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1. INTRODUCTION

Borates RM3(BO3)4 (R is Y or rare�earth (RE)
metal, and M is Al, Ga, Cr, Fe, or Sc) at high temper�
atures have a huntite structure with trigonal space

group R32 ( ) without inversion center. In some of
them, structural phase transitions occur, reducing R32
symmetry to R3121. The local symmetry of the RE ion
environment has no inversion center as well. There�
fore, parity�forbidden f–f transitions in RE ions of
these crystals exhibit significant intensity and are
widely used in optical quantum generators. Recently,
we studied spectroscopic characteristics of the
ErAl3(BO3)4 crystal [1]. Since f–f transitions are
allowed only due to the deviation of the local environ�
ment of the RE ion from the centrosymmetric one, the
f–f transition intensities are very sensitive to crystal
structure details. Therefore, it is of interest to clarify
changes in the spectroscopic characteristics of the
ErAl3(BO3)4 crystal when substituting aluminum with
iron. In addition to inevitable changes in the structural
parameters, d–d transitions in the iron ion in the same
spectral region and a strong absorption band caused by
transitions with Fe–Fe charge transfer appear. The use
of the Judd–Ofelt (J–O) theory makes it possible,
having available only the spectra of f–f absorption
from the ground state, to estimate the probabilities of
the transitions between excited 4f�states.

The majority of ferroborates RFe3(BO3)4 are multi�
ferroics [2], i.e., they have simultaneously magnetic
and electric polarizations. However, electric polariza�
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tion in the ErFe3(BO3)4 crystal is very small [2]. At the
same time, the ErAl3(BO3)4 crystal shows rather strong
electric polarization in a magnetic field [3]. All RE fer�
roborates are magnetically ordered at temperatures
below 30–40 K. In particular, ErFe3(BO3)4 becomes
an easy�plane antiferromagnet at temperature TN =
38 K [4–6] (iron magnetic moments are in the plane
perpendicular to the C3 axis of the crystal). Magnetic
properties of RE ferroborates have a significant effect
on their optical properties, in particular, on the f–f
transition spectra (see, e.g., [7–9]); the f–f transitions
in the Er3+ impurity are widely used to study magnetic
properties of different RE ferroborates (see, e.g., [4,
10]). However, to our knowledge, optical properties of
the stoichiometric ErFe3(BO3)4 crystal have not yet
been studied.

2. EXPERIMENTAL TECHNIQUE,
RESULTS, AND DISCUSSION

The ErFe3(BO3)4 single crystals were grown by the
solution–melt method using the technology described
in [6].

The X�ray diffraction experiment was performed
using a single�crystal diffractometer with a SMART
APEXII two�coordinate detector operating with
monochromatized MoKα radiation, λ = 0.7106 Å. The
opaque crystal had a prismatic habit 0.3 × 0.2 ×
0.2 mm in size. The experiment was performed at
room temperature.
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The orientation matrix and unit cell parameters
were determined and refined using 1672 reflections.
The cell corresponded to the trigonal crystal system
with rhombohedral centering. The main crystallo�
graphic characteristics, data collection parameters,
and results of the refinement are given in Table 1.

The total experimental data were measured at an
exposure of 10 s per frame. Each new frame was
obtained by rotating the crystal about the ω axis by an
angle of 0.5° at fixed angle ϕ. The range of variation in
the angle of rotation about the ω axis was from 0 to
182°. A total of 364 frames were obtained for each of

the angles ϕ = 0, 120°, and 240°. After that, the reflec�
tion intensity was integrated using the standard soft�
ware of the device. Space group R32 was determined
based on an analysis of extinctions and statistics of
intensities of all reflections. The correction for X�ray
absorption by the crystal was introduced from the
analysis of intensities of equivalent reflections. After
that, the intensities of equivalent reflections were aver�
aged, and then only the unique reflections were used.
Similar studies were previously performed for the
ErAl3(BO3)4 crystal [1].

