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In this work we investigate temperature dependence of electronic structure of system with strong
electronic correlations and strong electron-phonon interaction modeling cuprates in the frameworks
of the three-band p-d-Holstein model by a polaronic version of the generalized tight binding (GTB)
method. Within this approach the electronic structure is formed by polaronic quasiparticles con-
structed as excitations between initial and final polaronic multielectron states. Temperature effect
is taken into account by occupation numbers of local excited polaronic states and variations in the
magnitude of spin-spin correlation functions and it is manifested in the redistribution of the spectral
weight over the Hubbard polaron subbands, and the temperature dependent band structure. Tem-
perature increasing leads to broadening of the spectral function peak at the top of the valence band,
shift of the peak, the decreasing of the peak intensity, the growth of bandwidth and reduction of the
insulator energy gap. These effects are in a qualitative agreement to the temperature dependence
of the ARPES spectra observed in the undoped HTSC cuprates .1,2

PACS numbers: 71.38.-k, 74.72.-h

I. INTRODUCTION

There is still the unsolved question of how electronic
structure of cuprates in the normal phase is formed from
the undoped La2CuO4. Besides the strong electron cor-
relation (SEC) that results in the Mott-Hubbard insula-
tor ground state of La2CuO4, the undoped copper oxides
may have also strong electron-phonon interaction (EPI).
The experimental indications for the strong EPI have
been found by the ARPES measurements in Ca2CuO2Cl2
that have revealed unusually large linewidth (∼ 1 eV) in
comparison to the narrow line in isostructural Sr2RuO4.3

Width of the peak grows with temperature increasing,
wherein its position is shifted deep into the band and its
spectral weight is lowered.1 Full width at half maximum
(FWHM) almost doubles with increasing temperature
from 200 to 400 K.2 Spectra in the optical experiments
also demonstrates large temperature effect.4 Explanation
of the origin of such experimental features can serve as a
key to understanding the nature of quasiparticles form-
ing the electronic structure of cuprates. From the general
point of view the study of both effects of SEC and strong
EPI may be useful to understand the formation of the
normal and superconducting phases in cuprates.

Such mechanisms of temperature influence on elec-
tronic structure as thermal broadening and Fermi-Dirac
smearing don’t reproduce magnitude of effect which is ob-
served in ARPES experiments in the undoped cuprates.1

The most likely reason of large temperature dependence
of the ARPES spectra as well as large width of the peak,
its Gaussian shape, dispersion of these characteristics is
the strong coupling between electrons and phonons and
the polaronic origin of Fermi-type excitations in these
compounds.3 The broad peak of spectral line is con-
sidered as the envelope of a number of coherent peaks
of multiphonon excitations between local polaron states.
Such mechanism of broadening based on Franck-Condon

principle which was first formulated for absorption spec-
tra of molecules5–7 was suggested in Ref. 3 for cuprates.
According to this principle quasiparticles are excitations
between vibrational levels of initial and final multielec-
tron states. Photon absorption results in the instanta-
neous transition of system from N -electron state with ν
phonons to N − 1-electron state with ν′ phonons. In-
tensity of such transition will be nonzero if equilibrium
position of oscillating system of atoms in the final state
is shifted relative to initial state. Therefore single peak
which would take place for pure electronic transition
transforms to several peaks of multiphonon excitations,
intensity of every peak depends on Franck-Condon fac-
tor (overlap of phonon wave functions of the initial and
final states). Temperature dependence is caused by addi-
tional thermal population of excited vibrational levels in
a Bose-Einstein distribution.2 The more general scenario
of temperature influence on the electronic structure of
systems with many-body effects was suggested in Ref. 1.

Within several theoretical approaches it was confirmed
that the key factor for description of ARPES spectra in
the undoped cuprates is constructive interplay between
magnetic and strong EPI.8,9 Coupling with magnetic sub-
system gives the correct dispersion and strong interac-
tion with lattice results in the large linewidth of spec-
tra. The theoretical description of the temperature de-
pendence of ARPES spectra also has been carried out
by approaches that take into account coupling of car-
riers both with magnons and phonons. In Ref. 10 a
growth of the linewidth and binding energy and also spec-
tral weight damping with temperature increasing was ob-
tained within the t−J-Holstein model in the frameworks
of Hybrid Dynamical Momentum Average self-consistent
method. Study of the t− J-Holstein model within adia-
batic approximation11 in Ref. 9 also results in the tem-
perature dependence of linewidth. The features of optical
conductivity spectra have been qualitatively described
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with taking into account interaction between hole and
lattice and spin degrees of freedom.12–17 The dynamical
mean-field theory for the Holstein t−J-model within the
polaronic regime qualitatively correctly reproduces fill-
ing of a pseudogap with increasing temperature18 which
was observed in Ref. 19 studying doping and tempera-
ture influence on the optical conductivity spectra of the
electron-doped Nd2−xCexCuO4.

The t−J model is known to be the effective low-energy
model for cuprates.20–22 The multiphonon excitations re-
sults in the electron states beyond the low-energy win-
dow. That is why more general approach in the frame-
work of the multiband p− d model with SEC and strong
EPI is desirable.

