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Absorption and natural circular dichroism (NCD) spectra of ErAl3(BO3)4 single crystal were measured at
90 K in the range of 10,000–28,200 cm�1. The spectra were decomposed on the Lorentz shape compo-
nents and the natural optical activities (NOA) of f-f transitions between Stark components of the ground
and excited multiplets were found. The NCD spectra permitted us to find out existence of two non equiv-
alent positions of Er3+ ion in one of its excited states, which are due to the local decrease of the crystal
symmetry in this state. Very large NOA of a vibronic line was revealed. This phenomenon was accounted
for basing on the new quantum mechanical formula for the NOA of electron transitions. The principle dif-
ference of the NOA properties of electric dipole allowed and parity forbidden transitions is discussed.

� 2017 Elsevier B.V. All rights reserved.
1. Introduction

Natural circular dichroism (NCD) is widely used in study of
organic materials. NCD of inorganic compounds and of 4f com-
pounds, in particular, was investigated less extensively, (see, e. g.,
[1–11]). NCD of the erbium containing compounds was studied
in Refs. [4,8,11]. Interrelation between optical properties and nat-
ural optical activity (NOA) of f-f transitions, on the one hand, and
structural features of compounds, on the other hand, was dis-
cussed in the mentioned works. Recently, a very large NOA (close
to unity) of electron-vibrational (vibronic) f-f transitions was
revealed in HoAl3(BO3)4 [12] crystal. Temperature dependences
of the integral NOA and magneto-optical activity of f-f transitions
between multiplets in ErAl3(BO3)4 were studied in Ref. [13]. In
the present work we study NOA of transitions between Stark com-
ponents of the ground and excited multiplets and analyze their
nature.Different crystals activated by Er3+ ions are widely used in
solid state lasers. For example, laser generation was obtained in
YAl3(BO3)4 crystal with admixture of Er3+ ions [14–16]).
ErAl3(BO3)4 single crystal has huntite-like structure with the trigo-
nal space group R32 (D7

3). Such structure has no center of inversion.
As a consequence, crystals of this type can be used also as
nonlinear active media [17,18]. Some erbium-containing crystals
demonstrate up-conversion luminescence. [19–22]. It is worth
emphasizing especially Ref. [22] devoted to up-conversion in
microcrystals containing Er3+ ions. Absorption spectra of the
Er doped YAl(BO3)4 crystals were studied in Refs. [23–26].
Structural and spectroscopic properties of the ErAl3(BO3)4 crystal
were investigated in Ref. [27]. The spectroscopic properties were
analyzed with the help of the Judd-Ofelt theory. As mentioned
above, the crystal belongs to the trigonal symmetry class with
the space group R32, and its lattice constants are: a = 9.2833(7) Å
and c = 7.2234(6) Å [27]. The unit cell contains three formula units.
Trivalent rare-earth (RE) ions occupy positions of the D3 symmetry.
They are located at the center of trigonal prisms made up of six
crystallographically equivalent oxygen ions. The triangles formed
by the oxygen ions in the neighboring basal planes are not
superimposed on each other but are twisted by a certain angle.
Owing to this distortion, the symmetry D3h of the ideal prism is
reduced to the symmetry D3. The AlO6 octahedrons share edges
in such a way that they form helicoidal chains, which run parallel
to the C3 axis and are mutually independent. All Al ions occupy
C2-symmetry positions in the crystal.
2. Experimental details

Single crystals of ErAl3(BO3)4 were grown at small overcooling
on seeds from the flux 90% mass (Bi2Mo3O12 + 2B2O3 + 0,5Li2
MoO4) + 10% mass ErAl3(BO3)4. This flux has saturation tempera-
ture Tsat = 960 �C. Details of the growth procedure have been
described in Ref. [28]. Earlier the same crystal was grown from
another flux [29]. As grown-up crystals had the size of
5 � 5 � 7 mm3.