 
Table 1. Main crystallographic characteristics and parameters of the experiment and refinement

Crystallographic parameters

Chemical formula ErFe3(BO3)4

Mr 570.05

Space group, Z R32, 3

a, Å 9.566(4)

c, Å 7.951(3)

V, Å3 601.6(6)

Dx, Mg/cm3 4.721

μ, mm 15.754

Sample size, mm 0.3 × 0.2 × 0.2

Data collection parameters

Wavelength MoKα, λ = 0.7106 Å

Number of measured reflections 1911

Number of unique reflections 379

Number of reflections with I > 2σ(I) 379

Absorption correction Multiscanning

Rint 0.0438

2θmax, deg 59.18

h –13  12
k –13  13
l –10  10

Results of the refinement

R[F 2 > 2(F 2)] 0.0166

wR(F 2) 0.0388

S 1.096

Weight w = 1/[σ2(Fo2) + (0.011P)2 + 0.2P]

where P = (Fo2 + 2Fc2)/3

Flack parameter [11] 0.11(2)

Number of refined parameters/restrictions 21/0

(Δ/σ)max <0.001

Δρmax, e/Å3 1.04

Δρmin, e/Å3 –0.64

Extinction coefficient 0.0122(7)

Dx is the calculated sample density, μ is the X�ray absorption coefficient (MoKα), Rint is the discrepancy factor according to intensities of
equivalent reflections, (Δ/σ)max is the maximum ratio of the displacement of the refined parameter to its standard deviation in the final
refinement cycle, Δρmax/Δρmin is the maximum/minimum difference electron density after the refinement of the structure.
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The model was sought using the SHELXS program
[12] by direct methods. The structure obtained was
refined by the least�squares method using the
SHELXL97 program [12], taking into account the
anisotropy of the thermal parameters of Er and Fe
ions. Final factors of uncertainty and all main results
are given in Table 1. The structure is deposited in the
CSD databank with a number CSD�427565. The data
can be obtained by the address: Fachinformationszen�
trum Karlsruhe, 76344 Eggenstein–Leopoldshafen,
Germany (crystdata@fizkarlsruhe.de, http://www.fiz�
karlsruhe.de/request_for_deposited_data.html).

The unit cell of the ErFe3(BO3)4 crystal contains
three formula units (Z = 3). Trivalent RE ions occupy
only one site type with D3 symmetry. RE ions are posi�
tioned at the center of the trigonal prism formed by six
crystallographically equivalent oxygen ions. Each oxy�
gen ion of the RE ion environment belongs to its
borate group. The triangles formed by oxygen ions in
neighboring basal planes are not overlapped with each
other, but are rotated by a certain angle. Due to this
distortion, D3h symmetry of the ideal prism is reduced
to D3 [13].

For optical measurements, samples shaped as
plane�parallel polished plates 0.2 mm thick oriented
perpendicular and parallel to the third�order crystallo�
graphic axis were fabricated. The absorption spectra in
the range of 9000–23000 cm–1 were measured using
an automated two�beam spectrophotometer based on
the MDR�2 monochromator. In the range of 6000–
7000 cm–1, the spectra were measured using a SHI�
MADZU UV�3600 spectrophotometer. The spectral
resolution was ~10 cm–1. The absorption spectra were
measured under light propagating normally to the C3

axis of the crystal for the light wave vector E parallel

(π�spectrum) and perpendicular (σ�spectrum) to the
C3 axis and under light propagating along the C3 axis
(α�spectrum). The α� and σ�spectra coincide within
experimental error, which points to the electric dipole
absorption mechanism.

Figure 1 shows the absorption spectra (decimal
absorption coefficient) of the crystal, measured at room
temperature in the range from 6000 to 23000 cm–1. The
spectra consist of broad bands associated with the d–d
transitions in iron ions (6A1  4T1 and 6A1  4T2 in
the notations of the cubic crystal field) and narrow f–f
absorption bands. At E ~ 22900 cm–1, the rather

strong d–d transition 6A1   occurs [14] (it was
impossible to observe it at the sample thickness used in
the present experiment). Then, (at E ~ 25000 cm–1),
strong absorption begins, caused by transitions with
charge transfer between Fe3+ ions (Mott–Hubbard
transitions) [14]. The bands of the d–d absorption
were approximated by Gaussian curves and were sub�
tracted from the total spectra. As a result, the f–f
absorption band spectra shown in Figs. 2–4 were
obtained. The absorption bands were identified based
on the study by Kaminskii [15].