In this work we investigate the temperature depen-
dence of the electronic structure for the three-band p−d-
Holstein model by polaronic Generalized Tight-Binding
(p-GTB) method.23 The system under study is com-
pound with SEC and strong EPI the prototype of which is
the undoped single-layer cuprate La2CuO4. In the frame-
works of GTB method the electronic structure is formed
by bands of the Hubbard fermion quasiparticles which
are electron excitations between certain initial and final
local multielectron states. Spectral weight of excitations
depends on probability of transition from initial to final
state and filling of these states. Structure and energy of
the multielectron states have been found by exact diag-
onalization of the local part of the total Hamiltonian for
the CuO6 cluster with taking into account all Coulomb
and electron-phonon interactions in the cluster. With the
Hubbard X-operators constructed using the exact local
multielectron and multiphonon eigenstates the interclus-
ter hopping can be treated in the polaronic version of
GTB. It results in the band structure of the Hubbard
polarons that are formed by a hybridization of the Hub-
bard fermions without EPI and the local Franck-Condon
resonances.

Since electronic, spin and phonon subsystems are ap-
parently strongly coupled in the HTSC cuprates we
should consider the influence of temperature on each of
these subsystems in order to obtain the temperature ef-
fect on the electronic structure. Direct effect of tem-
perature increasing on electronic subsystem is the occu-
pation of local excited multielectron states with differ-
ent orbital structure. Hubbard fermions determined by
transitions involving these excited states obtain spectral
weight which is proportional to the corresponding occu-
pation numbers. Temperature influence on spin system
is carried out by the change of magnitude of spin-spin
correlations for a short-range order magnetic state (or
alternatively by magnetization in the antiferromagnetic
state). The third channel is caused by growth of phonon
number in the system with temperature. In general the
GTB scheme allows taking into account all three channel
of the temperature effects. In this paper we have re-
stricted ourselves to the undoped cuprates. The simulta-
neous treatment of the doping and temperature effects on
the electronic structure in systems with SEC and strong

EPI will be a subject of a forthcoming paper.
The organization of this work is as follows. In

Section II we briefly remind a scheme of polaronic
GTB method and its realization for three-band-Holstein
model. Section III devoted to temperature effects on the
electronic spectra of the system without EPI in the limit
of very strong electron correlations. In Section IV the
dependence of electronic structure on temperature for
system with EPI is discussed. Section V contains the po-
laronic band structure and its temperature dependence
at the Coulomb parameters typical for La2CuO4. Sec-
tion VI is devoted to the main conclusions.

II. THREE-BAND p− d-HOLSTEIN MODEL
WITHIN POLARONIC GTB-METHOD AT

FINITE TEMPERATURE

The GTB method24–26 to calculate the quasiparticle
band structure of strongly correlated materials is a ver-
sion of the cluster perturbation theory in the terms of
Hubbard operators. Crystal lattice of atoms is covered
by a set of unit cells (separate clusters). The total Hamil-
tonian of the crystal is divided into two parts. One part
is sum of Hamiltonians of separate clusters. Second part
is Hamiltonian of intercluster hopping and interactions.
The exact diagonalization of the Hamiltonian for a sep-
arate cluster with different number of fermions gives the
multielectron eigenstates and eigenvalues of the cluster.
At this stage all interactions inside the cluster are taken
into account. Further Fermi-type excitations between
initial and final multielectron states with N and N + 1
fermions described by the Hubbard operators are intro-
duced. At the last stage of the GTB-method the total
Hamiltonian including intercluster interactions is rewrit-
ten in the terms of Hubbard operators. Therefore the
Hamiltonian of the original model is exactly converted
to the multiband Hubbard model in the GTB-method.

It is widely accepted that a low-energy electronic struc-
ture of HTSC cuprates is formed by distribution of holes
in the CuO2 plane over copper dx2−y2 (hereinafter d) and
oxygen px,y orbitals. Phonon system will be described by
dispersionless local vibrations of breathing mode, light
O atoms vibrate relative to the fixed heavy Cu atoms.
Displacement of O atoms from its equilibrium positions
changes value of the crystal field for the hole on Cu atom
and the hopping integral between copper and oxygen
atomic orbitals. In general the EPI includes a diagonal
part which is written as renormalization of on-site energy
on Cu atom and an off-diagonal EPI which is defined by
renormalization of the p− d hopping integral. Evolution
of the structure of the local polaronic states and band
structure of polaronic quasiparticles with varying diag-
onal and off-diagonal EPI was discussed in Refs. 23,27.
Ratio between diagonal and off-diagonal EPI influences
only on character of transition, smooth or abrupt, be-
tween states with weak and strong localization (a mea-
sure of localization is the average number of holes on
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d-orbital) with varying EPI parameters. In this work
we consider only the diagonal EPI. Thus we will use the
three-band p− d-Holstein model:

H = Hel +Hph +He−ph

Hel =
∑
fσ

εdd
†
fσdfσ +

∑
αhσ

εpp
†
αhσpαhσ +

+
∑
fhασ

(−1)
Rhtpd

(
d†fσpαhσ + h.c.

)
+

+
∑

αα′h6=h′σ

(−1)
Mhh′ tpp

(
p†αhσpα′h′σ + h.c.