Absorption spectra of the crystal were measured by the two
beam technique, using an automated spectrophotometer designed
on the basis of the diffraction monochromator MDR-2. Circular
dichroism spectra were measured using the modulation of the light

http://crossmark.crossref.org/dialog/?doi=10.1016/j.chemphys.2017.06.011&domain=pdf
http://dx.doi.org/10.1016/j.chemphys.2017.06.011
mailto:malakha@iph.krasn.ru
http://dx.doi.org/10.1016/j.chemphys.2017.06.011
http://www.sciencedirect.com/science/journal/03010104
http://www.elsevier.com/locate/chemphys


Fig. 2. Absorption (k) and NCD (Dk) spectra of 4I15/2 ?
4I9/2 transition (B band) at

90 K.
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wave polarization with piezoelectric modulator [30]). The modula-
tor consists of the plate of fused silica and piezoelectric ceramic
element pasted to it. The modulator is a part of the self-contained
generator and oscillates with its resonance frequency of about
25 kHz. Linearly polarized light passed through the plate of the
fused silica changes its polarization from right to left circular one
with the resonance frequency of the modulator. The circularly
polarized light passed through the sample acquires a modulation
of its intensity due to circular dichroism of the sample. At the light
wavelength changing, the photomultiplier direct current level is
maintained constant due to the feedback controlled high voltage
power supply of the photoelectron multiplier. Thus, alternating
current of the photoelectron multiplier at the frequency of modu-
lation is proportional to the circular dichroism. Amplitude of this
alternating current is measured and registered by computer. Both
absorption and NCD spectra were obtained with the light propa-
gating along the C3 axis of the crystal (a-polarization). This direc-
tion is the optical axis of the crystal. Therefore influence of the
linear birefringence of the crystal is excluded. Optical slit with
(spectral resolution) was 0.2 nm in the region of 300–600 nm
and 0.4 nm in the region of 600–1100 nm. The sensitivity in the
measuring of the circular dichroism was 10–4. The sample was
put in a nitrogen gas flow cryostat. Accuracy of the temperature
measuring was �1 K. Thickness of the sample was 0.3 mm.
Fig. 3. Absorption (k) and NCD (Dk) spectra of 4I15/2 ?
4F9/2 transition (D band) at

90 K.
3. Results and discussion

The a-polarized absorption and NCD spectra of transitions
4I15/2 ?

4I11/2 (A band), 4I9/2 (B band), 4F9/2 (D band), 4S3/2 (E band),
2H11/2 (F band), 4F7/2 (G band), 2G9/2 (K band), 4G11/2 (L band),
4G9/2 + 2K15/2 + 2G7/2 (M + N + O bands) were measured at tempera-
ture 90 K (Figs. 1–9). Both absorption and NCD are given in decimal
molar extinctions. The capital symbols in Figures and in Table 1
indicate transitions from the lowest level of the ground multiplet,
while the lower case characters indicate transitions from the upper
states of the ground multiplet. Identification of f-f transitions
between multiplets was made according to Kaminskii [31]. Identi-
fication of the individual absorption lines we made in Ref. [32],
basing on p and r polarized absorption spectra and selection rules
of Table 2. In particular, it was shown that the ground state has E1/2
symmetry. All transitions are presented in Table 1, including
purely p-polarized ones (E3/2 ? E3/2) which are not seen in a-
polarization. For vibronic transitions (e. g., f10), symmetries of
electron states and vibrations and energies of vibrations are given.
In principle, the shape of NCD spectra should qualitatively repeat
Fig. 1. Absorption (k) and NCD (Dk) spectra of 4I15/2 ?
4I11/2 transition (A band) at

90 K.

Fig. 4. Absorption (k) and NCD (Dk) spectra of 4I15/2 ?
4S3/2 transition (E band) at

90 K.
the shape of corresponding absorption spectra but with different
signs. However, this is not always so. In particular, in transitions
4I15/2 ?

4G11/2 (L band) and 4G9/2 + 2K15/2 + 2G7/2 (M + N + O bands)
(Figs. 8 and 9) it was possible to identify only some lines in the
NCD spectra and to find their NOA. Below it will be shown that
absorption and NCD have not identical nature that can influence
the NCD spectra.



Fig. 5. Absorption (k) and NCD (Dk) spectra of 4I15/2 ?
2H11/2 transition (F band) at

90 K.

Fig. 6. Absorption (k) and NCD (Dk) spectra of 4I15/2 ?
4F7/2 transition (G band) at

90 K.

Fig. 7. Absorption (k) and NCD (Dk) spectra of 4I15/2 ?
2G9/2 transition (K band) at

90 K.

Fig. 8. Absorption (k) and NCD (Dk) spectra of 4I15/2 ?
4G11/2 transition (L band) at