The intensities of the f–f absorption bands in π�
and σ�polarizations were determined using the inte�

grals I = dE over bands, where C is the molar

concentration of erbium ions (mol/L) and E is the
light photon energy (cm–1). The results are shown in
Table 2. The transition intensities were averaged over
polarizations according to the relation I = (2Iσ + Iπ)/3
typical of uniaxial crystals. The oscillator strengths of
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Fig. 1. Room�temperature polarized absorption spectra of
the ErFe3(BO3)4 crystal.
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Fig. 2. Room�temperature polarized absorption spectra of
f–f transitions 4I15/2  4I11/2, 4I9/2 in the Er3+ ion.
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the I  F transitions between J�multiplets were cal�
culated by the formula [16]

(1)

The refractive index n was determined by interference
modulation of the flux passed through the sample
(inset in Fig. 5). The condition of light amplification
due to interference with the beam reflected from two
boundaries has the form 2d = mλ/n or

(2)

Here, d is the sample thickness, λ is the wavelength
of light in vacuum, n is the crystal refractive index, and
m is an integer. If the number m is large, Δm =
2ndΔλ/λ2, where Δλ is the distance between interfer�

fIF 4.318 10 9– 3n

n( )
2 2+

���������������IIF.×=

m 2nd/λ.=

ence maxima, corresponding to the change in their
number Δm. Then

(3)

The measurement results are shown in Fig. 5. At wave�
lengths λ < 700 nm, the flux modulation becomes
indistinguishable. The refractive index was deter�
mined at σ�polarization. The accuracy of this method
is insufficient to reliably distinguish the refractive
index at two polarizations. However, the birefringence
Δn can be reliably determined by interference of ordi�
nary and extraordinary beams. The sample cut out in
parallel to the C3 axis of the crystal, was placed
between two polarizers with identical orientations of
the polarization plane so that the latter would be at an

n λ
2
Δm

2dΔλ
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Fig. 3. Room�temperature polarized absorption spectra of
f–f transitions 4I15/2  4F9/2, 4S3/2 in the Er3+ ion.

Table 2. Transition parameters:  are coefficients in the J–O equation (6), kIF are the average wave numbers of absorption
bands, IIF are the total intensities of absorption bands, fIF are the oscillator strengths of transitions, and sIF are the transition
strengths

Excited
state kIF, cm–1

IIF, cm–2 mol–1 L

fIF, 10–7

sIF, 10–20 cm2

π σ
ErFeB

(experi�
ment)

ErFeB
(calcu�
lation)

ErAlB
(experi�

ment [1])

4I13/2(Y) 0.0195 0.1173 1.4316 6570 358 417 17.16 3.85 3.563 4.57
4I11/2(A) 0.0282 0.0003 0.3953 10160 74 128 4.75 0.69 1.084 1.15
4I9/2(B) 0 0.1732 0.0099 12375 41 102 3.52 0.419 0.349 0.54
4F9/2(D) 0 0.5354 0.4619 15195 333 564 21.03 2.04 2.043 2.39
4S3/2(E) 0 0 0.2211 18290 46 87 3.16 0.255 0.495 0.374
2H11/2(F) 0.7125 0.4123 0.0925 19140 444 2491 78.11 6.02 6.012 5.65
4F7/2(G) 0 0.1468 0.6266 20430 424 438 18.71 1.35 1.679 1.62
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Fig. 4. Room�temperature polarized absorption spectra of
f–f transitions 4I15/2  2H11/2, 4F7/2 in the Er3+ ion.
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angle of 45° to the C3 axis of the crystal. The result of
interference of ordinary and extraordinary beams is
shown in Fig. 6 (inset). The birefringence is deter�
mined from the distance between adjacent Δλ maxima
(or minima) by the formula [14]

(4)

The dependence of the birefringence on the wave�
length, found in such a way, is shown in Fig. 6. Based
on the data obtained, it can be considered that the
refractive index is 2.0 with an error no more than ±0.13
in the whole studied spectral region. This yields an
error of ±2% when determining oscillator strengths by
formula (1). The oscillator strengths of transitions are
presented in Table 2.

By definition, the transition strength is sIF =

, where i ∈ I, f ∈ F, and Dij is the matrix ele�

ment of the electric dipole moment. The transition
strength and oscillator strength are related as [17]

(5)

Δn λ
2
/dΔλ.=

1

e2
��� Dif

2

if

∑

sIF
3hgI

8π
2mckIF

������������������� fIF,=

where gI is the degree of initial state degeneracy and kIF

is the average wavenumber of the absorption band. The
experimentally determined f–f transition strengths are
given in Table 2 along with transition strengths in
ErAl3(BO3)4. The largest difference is observed for Y,
B, and E bands. Table 3 lists the sums of strengths of
seven f–f transitions in ErFe3(BO3)4 and ErAl3(BO3)4

and the lattice parameters affecting the f–f transition
intensity: the Er–O distance and the angle between
the bases of the triangular prism of oxygen ions, mea�
sured from the centrosymmetric prism state. The larg�
est value of this angle is 60°, i.e., the non�centrosym�
metricity is close to maximum. We can see in Table 3
that the f–f transition intensity correlates with the Er–
O distance (the shorter the distance, the higher the
intensity).