)
+

+
∑
f

Udd
†
f↑df↑d

†
f↓df↓ +

+
∑
h

Upp
†
αh↑pαh↑p

†
αh↓pαh↓ +

+
∑

αfhσσ′

Vpdd
†
fσdfσp

†
αhσ′pαhσ′

Hph =
M

2

∑
h

(
u̇2
h + ω2

b u̇
2
h

)
He−ph =

∑
fσ

(∑
h

(−1)
Shgduh

)
d†fσdfσ (1)

Here dfσ and pαhσ are the operators of hole annihilation
with spin σ on d-orbital of the copper atom f and px(py)
-orbital of the oxygen atom h, respectively. h runs over
two of the four positions of planar oxygen atoms neigh-
boring to Cu atom in octahedral unit cell centered on
site f at each α, h = {(fx − a/2, fy) , (fx + a/2, fy)} if
α = x and h = {(fx, fy − b/2) , (fx, fy + b/2)} if α = y,
a and b are the lattice parameters. εd is the on-site en-
ergy of hole on Cu ion and εp is the same on O ion; tpd
is the amplitude of nearest-neighbor hopping between d-
orbitals of Cu ion f and px,y-orbitals of O ion h in CuO2

plane and tpp is the amplitude of nearest-neighbor hop-
ping between px,y-orbitals of the oxygen atoms h and h′.
The phase parameters Rh and Mhh′ are determined by
phases of overlapping wave functions. Ud is the Coulomb
interaction of two holes on the same copper atom and
Up is the same for oxygen atom, Vpd is the intersite
Coulomb interaction when one hole is on the copper or-
bital of f atom and other hole is on the oxygen orbital of h

atom. uh =
√

~
2Mωb

(
e†αh + eαh

)
is the operator of oxy-

gen atom h displacement, M is the mass of oxygen atom.

e†αh is the operator of creation of local phonon with fre-
quency ωb, α denotes direction of atom h displacement.
For oxygen atom h = {(fx − a/2, fy) , (fx + a/2, fy)}
(h = {(fx, fy − b/2) , (fx, fy + b/2)}) displacement is
along α = x (y) axis. gd is the parameter of the
diagonal EPI between hole, located on copper atom
and phonon of breathing mode. The phase parame-
ter Sh = 0 for h = (fx + a/2, fy) , (fx, fy + b/2) and
Sh = 1 for h = (fx − a/2, fy) , (fx, fy − b/2), it is consis-
tent with modulation of the on-site energy for the breath-
ing mode. We introduce dimensionless EPI parameters

λd = (gdξ)
2
/
W~ωb, where ξ =

√
~

2Mωb
, W is the band-

width of the free electron in tight-binding method with-
out EPI, we accept here W = 1 eV and the breathing
mode phonon energy ~ωb = 0.04 eV.

Since each planar oxygen atom belongs to the two
CuO6 clusters at once we should make orthogonalization
procedure. We proceed from the hole atomic oxygen or-
bitals |pxh〉 and |pyh〉 to the molecular oxygen orbitals
|bf 〉 and |af 〉 by transformation in the k-space:28

bk =
i

µk
(skxpxk − skypyk)

ak = − i

µk
(skypxk + skxpyk) (2)

where skx = sin (kxa/2), sky = sin (kyb/2) and µk =√
s2
kx + s2

ky. States bf (af ) in the neighbor CuO6 clus-

ters are orthogonal to each other. Similar transfor-
mation of the phonon states is undertaken. States of

atomic phonons e†h |0〉 are replaced by ”molecular” oxy-

gen phonon wave functions A†f |0〉 and B†f |0〉, where op-
erators Ak and Bk in the momentum space are defined
by transformation:

Ak = − i

µk
(skxexk + skyeyk)

Bk = − i

µk
(skyexk − skxeyk) (3)

Phonon wave functions B†f |0〉 have negligible contribu-
tion to the low-energy local cluster eigenstates and con-
sequently to the electron spectral function of the top of
the valence band and the bottom of the conduction band.
Therefore we neglect them in the further consideration
taking into account only A-mode phonons.

After orthogonalization procedure the Hamiltonian of
three-band p− d-Holstein model can be written as

H =
∑
fσ

εdd
†
fσdfσ +

∑
fσ

εpb
†
fσbfσ −

−2tpd
∑
fgσ

µfg

(
d†fσbgσ + h.c.

)
−

−2tpp
∑
fgσ

νfg

(
b†fσbgσ + h.c.

)
+

+
∑
f

Udd
†
f↑df↑d

†
f↓df↓ +

+
∑
fghl

UpΨfghlb
†
f↑bg↑b

†
h↓bl↓ +

+
∑

fghσσ′

VpdΦfghd
†
fσdfσb

†
gσ′bhσ′ +

+
∑
f

~ωbA†fAf +

+
∑
fg

2gdξdµfg

∑
σ

(
A†f +Af

)
d†gσdgσ (4)
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FIG. 1: Schematic picture of the multielectron vibronic
eigenstates of CuO6 cluster (black horizontal lines) with hole
numbers nh = 0, 1, 2 and Fermi-type excitations between
them. Black solid arrows denotes excitations with nonzero
spectral weight at T = 0 K due to occupation of single-hole
ground state (black cross) for undoped La2CuO4. At nonzero
temperature excited single-hole states are thermally occupied
(red crosses) and excitations involving these states acquire
spectral weight (red dashed arrows).

where structural factors µfg, νfg, ρfgh are defined as

µfg = 1/N
∑
k

µke
−ik(f−g)

νfg = 1/N
∑
k

(2 sin (kx/2) sin (ky/2)/µk)
2
e−ik(f−g)

