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An easy method for designing filters with equalized passband ripples of a given magnitude is proposed. The
filter, which is made of two dielectric materials, comprises coupled half-wavelength resonators and multilayer
mirrors. The filter design begins with the synthesis of the multimaterial filter prototype whose mirrors consist
of quarter-wavelength layers. Optimal refractive indices of the layers in the prototype are obtained by a special
optimization based on universal rules. The thicknesses of the mirrors’ layers in the final filter are computed using
derived formulas. A design procedure example for silicon–air bandpass filters with a fractional bandwidth of 1% is
described. © 2014 Optical Society of America
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Thin-film optical passband filters are used in optical com-
munications, fluorescence microscopy, and astronomy.
They are constructed using multilayer structures com-
posed of alternating dielectric layers with high and
low refractive indices. Two types of functional units
can be singled out in such structures: resonators and
multilayer mirrors.
The resonators usually consist of one layer with an

optical thickness equal to half the wavelength of the
center frequency of the filter passband or a multiple
thereof. The resonators in a filter determine the center
frequency and width of the passband.
The mirrors are situated between neighboring resona-

tors or between the input/output resonator and the environ-
ment. Such mirrors usually consist of several layers, where
the number of layers in the mirror depends on the pass-
band width and may vary from one mirror to another.
The optical thicknesses of the layers in the mirrors are usu-
ally equal to a quarter-wavelength. The mirrors are respon-
sible for the stopband performance as well as for coupling
the resonators. Therefore, the mirrors and resonators are
equally responsible for the passband performance.
Multilayer filters usually have an unacceptably large

transmittance ripple in the passband when their mirrors
are made from two materials and all layers in the mirrors
are quarter-wavelength [1]. In Ref. 1, “the dispersion of
the equivalent admittance of the symmetrical period” in
multilayer mirrors was said to be responsible for the large
ripple. In reality, the cause is quite different. As is well
known among microwave filter designers, this effect is
actually caused by a mismatch between the resonators’
couplings [2]. In the case of multilayer filters, that means
there is a mismatch between the mirrors’ reflectivities [3].
Therefore, accurate adjustment of multilayer filters re-
quires fine optimization of the mirrors’ reflectivities.
Such optimization was achieved in [3–6] by using

multimaterial mirrors where the refractive indices of
the materials were matched. However, precise matching
in a real filter is not always possible because a material
with the required refractive index may not exist.

Another approach to fine mirror adjustment in order to
suppress the transmittance ripple was applied in [7–9].
This approach is based on the use of nonquarter-wave
layers in the mirrors. Numerical optimization is needed
for this approach, as well as numerous computations of tar-
get function sensitivities [7] or standing wave ratios [8,9].

In this Letter, we propose an easy and accurate method
for the design of multilayer bandpass filters with a speci-
fied bandwidth and a specified magnitude of passband
ripple. Here, the reflectivities of the multilayer mirrors
are adjusted by the use of nonquarter-wave layers.
The method may be realized without the use of any spe-
cial software packages. High adjustment efficiency is
achieved owing to the application of special rules.

The design method consists of two steps. The first step
is the synthesis of the filter prototype with the required
frequency response. All of the mirror layers in the proto-
type are quarter-wavelength. All high-refractive-index
layers in all the mirrors have the same refractive index,
nH . All low-refractive-index layers in the ith mirror have
the refractive index, ni, where the refractive index varies
depending on i. Thus, the refractive indices, ni, are the
only parameters of the prototype that are adjustable.
Their optimal values can be easily obtained by numerical
optimization if one applies the universal rules of filter
optimization [3,10].

The second step is the replacement of every quarter-
wavelength layer with refractive index, ni, by the
equivalent symmetric three-layer structure H-L-H with
refractive indices, nH , nL, and nH , where nL is an arbi-
trary value that is less than any of the ni values. Thus,
the resultant filter is composed of only two materials
with refractive indices, nH and nL. Its frequency response
and that of the prototype coincide near the passband.
One may read about the equivalent symmetric three-layer
structures in Ref. 11.