Within the J–O theory, the f–f transition strength
in the ion in the non�centrosymmetric crystal field is
written as [18–20]

(6)

The coefficients (I, F) = 〈I|U(λ)|F 〉2 are calculated
theoretically and are considered independent of the
crystal structure. They are given in [15]. The subscript
λ for f–f transitions takes three values: 2, 4, and 6. The
considered transitions in the free Er3+ ion are not only
parity�forbidden; most of them are forbidden by the
total momentum due to the selection rules ΔJ = 0, ±1.
However, according to the J–O theory, when transi�
tions are parity�allowed due to the odd component of
the crystal field, they can occur at ΔJ ≤ λ. In this
approximation, all considered f–f transitions in the
Er3+ ion are allowed. The transition 4I15/2  2H11/2 is
most intense (Fig. 1, Table 2). Indeed, it is a single
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Fig. 5. Refractive index of ErFe3(BO3)4. The inset shows
interference modulation of the flux passed through the
sample.
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Table 3. Sum of strengths of seven transitions Σs, the Er–O
distance between erbium ions and the nearest neighbor oxy�
gen ions, and the angle α between bases of the triangular
prism of oxygen ions, measured from the prism centrosym�
metric state

Crystal Σs, 10–20 cm2 Er–O, Å α, deg

ErFe3(BO3)4 14.6 2.380(3) 47

ErAl3(BO3)4 16.3 2.318(2) 44
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transition (among those considered in this paper) with

a large coefficient  (Table 2). Hence, the J–O
parameter Ω2 is relevant. This means that the first and
third spherical harmonics t (t = λ ± 1 [20]) in the crys�
tal field expansion are involved in the parity allowing
for the mentioned transition, whereas only higher har�
monics are active in allowing other transitions.

From the set of Eqs. (6) written for all studied tran�
sitions, using the least�squares method [21], we deter�
mine the J–O parameters: Ω2 = 7.056 × 10–20 cm2,
Ω4 = 1.886 × 10–20 cm2, and Ω6 = 2.238 × 10–20 cm2

(see also Table 4 presenting the J–O parameters of
some other crystals). Using these parameters and
Eqs. (6), we solve the inverse problem, i.e., determine
the theoretical values of transition strengths (Table 2).
The root�mean�square error in the theoretical
description of transition strengths is given by 

(7)

Here, q is the number of absorption bands, s are the
measured transition strengths, Δs are the differences
between measured and calculated transition strengths,
and p is the number of determined parameters (three
in the case at hand). Using Table 2, we find δ ≈ 11%. It
would seem that the error in the J–O description of the
band intensity should decrease with increasing the
number of measured absorption bands. However, in
ErAl3(BO3)4, where the intensities of 11 bands were
measured, the error was 17% [1].

The equal populations of all components of the
ground state splitting in the crystal field is one of the
main postulates of the J–O theory; however, it is often
unsatisfied in RE ions. In particular, the Er3+ ground
state split in the YAl3(BO3)4 crystal is 316 cm–1 (455 K)
[27], i.e., this postulate is not satisfied even at room
temperature. The second error source in the J–O
description of the f–f transition intensity can be differ�
ent temperature dependences of transition intensities.
If the transition intensities vary with temperature in
proportion to each other, it can be considered that the
effective J–O parameters vary accordingly. The inten�

Γ2
2

δ
q Δs2

∑
q p–( ) s2

∑
����������������������� .=

sities of f–f transitions in ErFe3(BO3)4 increase differ�
ently as the temperature increases from 90 to 270 K,
i.e., from 1.1 to 1.6 (see Fig. 7), and do not reach a
maximum at room temperature, which introduces an
additional error to the J–O analysis. In ErAl3(BO3)4,
the absorption band intensities change even stron�
ger [1].

Having known the parameters Ωλ, using Eq. (6), we
find the strengths of the transitions between excited

states (Table 5). The parameters  were taken from
[15]. The probability of the spontaneous dipole transi�
tion between degenerate levels in a condensed matter
is given by the relation [28]

(8)

Here, gI is the initial multiplet degeneracy and n(kIF) is
the refractive index at the transition frequency. The
values of kIF for the transitions between excited levels
were determined using the experimental obtained
(Table 2).