ρAfgh = ρAf−g,g−h= 1
/
N2
∑
kq

1/µkµq ×

× [sin (kx/2) sin (qx/2) cos ((kx + qx)/2) +

+ sin (ky/2) sin (qy/2) cos ((ky + qy)/2)]×
× e−ik(f−g)e−iq(g−h) (5)

Values of coefficients Ψfghl and Φfgh strongly decrease
with increasing distance between sites f ,g,h 29, there-
fore we restrict our consideration by only intracluster
Coulomb interactions, Ψ0000 = 0.2109, Φ000 = 0.918.
Now we can divide Hamiltonian H on the intracluster
part and intercluster interactions:

H = Hc +Hcc, Hc =
∑
f

Hf , Hcc =
∑
fg

Hfg (6)

Eigenstates of the CuO6 cluster with hole numbers
nh = 0, 1, 2 obtained by exact diagonalization of Hamilto-
nian Hc include hole and phonon basis wave functions. In
the hole vacuum sector of the Hilbert space with nh = 0
eigenstates are just the harmonic oscillator states:

|0, ν〉 = |0〉|ν〉, ν = 0, 1, ..., Nmax (7)

Here |0〉 denotes electronic configuration
∣∣3d102p6

〉
, and

|ν〉 - phonon state with phonon number nph = ν. Phonon
states |ν〉 are ν-times action of phonon creation operator

A† on vacuum state of harmonic oscillator:

|ν〉 =
1√
ν!

(
A†
)ν |0, 0, ..., 0〉 (8)

Nmax is the cutoff for number of phonons, it is calcu-
lated for each certain set of parameters from the follow-
ing condition: addition of phonon number above Nmax,
N > Nmax, does not change the electron spectral func-
tion. The value Nmax mainly depends on the EPI cou-
pling parameter, for example at λd = 0.3 Nmax = 30 for
the vacuum and single-hole sectors of the Hilbert space
and Nmax = 50 for the two-hole sector.23 Thus there are
Nmax + 1 states of thermal phonons in the zero-hole sec-
tor, the oxygen atoms oscillate about their equilibrium
position in the potential of crystal lattice.

The single-hole (nh = 1) cluster states can be written
as

|1σ, i〉 =

Nmax∑
ν=0

(
cdiν |dσ〉 |ν〉+ cbiν |bσ〉 |ν〉

)
(9)

Here |dσ〉 = d†x2−y2σ |0〉, |bσ〉 = b†σ |0〉, index i nu-

merates the ground and excited single-hole eigenstates.
Corresponding electronic configurations of stoichiometric
La2CuO4 are

∣∣3d92p6
〉

and
∣∣3d102p5

〉
.

Electron part of the two-hole (nh = 2) basis consists of

the Zhang-Rice singlet state |ZR〉 =
∣∣∣ 1√

2
(d↓b↑ − d↑b↓)

〉
,

the two holes on copper ion state |d↓d↑〉 and the two holes
on oxygen ion state |b↓b↑〉.The electronic configurations∣∣3d92p5

〉
,
∣∣3d82p6

〉
,
∣∣3d102p4

〉
correspond to these states.

Two-hole eigenstates of CuO6 cluster with phonons are

|2, j〉 =

Nmax∑
ν=0

(
cZRjν |ZR〉 |ν〉+

+ cddjν |d↓d↑〉 |ν〉+ cbbjν |b↓b↑〉 |ν〉
)

(10)

It is seen from Eq. (9) and Eq. (10) that each hole state
of the pure electronic system transforms into Nmax + 1
vibronic states with taking into account phonon subsys-
tem. A scheme of multielectron and multiphonon CuO6

cluster levels (7), (9) and (10) is depicted in Fig. 1.
Without EPI all states are Cartesian production of hole
and phonon wave functions and their energy levels are
equidistant. With taking into account the EPI the equi-
librium positions of oxygen atoms shift to new positions.
Displacements of oxygen environment of copper atom are
expressed by cloud of virtual phonons. Cluster eigen-
states become polaron states i.e. they are superpositions
of products of hole and phonon wave functions. Simi-
lar description of the local polaronic states has been dis-
cussed previously.30 The number of the virtual phonon
states in the cloud and its dependence on the EPI cou-
pling has been discussed in detail for zero temperature
in our paper Ref. 23.

The Fermi-type polaronic excitations (arrows in Fig. 1)
from cluster eigenstates |1, i〉 to |2, j〉 result in creation
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FIG. 2: Dispersion of the upper part of the electron LHB
without EPI at low temperature. In general the quasiparticle
bands are characterized by spectral weight at each k-point
but in this figure spectral weight difference is not shown. The
quasparticle band 0−0 (phononless excitation between ground
single-hole and ground two-hole states) is dispersive due to
the intercluster hopping. The Fermi-type multiphonon ex-
citations (Franck-Condon resonances) are shown by a set of
horizontal lines. They are dispersionless, multiply degenerate
and has zero spectral weight at zero temperature and zero EPI
constant. First (second) index in the notation of the quasi-
particle denotes simultaneously index of single-hole (two-hole)
cluster eigenstate.

