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Two�dimensional (2D) arrays of nanodots with dif�
ferent shapes attract great attention in view of pros�
pects of their use in spintronic devices for various
aims. The shapes and dimensions nanoparticles com�
posing film arrays are very diverse. However, they are
usually cylinders with a height of several tens of
nanometers and a width of tens of nanometers to sev�
eral microns. It is known that, at certain relations
between the thickness of a nanodot and its width
(diameter), a stable distribution of the magnetization
occurs in the form of a vortex with a Bloch point in the
center of a magnet. The static and dynamic magnetic
properties of individual circular nanodots are quite
well studied theoretically: the theory describing the
dynamics of the magnetization was developed on the
basis of the Thiele equation (in terms of collective
variables [1, 2]) and it was shown that the core of the
magnetic vortex executes gyrotropic motion around
the axis of a nanodisk similar to the Larmor motion of
a charged particle around the magnetic field lines. The
angular velocity of this motion of the vortex core is rel�
atively low (<1 GHz). The inclusion of the inertia of
the magnetic vortex and the third�order gyrotropic
factor made it possible to predict and, then, to detect
the existence of a high�frequency doublet (at frequen�
cies of about several gigahertz) and to demonstrate the
presence of a “fine structure” on the trajectory of the
core [3–6].

Experimental tools for studying nanodots are also
widely developed (see, e.g., [7, 8]). The cited works
present the results of experimental studies of the mag�
netic properties of individual nanodots. These results
confirm the theoretically predicted frequency of gyro�
tropic motion of the core and the linear dependence of

this frequency on the magnetic field perpendicular to
the plane of the nanodot. The mechanism of dynamic
remagnetization of the nanodot was analyzed. How�
ever, most experiments deal with films, i.e., arrays of
fairly separated nanodots. For this reason, the interac�
tion between magnetic subsystems of elements of an
array is usually disregarded [9]. At the same time, the
long�term magnetostatic interaction can affect at least
collective modes of rotational motion of the core if not
the static or quasistatic characteristics of the magneti�
zation [10–14]. Understanding of the character of
collective motion of cores in arrays where the dis�
tances between nanodots are comparable or slightly
larger than the dimensions of elements themselves is
particularly important. Even a stronger exchange
interaction between magnetizations [15], which is due
to the existence of magnetic “bridges” between neigh�
boring elements of the array, was revealed in practi�
cally dense packed arrays. Multiplets at frequencies at
which isolated nanodots exhibit splitting were
observed in ferromagnetic resonance (FMR) experi�
ments because of interaction.

A similar effect should also apparently be expected
in the case of a weaker but long�range magnetostatic
interaction. Among the works on the dynamic charac�
teristics of interacting nanodots, we specially point to
work [16], where the problem of vibrational modes of
a pair of coaxially arranged, magnetostatically inter�
acting nanodisks was analytically solved.

The array of circular nanodots for our studies was
formed by the Lif�off method from a continuous film
by thermal sputtering from the 80HXC alloy on a sili�
con substitute. The dimensions of the array were 4 ×
4 mm. The thickness of a pattern film and its compo�
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sition were determined by X�ray fluorescence analysis.
The thickness of nanodots in the resulting array was
L = 104 nm, the radius was R = 1.6 μm, and the dis�
tance was 4R between the centers of two neighboring
nanodots. The saturation magnetization of the mate�
rial was determined on an ELEXSYS E580 EPR spec�
trometer. It corresponded to a value of 770 G.

The magnetic properties were examined by means
of the longitudinal magneto�optic Kerr effect at a
NanoMOKE 2 setup. A sample was placed in the focal
plane of the optical system. The diameter of the laser
beam with the wavelength λ = 630 nm was d = 30 μm.
Remagnetization was performed at a frequency of
27 Hz in the field applied in the plane of the film.

The morphology of the surface and the magnetic
relief were studied on a Veeco MultiMode NanoScope
IIIa SPM System scanning probe microscope. The
chirality direction q = ± on images was determined
from the distribution of the gradient of magnetic
forces acting on the probe of the cantilever (Fig. 1).
The sign of the parameter q is determined by the direc�
tion of the magnetization of the vortex (clockwise or
counterclockwise). Figure 2 shows the photograph of
the array of nanospots after the FMR spectrometer
experiment. It is seem that the spots have both positive
and negative chirality.

The magnetic resonance properties of the array of
nanodots were studied on an FMR spectrometer at a
frequency of 232 MHz. The sample was placed in the
antinode of the magnetic field of a cavity, which was a
short�circuited quarter�wave waveguide with a 4�mm�
wide central strip. The amplitude of the alternating
magnetic field parallel to the plane of the film was
≈1 Oe. The static magnetic field was perpendicular to
the plane of the waveguide (main field). A signal from
the sample was amplified by a selective amplifier at a
modulation frequency of ≈1 kHz and was supplied to a
synchronous detector. The main field in the experi�

ment was perpendicular to the surface of the film and
was varied from –5 to 5 kOe. Negative values corre�
spond to the field opposite to the conditional vector
normal to the surface of the film. As a result, we
obtained the differential dependences of the absor�
bance of the sample on the main field. Their charac�
teristic form is shown in Fig. 3. It is important that
nanodots with the polarity opposite to the main field
are responsible for the resonance regime in this case,
because resonance in the sample under study can
occur at frequencies below 300 MHz only in this case
(see, e.g., [8–10]). At the same time, resonance was
detected in both the positive and the negative range of

Fig. 1. (Color online) (Left panel) Photograph of the
structure the magnetization of circular nanodots and (right
panel) the corresponding schematic of the direction of the
magnetization.