We shall illustrate our design method by the following
example. Let the center frequency, f 0, of the required
filter passband be defined by the wavelength λ � 3 μm.
The other parameters of the required passband are the
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3 dB fractional bandwidth, Δf ∕f 0 � 0.01, and the reflec-
tion maximum, S11 max � −15 dB, where Sij are the
scattering matrix elements [Fig. 1(a)]. Note that our
design method is applicable for practically any center fre-
quency, f 0, fractional bandwidth, Δf ∕f 0, and reflection
maximum, S11 max.
As a high-refractive-index material, we choose silicon

(nH � 3.436) and as a low-refractive-index material, we
choose air (nL � 1). Such a high nH∕nL ratio allows the
filter to have mirrors with a minimum number of dielec-
tric layers.
We suppose the filter contains five air half-wavelength

resonators. That means that the device has the frequency
response of a fifth-order filter. Therefore, the reflection
function, S11�f �, has four maxima in the filter passband.
Because S11�f � is a symmetric function relative to f 0, its
maxima are symmetric too. Thus, the four reflection
maxima have only two different amplitudes, yielding
peaks of S11 max 1, S11 max 2, S11 max 2, and S11 max 1,
ordered by increasing frequency [Fig. 1(b)].
Thus, the filter may be represented by the structure

M1-R-M2-R-M3-R-M3-R-M2-R-M1, where R denotes the

air half-wavelength resonator and Mi denotes the ith
multilayer mirror (i � 1, 2, 3).

The goal of the prototype optimization is to find the
optimal number of dielectric layers in the ith mirror
together with the optimal value, ni, that achieves the re-
quired passband.

We compute the frequency response of the filter using
characteristic (i.e., ABCD) matrices [1,12,13]. Our direct
numerical estimation says that the prototype can be
made with 3 layers in mirror M1, 7 layers in mirror M2,
and 7 layers in mirror M3. Thus, the total number of
layers in the entire prototype is 39.

We begin the prototype optimization with initial refrac-
tive index values, n1 � 1, n2 � 1, and n3 � 1. Fig. 1(a)
depicts the initial frequency response of the prototype,
which shows that S11 max 1 > S11 max 2. In order to turn
this inequality into an equality, we should increase the
difference, n2 − n3. In the current situation, that means
only increasing n2. In the case of n3 > 1, we simultane-
ously increase n2 and decrease n3 by the same amount.

When the passband ripple has been equalized, we
should adjust the passband width. In order to widen (nar-
row) the bandwidth, we should increase (decrease) the
sum, n2 � n3. To maintain the previously set difference,
n2 − n3, both n2 and n3 should be increased (decreased)
by the same amount.

When the passband ripple and the bandwidth have
been adjusted, we should adjust the quantity S11 max �
�S11 max 1 � S11 max 2�∕2 to have the value −15 dB. In or-
der to increase (decrease) the sum, S11 max 1 � S11 max 2,
we should increase (decrease) the refractive index, n1.

Thus, there are three universal optimization rules for
the fifth-order filter. The increase in the reflectivity of
mirrorM2 and the simultaneous decrease in the reflectiv-
ity of mirror M3 mainly result in a smaller difference,
S11 max 1 − S11 max 2. The increase in the reflectivity of
mirror M2 and simultaneous increase in the reflectivity
of mirror M3 mainly result in a narrower bandwidth,
Δf . The increase in the reflectivity of mirror M1 mainly
results in a greater sum, S11 max 1 � S11 max 2.

After completion of the rule optimization, the adjusted
prototype obtains the final refractive index values,
n1 � 1.5282, n2 � 1.3035, and n3 � 1.1934. Fig. 1(a)
shows the final frequency response of the prototype. It
proves that the selectivity of the required prototype
with the equalized ripple passband is higher than the
selectivity of the alternative prototype with flat-top
passband.