of hole, and from |1, i〉 to |0, ν〉 results in creation of
electron. Both change the number of fermions by unity,
number of thermal phonons and polarization of oxygen
environment of copper atom. These local polaron mul-
tiphonon excitations describe the Franck-Condon pro-
cesses. Each excitation can be described by the Hubbard
operator Xpq

f = |p〉 〈q|, where |q〉 is the initial cluster
eigenstate and |p〉 is the final cluster eigenstate. The
Fermi-type operators of annihilation of hole on copper
and oxygen orbital can be expressed in terms of the
Fermi-type Hubbard operators Xpq

f :

dfσ =
∑
pq

γdσ (pq)Xpq
f

bfσ =
∑
pq

γbσ (pq)Xpq
f (11)

The phonon annihilation operator is expressed through

the Bose-type Hubbard operators Zpp
′

f :

Af =
∑
pp′

γA (pp′)Zpp
′

f (12)

where states |p〉 and |p′〉 have the same number of holes
and belong to the same sector of Hilbert space |nh〉. Elec-
tronic excitations in the CuO6 cluster are now described
not by holes on d or b orbitals but polaronic quasiparticles
with spectral weight defined by occupation of initial and

final states of corresponding transition and their over-
lap. Since we will study the electronic states close to the
top of the valence band that in our model is the lower
Hubbard band (LHB), the Franck-Condon processes will
be denoted by ”index of single-hole eigenstate - index of
two-hole eigenstate”, i − j. Franck-Condon resonances
are multiply degenerate, for instance single-phonon exci-
tations 0−1, 1−2, 2−3 etc have the same energy (Fig. 2).

Hamiltonians Hc and Hcc in Eq.(6) are rewritten in
the terms of Hubbard operators:

Hc =
∑
f

∑
l

ε0lZ
0l,0l
f +

∑
i

ε1iZ
1i,1i
f +

∑
j

ε2jZ
2j,2j
f


Hcc =

∑
f 6=g

[∑
mn

2tpdµfgγ
∗
dx (m) γb (n)

†
Xm

f Xn
g −

−
∑
mn

2tppνfgγ
∗
b (m) γb (n)

†
Xm

f Xn
g

]
(13)

Here ε0l, ε1i, ε2j are the energies of cluster eigenstates
with nh = 0, 1, 2. The intercluster interactions result
from the p−d and p−p hoppings of the Hubbard polarons
between clusters, we consider hopping up to sixth neigh-
bors. To obtain the band dispersion and spectral func-
tion of Hubbard polarons we use the equation of motion

for the Green function Dmn (f ,g) =

〈〈
Xm

f

∣∣ †Xn
g

〉〉
,

where m,n are the quasiparticle band indexes, this in-
dex is uniquely defined by initial and final states of
excitation m ≡ (p, q). The electron Green function

Gλλ′ (f ,g) =
〈〈
aλf

∣∣∣ a†λ′g

〉〉
is connected with the quasi-

particle Green function Dmn (f ,g) by the following rela-
tion:

Gλλ′ (f ,g) =
∑
mn

γ∗λ′ (n) γλ (m)Dmn (f ,g) (14)

There are many quasiparticle excitations in our system
therefore it is convenient to introduce matrix Green func-
tion D̂ (f ,g) with matrix elements Dmn (f ,g), indexes of
row m and column n run over all quasiparticle bands.
The set of equations of motion is decoupled in the gen-
eralized Hartri-Fock approximation by method of irre-
ducible Green functions31–34 taking into account the in-
teratomic spin-spin correlation functions. The Dyson
equation for the matrix Green function D̂ (f ,g) in the
momentum space has the form

D̂ (k;ω) =
[
D̂−1

0 (ω)− F̂ ˆ̃t (k;ω) + Σ̂ (k;ω)
]−1

F̂ (15)

In this equation D̂0 is the exact local Green func-
tion, its matrix elements Dmn

0 = δmnF (m)/(ω − Ω (m)),
Ω (m) = Ω (pq) = Ep −Eq is the energy of the quasipar-
ticle excitation between states q and p, matrix elements
Fmn = F (m) δmn, F (m) = F (pq) = 〈Xpp〉 + 〈Xqq〉
is the filling factor of the quasiparticle. The matrix
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FIG. 3: Temperature dependence of the filling numbers n1i

of single-hole eigenstates |1, i〉 of the CuO6 cluster. It is seen
that at T = 0 K only the ground state |1, 0〉 is occupied. Hole
distributes over a number of excited states with increasing
temperature.

of intercluster hopping ˆ̃t (k;ω) is determined by p − d
and p − p hoppings with the matrix elements t̃mnk =∑
λλ′

γ∗λ (m)γλ′ (n) t̃λλ
′

k . Σ̂ (k;ω) is the self-energy opera-

tor which contains spin-spin correlation functions. The
filling factor results in the temperature dependence of the
quasiparticle band dispersion and the spectral weight.