Fig. 2. Photograph of the array of nanodots. The distribu�
tion of the contrast of color of disks makes it possible to
reveal the direction of the chirality q.

Fig. 3. Differential absorption curves obtained in the FMR
experiment on the array of nanodots. The nonmonotonic�
ity of absorption curves indicates a superposition of reso�
nance curves with slightly different frequencies.



564

JETP LETTERS  Vol. 101  No. 8  2015

KIM et al.

the main field. This indicates that disks where the
magnetization in cores is opposite to the field inevita�
bly exist in the film at any direction of the main field.
The absorption curves in Fig. 3 have the form of a
superposition of no less than two curves with different
absorption widths and resonance frequencies. This
means the splitting of the resonance frequency of the
gyrotropic motion of vortices. We attribute this effect
to the existence of a weak but long�range magneto�
static interaction between nanodisks.

We theoretically consider a model situation that
can qualitatively explain the reason for the lift of the
degeneracy of the resonance frequency. The number
of elements in real films (arrays of nanodisks) is very
large, and the effect of each disk on any other disk
should be taken into account when describing the col�
lective motion of the magnetization. As a result, the
analytical calculation of collective modes is signifi�
cantly complicated. For this reason, we consider in
this work a simplified model—a part of the two�
dimensional array. This is a chain of linearly arranged
nanodisks with alternating parameters of the magneti�
zation. In spite of the simplicity of the model, this sys�
tem makes it possible to understand some dynamical
properties of arrays of interacting particles.

We first consider a one�dimensional chain of nan�
odots in the form of circular cylinders whose centers
are located at the same distance d from each other (see
Fig. 4). It is known that one of the equilibrium distri�
butions of the magnetization in circular nanocylinders
is a vortex structure [17–21] where the magnetization
leaves the plane of the magnet in the center of the vor�
tex and a core appears. Below, we use an approxima�
tion in which the profile of the magnetization of the
vortex hardly changes at the displacement of the core
from the center (rigid magnetic vortex model). The
behavior of the core in alternating magnetic fields with
relatively low frequencies (≤1 GHz) is similar to the
gyrotropic motion of a quasiparticle. When the effec�
tive mass of the magnetic subsystem, third�order
gyrovector, and damping are neglected, the behavior
of the core is described by the equation of motion in
the form

G × v – ∇U + F = 0. (1)

Here, G is the gyrovector, v is the velocity of the core
of the magnetic vortex, U is the potential energy of the
magnetization (its change at the displacement of the

core from the center of the spot is usually attributed to
an increase in the magnetostatic energy), and F is the
force with which neighboring nanodisks act on the
vortex core (as on a quasiparticle). According to
Eq. (1), the vortex core is involved in a complex
motion in the presence of a gyroscopic force [22–27].
Equation (1) for a single magnet was first proposed by
Thiele [1] and was obtained from the Landau–Lifshitz
equation at the passage to collective variables.

We supplement this equation with the force F that
appears owing to the magnetostatic interactions
between cylinders. It is assumed that this interaction
very weakly affects the dynamic characteristics of the
array of nanodots. This assumption is justified in the
case of a large distance between dots: d � R. In other
cases, it should be expected that magnetic subsystems
of at least neighboring cylinders affect each other.

We consider the mechanism of the magnetostatic
interaction by an example of two neighboring disks.
Figure 5 shows the direction of the magnetic moment M
at the displacement of the core from the center of the
nanodot. It was shown in [28] that the configuration of
the magnetic field beyond the nanodot is similar to the
configuration of the field of a magnetic dipole. Conse�
quently, the dipole approximation can be used below
to estimate the energy of interaction between cylin�
ders. It is noteworthy that the magnitude of the mag�
netic moment M is determined by the displacement of
the core from the equilibrium position, which in turn
depends not only on the field applied along the plane
of the cylinder but also on the frequency of its varia�
tion. Indeed, in the case of resonance motion, the
radius of the trajectory of the vortex is quite large
(comparable with the radius of the cylinder itself) even
at small amplitudes of the field. In the general case,
|M| = M(h, ωh), where h = H/HS is the dimensionless
amplitude of the magnetic field (divided by the satura�
tion field) and ωh is the cyclic frequency of the varia�

Fig. 4. Model of a one�dimensional chain of nanodisks.