Γλ

2

AIF
64π

4e2kIF
3 n kIF( )

3hgI

��������������������������������sIF.=

Table 4. J–O parameters of the Er3+ ion in different crystals

Crystal Ω2, 10–20 cm2 Ω4, 10–20 cm2 Ω6, 10–20 cm2 References

ErFe3(BO3)4 7.056 1.886 2.238 This work

ErAl3(BO3)4 4.64 3.03 2.12 [1]

Er : YAl3(BO3)4 8.38 1.61 1.50 [22]

Er : YAG 0.74 0.33 1.02 [23]

Er : YVO4 13.45 2.33 1.67 [24]

Er : YAlO3 0.95 0.58 0.55 [25]

Er : LiNbO3 7.29 2.24 1.27 [26]
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Fig. 7. Variation of the f–f transition intensities with
increasing temperature.
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The possibility of stimulated emission for an indi�
vidual emission channel is characterized by the mul�
tiplet luminescence branching ratio 

(9)

where τI is the excited state lifetime. The calculated
transition strengths, spontaneous emission probabili�
ties, transition branching ratios, and lifetimes are
given in Table 5. The largest branching ratios are
inherent to ground�state transitions; however, there
are transitions between excited states with significant
(>10%) branching ratios: 4I11/2  4I13/2; 4I9/2 
4I13/2; 

4S3/2  4I13/2. Luminescence was not experi�
mentally detected, probably, due to luminescence
quenching by d–d transitions in iron ions.

βIF AIF/ AIF

F

∑ AIFτI,= =

3. CONCLUSIONS

The ErFe3(BO3)4 single crystals were synthesized
and their structure was studied. The absorption spectra
of the Er3+ ion in σ� and π�polarizations of f–f transi�
tions 4I15/2  4I13/2, 

4I11/2, 
4I9/2,  4F9/2, 

4S3/2, 
2H11/2,

and 4F7/2 were measured. The refractive index and
birefringence were measured by interference methods
as functions of wavelength. It was found that there is a
correlation between the intensity of f–f transitions
and the Er–O distance in the isostructural crystals
ErFe3(BO3)4 and ErAl3(BO3)4. The transition intensi�
ties were analyzed within the Judd–Ofelt theory, and
the following parameters of the theory were obtained:
Ω2 = 7.056 × 10–20 cm2, Ω4 = 1.886 × 10–20 cm2, and
Ω6 = 2.238 × 10–20 cm2. Using these parameters, the
radiative transition probabilities, luminescence

Table 5. Transition wave numbers kIF and strengths sIF, spontaneous emission probabilities A, luminescence branching
ratios β, and multiplet lifetimes τ

Initial level Final level kIF, cm–1 sIF, 10–20 cm2 A, s–1 β, % τ, ms

4I1/2(Y) 4I15/2 6570 3.563 91.38 100.00 10.94
4I11/2

4I13/2 3590 2.987 14.58 10.84 7.43

(A) 4I15/2 10160 1.084 119.99 89.16
4I9/2

4I11/2 2215 0.433 0.59 0.48 8.03

(B) 4I13/2 5805 1.626 40.27 32.33
4I15/2 12375 0.349 83.70 67.20

4F9/2
4I9/2 2820 0.976 2.77 0.28 0.992

(D) 4I11/2 5035 3.391 54.81 5.44
4I13/2 8625 0.520 42.26 4.19
4I15/2 15195 2.044 907.8 90.09

4S3/2
4F9/2 3095 0.06 0.56 0.04 0.699

(E) 4I9/2 5915 0.717 47.01 3.29
4I11/2 8130 0.173 29.48 2.06
4I13/2 11720 0.774 394.84 27.61
4I15/2 18290 0.495 958.39 67.01

2H11/2
4S3/2 850 0.397 0.02 ≤0.1 0.214

(F) 4F9/2 3945 2.608 16.89 0.36
4I9/2 6765 2.23 72.85 1.56
4I11/2 8980 0.595 45.51 0.98
4I13/2 12570 0.395 82.88 1.78
4I15/2 19140 6.012 4448.13 95.32

4F7/2
2H11/2 1290 0.863 0.29 0.01 0.358

(G) 4S3/2 2140 0.012 0.02 ≤0.1
4F9/2 5235 0.184 4.17 0.15
4I9/2 8055 1.252 103.58 3.71
4I11/2 10270 0.863 147.99 5.30
4I13/2 13860 0.636 268.02 9.60
4I15/2 20430 1.679 2266.36 81.22
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branching ratios, and radiative lifetimes of multiplets
were calculated. It was shown that the error in the
J–O analysis of the f–f absorption spectra depends
strongly on the difference between the temperature
dependences of the f–f transition intensity. 
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