Filling of cluster eigenstates is determined self-
consistently from the condition of completeness∑
p
Xpp

f = 1 and the chemical potential equation (here

n = 1 + x is the hole concentration for La2−xSrxCuO4):

n = 1 + x =

=
∑
l

0 ·
〈
X0l,0l

〉
+
∑
i

1 ·
〈
X1i,1i

〉
+
∑
j

2 ·
〈
X2j,2j

〉
(16)

where l, i, j runs over all zero-, single- and two-hole eigen-
states respectively, and from the Boltzmann distribution
for a given temperature:

n1i = n10 exp

(
−E1i − E10

kT

)
(17)

Below we will calculate the quasiparticle band structure
with the following parameters of Hamiltonian (in eV):

εd = 0, εp = 1.5, tpd = 1.36, tpp = 0.86

Ud = 20, Up = 18, Vpd = 14 (18)

Here the tight binding parameters (intraatomic ener-
gies and nearest neighbor hopping) for La2CuO4 were
obtained from LDA+GTB method.26 As concerns the
Coulomb parameters we will study two different regimes,
the over correlated one with all Coulomb parame-
ters increased more than twice (18). Below in Sec-
tion V we present the polaronic band structure with

realistic Coulomb parameters (20), obtained from the
constrained-LDA calculations.26

At T = 0 K only the ground single-hole state is filled
(Fig. 3) and hence only excitations involving the single-
hole ground state |1, 0〉 have a non-zero spectral weight
(solid arrows in Fig. 1). Filling of ground state falls
whereas occupation of 1th, 2th and 3rd excited single-hole
states monotonically grows with increasing temperature
(Fig. 3) according to Eq. (17). At T = 800 K occupation
is significant up to 7th excited state, n4 = 0.02, n5 = 0.01,
n6 = 0.007, n7 = 0.003. Transitions involving occupied
single-hole excited states acquire spectral weight (dashed
arrows in Fig. 1).

It is known that there is the long-range antiferromag-
netic order in the undoped cuprates at low temperatures.
In GTB approach the temperature dependent sublat-
tice magnetization determines the value of spin-up/spin-
down splitting resulting in the temperature dependent
electronic structure.35 Here we will investigate electronic
structure in wide interval of temperatures including the
paramagnetic phase above the Neel temperature. The
short-range antiferromagnetic order above the Neel tem-
perature is still strong in the quasi-two-dimensional mag-
netic subsystem of La2CuO4. We will describe the short-
range order in the paramagnetic state as the isotropic
spin liquid with zero spin projections and non-zero spin-
spin correlations functions following to Refs. 33,36,37.
The comparison of electronic structure calculated for
the spin liquid state with spin-spin correlation functions〈
Xσσ̄
f X σ̄σ

g

〉
for very low doping x = 0.01 (Ref. 34, FIG.3)

and band structure obtained for undoped system with
long-range order35 shows almost identical pictures. This
similarity results from the large spin correlation length of
the short-ordered antiferromagnetic clusters that exist at
low doping. The dispersion of a hole hopping at the long-
range antiferromagnetic background is very similar to the
dispersion of a hole hopping at the local antiferromag-
netic background with spin correlation length ξ � a, a is
the lattice parameter. Therefore we will use short-range
magnetic order given by spin-spin correlation functions
and each single-hole level has spin degeneracy. Spin-spin
correlation functions for doping x = 0.01 at T = 0 K was
taken from Ref. 34 and their temperature dependence is
taken from (Ref. 36). Spin-spin correlation functions de-
crease with temperature increasing. Significant damping
of spin correlations takes place at T ∼ J = 2t̃2

/
Egap. At

T ∼ J spin-spin correlator for nearest and next nearest
neighbors is 60 percent and 30 percent of the value at
zero temperature respectively.

III. TEMPERATURE DEPENDENCE OF THE
ELECTRONIC STRUCTURE IN THE SYSTEM

WITHOUT EPI

Without EPI the LHB band structure is formed by
0 − 0 quasiparticle (excitation between single-hole and
two-hole ground states without phonons) band. There
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FIG. 4: Evolution of the band structure of the quasiparticle excitations with increasing temperature for the system without
EPI (λd = 0). (a) T = 10 K, (b) T = 100 K, (c) T = 200 K, (d) T = 400 K. The conductivity (valence) bands are shown on
the upper (lower) panel of each figure. Color in each k-point indicates the spectral weight of quasiparticle.

is also a set of dispersionless degenerate Franck-Condon
resonances that at T = 0 without EPI have zero spec-
tral weight. Absence of spectral weight of these Franck-
Condon resonances results from the orthogonality of
phonon wave functions of the initial and final states.
Energies of these resonances are determined relative to
Ω (0− 0) and are shown at Fig. 2 for clarity. In this
Section we discuss a very specific effect of finite temper-
ature on the electronic structure and spectral weight of
polarons even without EPI. The matrix elements of the
Fermi-type excitation between initial single-hole and fi-
nal two-hole states with the same number of phonons
(Franck-Condon processes 1 − 1, 2 − 2, 3 − 3 etc) are
equal to the same matrix element for 0 − 0 process.
The thermal occupation of the excited single-hole states
shown in Fig. 3 and non-zero matrix elements due to
the interband hopping t̃mn (m 6= n) will result in the hy-
bridization of the Hubbard band 0−0 and the phononless
Franck-Condon excitations 1−1, 2−2, 3−3 etc (Fig. 4).
These excitations are degenerate in energy, their ener-
gies Ω (1− 1) = Ω (2− 2) = ... = Ω (n1i − n2i) = ... =
Ω (Nmax −Nmax). Spectral weight of these pure elec-
tronic phononless excitations is zero at T = 0 and grows
with increasing temperature. Spectral weight of electron
is redistributed among different excitations 0− 0, 1− 1,

2−2 etc. As a result of hybridization of quasiparticles the
0−0 band is splitted at the energy Ω (1− 1) on two parts
(Fig. 4(b)). Splitting on two bands doesn’t occur over
whole band, it is absent in the direction (π, 0) − (0, π).
The higher the temperature the larger number of exci-
tations split 0 − 0 band and thus reconstruction of the
band becomes more complicated. The upper part of the
valence band is strongly modified under temperature in-
creasing. Near T = 200 K the local maximum at the
point k = (π/2, π/2) becomes local minimum (Fig. 4(c))
by energy increase at points Γ = (0, 0) and M = (π, π).
Further temperature increase results in energy growth at
Γ and M points (Fig. 4(d)). The width of the whole band
is increased.