Fig. 5. Coordinate system and the scheme of the magneto�
static interaction between disks. Circles indicate the posi�
tions of the vortex core and thick arrows show the direc�
tions of the magnetic moment. The clockwise direction of
the magnetization is chosen on both disks. Thin arrows
near the edges of the disks indicate the possible directions
of motion of the core.
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tion of the magnetic field. We note that the contribu�
tion to the dipole moment of the disk from the core
itself is small because of its small volume. For this rea�
son, we neglect this factor in this work. In contrast, the
model of “hard” vortex can be inapplicable in the case
of large diameters of the disks. In this case, magnetic
charges are hardly induced on the lateral surface of
disks and the contribution of the magnetic moments of
cores to the energy of interaction between disks can be
significant. A detailed analytical calculation of collec�
tive modes in the model with the interaction between
the magnetizations of only identically oriented cores
was performed in [29].

In the approximation of a parabolic potential well U
for the returning force acting on the vortex core, ∇U =
κr, where κ is the so�called effective stiffness of the
magnetic subsystem. In this case, Eq. (1) has the form

G × v – κr + F = 0. (2)

In the projections on the coordinate axes, the equation
for the nth disk has the form

(3)

We estimate the force F. In the dipole approximation,
the energy of magnetostatic interaction between disks
spaced from each other by m periods can be repre�
sented in the form

This energy can be represented in the form of a func�
tion of the coordinates of the vortex core (see Fig. 5):

(4)

Here, R0 is the rms radius of the trajectory of the vortex
core. The angles φ are measured from the x axis. It is
important that the direction of the effective magnetic
moment of disks at the displacement of the core and,
therefore, the sign of the contribution of the magneto�
static energy as a function of the coordinates of the
core depend on the sign of the chirality q. In view of
Eq. (4), the effective force acing on the core by the
other disks of the system is given by the expressions
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Taking into account Eqs. (5) and (6), we represent the
system of equations (3) in the form

(7)

The solution of system (7) can be represented in the
form xn = ancos(kXn – qnpnωt), yn = bnsin(kXn –
qnpnωt). Here, p = ±1 is the polarity of the vortex cor�
responding to the direction of the magnetization in the
center of the core, Xn is the coordinate of the center of
the nanodot, k is the wavenumber, and the product
qnpn determines the direction of the precession of the
nth vortex core (clockwise or counterclockwise). We
consider the following distribution of the parameters p
and q of disks. Let the disks with odd numbers have
chirality q and polarity p and the disks with even num�
bers have chirality q' and polarity p'. The substitution
of trial solutions into Eqs. (7) for a pair of neighboring
disks, which is an element of the chain, gives

(8)
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.

The parameters G, G ', and κ have the form [8, 27]

(9)

where L is the thickness of the nanodisk, γ is the gyro�
magnetic ratio, and h is the dimensionless field per�
pendicular to the plane of disks.

The condition of zero determinant of the matrix
constructed from the coefficients of the parameters a,
b, a ', and b ' in Eqs. (8) provides a biquadratic equation
for the unknown ω. The solution for resonance modes
has the form

, (10)

where

(11)

In the limit d � R, when the interaction between
disks is absent, Eq. (10) gives the well�known result for
the frequency of gyrotropic motion of the core in the
isolated disk: Ω0 = κ/G and  = κ/G '.

The possible configurations of chains of alternating
disks are shown in Fig. 6. For various combinations of
the parameters q, q ', p, and p ', there are four scenarios
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of collective rotations of cores with corresponding dis�
persion relations (10). Figure 7 shows the characteris�
tic form of dispersion curves demonstrating the split�
ting of the frequency. The existence of a multiplet in
zero external field was predicted in [30] and was par�
tially confirmed in the experiment [28], but the system
of only two or four interacting disks was considered in
those works.

We note that alternations of p and q shown in Fig. 6
are not the only possible variants in chains of a large
number of disks. Indeed, more complex variants with
several successive disks with identical p and/or q values
or any other combinations are possible. However, only
the examined distribution of the parameters p and q
gives the maximum splitting of the resonance fre�
quency.

It is worth noting that we did not observe the strict
alternation of p and q values in the films under study.
Disks with identical polarities and chiralities form
islands consisting of several particles. However, we
believe that the splitting of the frequency in this case
insignificantly differs from our estimate (10).

To conclude, the presence of closely located
absorption peaks can be attributed to the lift of the
degeneracy of the resonance frequency because of the
effect of the magnetostatic interaction between disks.

According to Eq. (10), closely located absorption
peaks should be observed near the resonance state.
They coincide on the curves in Fig. 3; as a result, non�
monotonicities and bends appear. The maximum
splitting calculated by Eq. (10) in the long�wavelength

Fig. 6. Possible combination of chirality and polarity in an
element of a one�dimensional chain of nanodisks.

Fig. 7. (Color online) Dispersion relations (10) in the pres�
ence of the main magnetic field h = –0.25 perpendicular
to the plane of the film, which approximately corresponds
to resonance (see Fig. 3). The curves are plotted with the
parameters of a permalloy disk: MS = 770 Oe, L = 104 nm,
and R = 1.6 μm. It is assumed that R0 ≈ R and, therefore,
M ≈ MS V (V is the volume of the disk) near the resonance
state. The enumeration of the curves corresponds to the
combinations of q and p presented in Fig. 6.
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limit is Δh ≈ 0.06. It is in satisfactory agreement with
experimental data shown in Fig. 3.
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