(
≈

ρI
D

. (21) 

When measured with projection on any direction we lose half correlations. The authors6 pointed out this circumstance 
when calculating the discord in DQC1 model. 

Let us consider the interesting case of equal values AAjx =  of the coupling constants of the electron spin with the n 

neighboring nuclear spins and equal Larmor frequencies ωω =j . Figure 2 shows the dependences of the correlation 
measures on the parameter v in this case. 

 
Figure 2. The mutual information and the quantum discord (its ratio to the total correlations) as functions of the parameter v 
for the systems of n=2 and n=10 nuclear spins equal coupling with the electron spin.  
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Universality depending on the parameter v goes to different dependencies on the time and on the magnetic field for the 
FID and the spin echo, due to differences in the dependences of the parameters v (7) on these quantities (see fig.1). 
It is interesting on Fig.2 that when 1=v  the discord equals to zero, whereas the mutual information is maximal. Under 

these conditions we have 
2
π

±=Θ j
k , and the electron spin in the superposition state (10) groups along one axis:  

y-axis for odd n ( k
k

j
kk mππ 2

2
+±=Θ=Θ ∑ ), 

x-axis for even n ( k
k

j
kk mππ 2+±=Θ=Θ ∑ ). 

When projected onto this axis, we perform measurements without loss, so the discord is zero.  

Can we consider the state of completely the classic? For DQC1 model in similar circumstances authors8 pay attention to 
the preservation of advantages over classical computer in the case D=0. We conclude that discord did not fully take into 
account the quantum properties such as quantum superposition and interference, which play an important role in 
performance DQC1 model of a quantum computer. 

To understand, let us return to the measurement procedure. When in different states of the superposition (10) the electron 
spin is uniform distributed in the xy plane, half the correlations are lost at projection (13) on any direction, and in Eq. 
(14) 2/1)(cos2 2 ≈Θ+∑−

k
k

n ϕ . The result will change radically if we first measure the state of the nuclear system, 

and then measure the state of the electron spin with the projector to the known correct axis. That is, when we take each 
measurement angle kk Θ−=ϕ . Then in Eq. (14) we have 1)(cos2 2 =Θ+∑−

k
kk

n ϕ , and we extract all the 

information without any loss. On a similar phenomenon, “unlocking” classical information mentioned in the work30. 

Thereby, when measuring xŜ  or yŜ  in the quantum system, we find the trace of the evolution by a single 

measurement. There is a summation on the spin S of quantum information unknown to the observer. The summation of 

classical information known to observer requires performing sequentially the nN 2=  operations of summation of the 
matrix elements on a classical computer. It is as for the spin echo and for the DQC1 computer. 
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