IV. TEMPERATURE DEPENDENCE OF THE
ELECTRONIC STRUCTURE OF THE POLARON

QUASIPARTICLES

The EPI results in the hybridization of the dispersive
bands of the Hubbard electrons with the local Franck-
Condon resonances forming the band structure of the
Hubbard polarons. Probability of multiphonon excita-
tions such as 0 − 1, 0 − 2, 0 − 3 etc. becomes nonzero.
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These excitations acquire spectral weight, weak disper-
sion and begin to interact with 0− 0 polaron. Therefore
a number of Hubbard polaron subbands in the valence
band (and in the conductivity band) appears (Fig. 5(a)).
Electron spectral weight is distributed over all possible
polaron subbands decreasing the average spectral weight
per one subband. It transfers from the coherent disper-
sive high-intensity 0 − 0 quasiparticle to the incoherent
multiphonon excitations with the EPI coupling increas-
ing. Inside each Hubbard polaron subband the spectral
weight is inhomogeneously distributed among all points
in the momentum space. Electron spectral function

A (k, ω) =

(
− 1

π

) ∑
λλ′σmn

γ∗λ′σ (n) γλσ (m)×

× Im

〈〈
Xm

k

∣∣∣∣ †Xn
k

〉〉
ω+iδ

(19)

at each k-point is formed by several peaks reflecting the
Franck-Condon excitations (Fig. 5(b)). Taking into ac-
count finite lifetime of quasiparticles the multipeak struc-
ture of spectral function can merge into single broad peak
if the EPI constant is large enough. Form and width of
this peak depends on the EPI value. In spite of large
number of the Franck-Condon excitations crossing and
lost of the coherency the LHB original dispersion of elec-
tronic model without EPI is mainly preserved, as can be
seen by comparison the coherent LHB at λd = 0 and
incoherent polaron band at λd = 0.3 in Fig. 5(a). This
comparison also has revealed quite large shift of the po-
laron dispersion as a whole.

At zero temperature the main peak of spectral function
is formed by excitation from the occupied ground single-
hole eigenstate to excited multiphonon polaron two-hole
state for which the Franck-Condon factor is largest. Fill-
ing of excited single-hole states with one, two, three
etc. thermal phonons grows with increasing tempera-

ture (Fig. 3) and such excitations as 1 − 0, 2 − 0, 1 − 2
etc acquire spectral weight. Spectral weight of the quasi-
particles which are primary formed by these new multi-
phonon excitations involving excited eigenstates also in-
creases. Generally contributions of different multiphonon
excitations to complex quasiparticle forming specific po-
laron subband are redistributed with changing temper-
ature. Peaks of emerged quasiparticles are satellites of
the main peak. Intensity of the main peak falls, inten-
sity of satellites increases with temperature. Redistribu-
tion of spectral weight between quasiparticles involving
ground and quasiparticles involving excited single-hole
eigenstates causes the changes in width and shape of the
resulting spectral function peak. Splitting of the LHB
on the number of Hubbard polaron subbands and re-
distribution of spectral weight over these subbands oc-
curs in addition to temperature transformation of 0 − 0
quasiparticle band (Fig. 6(a),(b)) that has been discussed
in the previous Section III. For large EPI λd = 0.3 all
spectral weight results from the multiphonon excitations.
The main effects of temperature growth are broadening
of spectral function (with Lorentzian width δ = 0.03
eV) (Fig. 6(c)) and damping of its maximal intensity
(Fig. 6(d)). Value of the FWHM ΓFWHM grows in 1.3
times with increasing temperature from T = 200 K to
T = 400 K (inset if Fig. 6(d)) whereas in the ARPES
ΓFWHM is doubled.2 For the temperatures from T = 200
K to T = 760 K our calculations show that ΓFWHM in-
creases more than twice. Thus broadening of spectral
function with increasing temperature is qualitatively in
agreement to ARPES spectra. Stronger influence of tem-
perature on redistribution of filling numbers of local po-
laron multiphonon states is necessary to provide better
agreement between calculations and ARPES data since
the main mechanism of broadening related to redistribu-
tion of cluster eigenstates occupation.

The temperature dependent spectral function is shown
in Fig. 7. The temperature increasing results in the spec-
tral function evolution characterized by appearance of a
satellite peak with smaller intensity. Position and inten-
sity of this peak depends on momentum value. High-
intensity coherent peak of the electron spectral function
in the valence band is shifted with temperature increas-
ing. This shift is caused by reconstruction of quasipar-
ticle band and results from the splitting of 0 − 0 band
due to hybridization and the weakening of the spin-spin
correlations. These factors are momentum depending,
i.e. the shift has dispersion. Note ARPES spectra also
demonstrate dispersion of the peak shift with increasing
temperature (left side of FIG.2 in Ref. 1). At the point
k = (π/2, π/2) two factors give the opposite contribution
and almost compensate each other, the spin-spin correla-
tions decrease wins and the peak of the spectral function
demonstrates a small shift deeper into LHB at T = 760 K
(Fig. 6(d) and Fig. 7). Direction of the shift of the main
peak at the points k = (π/2, π/2) and k = (0.67π, 0) is
in agreement with the peak shift in the ARPES exper-
iments1 at the same points of momentum space. It is
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seen that at the points k = (π, 0) and k = (π, π) coher-
ent peak shifts to higher electron energies (lower binding
energy in ARPES) (Fig. 7). It results in the decreasing
of the insulator gap with increasing temperature. Re-
flectivity measurements and ε2 spectra in the La2CuO4