90 K.

Fig. 9. Absorption (k) and NCD (Dk) spectra of 4I15/2 ?
4G9/2 + 2K15/2 + 2G7/2 tran-

sitions (M + N + O bands) at 90 K.
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The a-polarized absorption spectra and the NCD spectra
(Figs. 1–9) were decomposed on the Lorentz-shape components,
where it was possible, and the NOA (dissymmetry factor) of
absorption lines were calculated according to the formula:

A ¼ hDki0=hki0 ¼ Df=f ; ð1Þ
where hDki0 and hki0 are zero moments of the NCD and absorption
lines, respectively, and Df and f are corresponding oscillator
strengths. The results are presented in Table 1. In addition to the
NOA of the individual transitions, the integral NOA of absorption
bands at room temperature based on the data of Ref. [13] are given
in Table 3. The integral NOA strongly depend on temperature [13].
Therefore they are given at room temperature since in this case the
Stark components of the ground state are more equally populated.

There were made a number of attempts, both experimental
[3,10,11] and theoretical [33–35], to find correlation between the
quantum numbers L, S and J or their changes during f-f transitions
and the NOA. Following the Richardson’s theory [33], based on the
theory of Ref. [36], we classified transitions studied in the present
work according to changes of L, S and J numbers. However, we did
not find correlation of results presented in Table 3 with predictions
of Ref. [33]. The same conclusion refers to data of Ref. [37] for
Nd0.5Gd0.5Fe3(BO3)4 crystal.

It is worth considering transition 4I15/2 ?
4S3/2 (E-band) sepa-

rately (Fig. 4). Two features were found out in its spectra. The
NCD spectrum of the E2 line testifies that a splitting of this line
to lines with the opposite signs of NCD takes place. With the help
of the decomposition procedure the splitting was found to be of
about 5 cm�1. The splitting of the Kramers doublets is impossible.
Consequently, the observed phenomenon can be referred to the
existing of two kinds of absorbing centers with the opposite signs



Table 1
Parameters of absorption lines: energy (E), width (W), oscillator strength (f), NCD (Df) and NOA (A).

Exc. state Symbol Transition E (cm�1) W (cm�1) f (10�7) Df (10�9) A

4I11/2 A1 E1/2 ? E3/2 10153 7.19 0.579 �0.869 �0.015
A2 E1/2 ? E3/2 10207 6.29 0.173 0.502 0.029
A3 E1/2 ? E1/2 10220 5.81 0.537 0.515 0.00955
A4 E1/2 ? E1/2 10252 7.19 0.513 �2.19 �0.0427
A5 E1/2 ? E1/2 10290 7.05 1.06 �0.282 �0.00264
A6 E1/2 ? E1/2 10299 7.9 1.25 �0.721 �0.00575
a1 E1/2 ? E1/2 10061 12 0.146 0.882 0.0604
a2 E3/2 ? E3/2 10091 No No No
a3 E3/2 ? E1/2 10098 11.4 0.705
a4 E1/2 ? E3/2 10113 6.63 0.117
a5 E3/2 ? E1/2 10135 17.5 0.647
a6 E1/2 ? E1/2 10142
a7 E3/2 ? E3/2 (E3/2 + 84(A2)) 10172 No No No
a8 10190 6.29 0.0482
a9 E1/2 ? E1/2 10202 7.44 0.305 1.01 0.0331
a10 E3/2 ? E1/2 10244 6.48 0.221 1.36 0.0616

4I9/2 B1 E1/2 ? E1/2 12396
B2 E1/2 ? E3/2 12444 12.5 0.842 �5.08 �0.0604
B3 E1/2 ? E1/2 12483 12.9 0.178 �0.766 �0.043
B4 E1/2 ? E3/2 12534 14.3 0.791 �4.85 �0.0614
B5 E1/2 ? E1/2 12564 9.93 0.607 �4.88 �0.0803
b1 E1/2 ? E1/2 12253 14.3 0.114 0.452 0.0395
b2 E1/2 ? E1/2 12283 16.4 0.104
b3 E1/2 ? E3/2 12300 16 0.098 �1.03 �0.105
b4 E3/2 ? E1/2 12323 11.2 0.136 1.72 0.126
b5 E3/2 ? E1/2 12364 12.5 0.928 �3.44 �0.037
b6 E1/2 ? E1/2 12375
b7 E3/2 ? E1/2 12407 22.66 0.236 �1.86 0.07894