Now, we should substitute the equivalent symmetric
three-layer structureH-L-H for every quarter-wavelength
layer with refractive index ni in the prototype. This
structure is equivalent to the quarter-wavelength layer
when it has the same characteristic matrix. Because
the compared matrices are functions of frequency, the
exact equality of the matrices may take place only at
one frequency. We choose this frequency to be f 0. Thus,
the equivalence of the three-layer structure for frequen-
cies other than f 0 is only approximate.

Requiring that the diagonal elements of the compared
matrices be equal yields the equation

�n2
H � n2

L� tan 2θHi tan θLi � 2nHnL; (1)
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Fig. 1. Frequency response of the filter prototype (a) after and
(b) before optimization. Here, S21 and S11 are reflection and
transmission, respectively. Solid curves in (a) refer to the equal-
ized ripple response (Chebyshev response) that is required
and dotted curves refer to the flat-top response (Butterworth
response) that is the alternative passband.
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where θHi and θLi are the phase thicknesses of the high-
refractive-index and low-refractive-index layers in the
equivalent three-layer structure, respectively.
Requiring that the off-diagonal elements of the com-

pared matrices be equal yields the equation

sin 2θHi cos θLi�
�
nL

nH
cos2 θHi −

nH

nL
sin2 θHi

�
sin θLi �

ni

nH
:

(2)

Here, we had in mind that the H-L-H structure is a recip-
rocal and symmetrical two-port network where the
elements of the ABCD matrix are bounded by the con-
straints AD − BC � 1, A � D [12].
Equations (1) and (2) have the solution

tan2 θHi �

�������������������������������������������������������������
�n2

H � n2
L�2�n2

H − n2
i �2

�4n2
H�n4

H − n2
Ln

2
i ��n2

i − n2
L�

s

−�n2
H � n2

L��n2
H − n2

i �
2�n4

H − n2
Ln

2
i �

; (3)

cot θLi �
n2
H � n2

L

2nHnL
tan�2θHi�: (4)

Equations (3) and (4) give the phase thicknesses of
the high-refractive-index and low-refractive-index layers
in the equivalent H-L-H structures of the mirrors,

θH1 � 0.10409π, θL1 � 0.19441π, θH2 � 0.07643π, θL2 �
0.25473π, θH3 � 0.05993π, and θL3 � 0.29796π.

The resultant high-refractive-index layer in every mir-
ror is composed of the initial quarter-wavelength layer
and one or two additional layers of the adjacent
equivalent H-L-H structures. Therefore, the outer high-
refractive-index layers in mirror Mi impart a phase shift
of π∕2� θHi, and the inner layers also produce a phase
shift of π∕2� 2θHi. The low-refractive-index layers in
mirror Mi have a phase thickness of θLi.

That means that the physical thicknesses of the high-
refractive-index layers are the following: 264 nm for the
layers in mirror M1; 252 and 285 nm for the outer and
inner layers in mirror M2, respectively; and 244 and
271 nm for the outer and inner layers in mirror M3. The
thicknesses of the low-refractive-index layers are as
follows: 292 nm in mirror M1, 382 nm in mirror M2,
and 447 nm in mirror M3.

Figure 2 shows a possible example of an implementa-
tion of the designed silicon–air filter. The fabrication of
a similar design using wet etching as well as e-beam
lithography and inductively coupled plasma etching was
described in Refs. 6 and 14.

Figure 3 shows the computed frequency responses of
the designed filter and its prototype. Both the responses
have the same passband. However, their lower and upper
stopbands are somewhat different far from the center
frequency, f 0, where the equivalence of the H-L-H struc-
tures, substituting for the quarter-wavelength layers in
the mirrors, decays.

Note that the proposed design method may also be
applied for the filters that are fabricated by multilayer
deposition on a substrate [15,16]. In this case, one should
first design the temporary filter without the substrate.
Then, the substrate should be integrated with one of
the outer multilayer mirrors of the temporary filter. Once
the substrate is included, the mirror to which it is in con-
tact should be reoptimized.

Fig. 2. Schematic sketch of the designed silicon–air filter.
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Fig. 3. Computed frequency responses of the designed filter and its prototype.
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