show red shift of the peak corresponding to the charge-
transfer excitations between the Zhang-Rice singlet and
the conductivity band with increasing temperature from
T = 122 K to T = 447 K38–40 and this fact also indicate
the decreasing of the insulator gap.

V. TEMPERATURE DEPENDENCE OF THE
ELECTRONIC STRUCTURE AT REALISTIC
PARAMETERS OF ELECTRONIC SYSTEM

Here we discuss the polaronic band structure for the
p− d-model parameters

εd = 0, εp = 1.5, tpd = 1.36, tpp = 0.86

Ud = 9, Up = 4, Vpd = 1.5 (20)
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T = 400 K (blue line), T = 760 K (green line)) at realistic for
La2CuO4 parameters set (20). Broadening of spectral func-
tion peak with increasing temperature is shown, all curves are
rescaled to have the same maximal value.

calculated for La2CuO4 from ab-initio approach26

(Fig. 8). Comparing the band structure for the over cor-
related case (18) and for the realistic set (20) one may
conclude the following:

I) In general two band structures shown in Fig. 4 and
Fig. 8 are similar with the main difference in the value
of the insulator gap, the indirect gap Eg = 1.5 eV for
the set (20); II) The conductivity band slightly changes
its dispersion, for both cases the global minimum takes
place at k = (π, 0), while the local minimum at k =
(π/2, π/2) from Fig. 8 disappears at Fig. 4, the width of
the conductivity band is about 2 eV in Fig. 8 and about
0.5 eV in Fig. 4; III) Dispersion of the valence band has
smaller changes for the both sets of parameters while the
bandwidth is also smaller for strongly correlated limit
(18); IV) For strong EPI case λd = 0.3 the lost of the
polaronic spectral weight in Fig. 5(a) for the set (18)
is much stronger then for the set (20). It means that
increasing electron correlations results also in increasing
EPI effect on the electronic structure. We relate this
finding with the bandwidth decreasing due to stronger
electronic correlations. Comparing the EPI effect on the
valence and conductivity bands (Fig. 8(d),(e)) we would
like to emphasize the 10 times difference in the spectral
weight scale, the spectral weight of the polarons from the
conductivity band is suppressed much stronger.

At Fig. 9 we have shown the temperature dependence
of the polaronic spectral weight. Qualitatively the spec-
tral weight and its temperature dependence are similar
to the set (18).

VI. CONCLUSION

Contrary to the standard LDA temperature indepen-
dent band structure the polaronic band structure of a sys-

tem with strong electron correlations and strong electron-
phonon interaction calculated within our polaronic ver-
sion of the GTB method is temperature dependent. The
proper treatment of strong electron correlations incor-
porates the spin polaron effects forming the dispersion
of the Hubbard fermion at the top of the valence band.
The strong electron-phonon interaction results in the for-
mation of the Franck-Condon resonances, that involves
the local multiphonon Fermi-type excitations. The hy-
bridization of the Hubbard fermions with the Franck-
Condon resonances due to the electron-phonon interac-
tion and occupation of the excited local electronic states
with temperature increasing results in the formation of
the polaronic band structure. We call these polarons the
Hubbard polarons to distinguish them from the standard
case of weakly correlated electrons renormalized by the
electron-phonon interaction.41 We have found an inter-
esting interrelation of increasing electron correlations and
effects of the electron-phonon interaction. For strong EPI
case λd = 0.3 the lost of the polaronic spectral weight in
the strongly correlated limit is more pronounced than for
the realistic more weak Coulomb interaction.

The temperature dependence of electronic spectra cal-
culating in the frameworks of p-GTB method is in qual-
itative agreement with ARPES spectra. Regime of large
EPI was considered to reproduce broad peak of spectral
function similar to that observed in the ARPES spectra
in the undoped cuprates. We have obtained broadening
of the peak of the electron spectral function, the reduc-
tion of its maximal intensity, shift of the peak and the de-
creasing dielectric gap with increasing temperature. The
FWHM of the spectral function peak at 400 K is 1.5 times
larger than at T = 10 K and 2.6 times larger at 760 K.
The peak shift is smaller than in ARPES data.

As concerns a question whether the EPI in cuprates is
indeed strong, there is no definite answer today. From
theoretical point of view, there is no ab-initio EPI cal-
culations revealing large EPI in La2CuO4. But there is
no also standard ab-initio calculations revealing the in-
sulator ground state of La2CuO4. Only the explicit in-
volvement of strong electron correlations in some hybrid
schemes like LDA+DMFT or LDA+GTB results in the
correct electronic structure of the charge-transfer insula-
tor. May be future calculations of the EPI in such hybrid
schemes will provide the information how strong the EPI
in cuprates is. From experimental point of view, the large
line width of ARPES in cuprates may be considered as
the indication of the large EPI.
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