4F9/2 D1 E1/2 ? E3/2 15231 19.1 2.91 �9.97 �0.0343
D2 E1/2 ? E1/2 15279 15.2 0.729 2.04 0.028
D3 E1/2 ? E3/2 15313 18 1.42 �0.815 �0.00576
D4 E1/2 ? E1/2 15337 21.5 2.38 �7.66 �0.0322
D5 E1/2 ? E1/2 15357 16.5 1.9 �5.97 �0.0315
d1 E1/2 ? E3/2 14964 8.01 0.0295
d2 E1/2 ? E1/2 15040 23.8 0.525
d3 E1/2 ? E1/2 15090 16.9 0.13
d4 E1/2 ? E3/2 15119 16.1 0.513
d5 E3/2 ? E3/2 15147 No No No
d6 E3/2 ? E1/2 15173 17.5 0.685 �2.85 �0.0416
d7 E1/2 ? E3/2 15198 22.2 2.25 0.967 0.00431
d8 E3/2 ? E3/2 15218 No No No
d9 E3/2 ? E3/2 15383 No No No

4S3/2 E1 E1/2 ? E1/2 18322 12.4 0.954 �0.582 �0.0061
E2a E1/2 ? E3/2 18380 7.45 0.957 �1.91 �0.0199
E2b E1/2 ? E3/2 18385 7.45 0.957 2.11 0.022
e1 E1/2 ? E1/2 18224 14.9 0.0787 0.237 0.0304
e2 E3/2 ? E1/2 18274 12.4 0.365 0.676 0.0185
e3 E3/2 ? E3/2 18332 No No No
e4 E1/2 ? E1/2 (E1/2 + 109 (E)) 18428 7.45 0.0407 1.36 0.335

2H11/2 F1 E1/2 ? E1/2 19138 44.4 18.02
F2 E1/2 ? E1/2 19174 13 3.43
F3 E1/2 ? E3/2 19224 18.5 4.88
F4 E1/2 ? E3/2 19236 22.9 7.77
F5 E1/2 ? E1/2 19267 11.4 0.96
F6 E1/2 ? E1/2 19281 10.2 1.84
f1 18828 18.5 0.442 �1.17 �0.0265
f2 18853 15.8 0.457 �0.855 �0.0187
f3 E1/2 ? E1/2 18969 18.2 3.78 3.87 0.0103
f4 E1/2 ? E1/2 18019 13.4 2.96 0.646 0.0022
f5 E3/2 ? E3/2 19065 No No No
f6 E3/2 ? E3/2 19081 No No No
f7 E3/2 ? E1/2 19092 19 4.67 0.256 0.00055
f8 E1/2 ? E1/2 19159 18.4 1.4
f9 E3/2 ? E3/2 19187 No No No
f10 E3/2 ? E3/2 (E1/2 + 131(E)) 19367 No No No

4F7/2 G1 E1/2 ? E1/2 20481 18.4 1.67 0.766 0.0046
G2 E1/2 ? E1/2 20509 16.8 1.05 �0.269 �0.00255
G3 E1/2 ? E3/2 20597 23.7 1.75 1.61 0.0092
G4 E1/2 ? E1/2 20615 15.3 0.0404 0.676 0.168
g1 E1/2 ? E1/2 20328 24.7 1.23 0.224 0.00181
g2 E1/2 ? E1/2 20352 20.5 1.31 0.26 0.00198
g3 E1/2 ? E1/2 20403 23.2 0.973 0.179 0.00185

(continued on next page)
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Table 1 (continued)

Exc. state Symbol Transition E (cm�1) W (cm�1) f (10�7) Df (10�9) A

g4 E1/2 ? E1/2 20436 19 1.74 0.663 0.00381
g5 E3/2 ? E1/2 20463 17.4 1.41 1.02 0.00725
g6 E3/2 ? E3/2 20548 No No No
g7 E3/2 ? E1/2 20571 16.3 1.18 �0.708 �0.00598

2G9/2 K1 E1/2 ? E3/2 24481 26.8 1.13 0.143 0.00128
K2 E1/2 ? E1/2 24506 17.9 0.772 0.493 0.0064
K3 E1/2 ? E1/2 24547 15 1.65 1.68 0.0102
K4 E1/2 ? E3/2 24592 18.2 1.56 1.24 0.00795
K5 E1/2 ? E3/2 24638 17.3 0.876
k1 E1/2 ? E1/2 24387 31.9 0.385
k2 E1/2 ? E1/2 24415 15 0.102 �0.112 �0.0109
k3 E3/2 ? E3/2 24499 No No No
k4 E1/2 ? E1/2 24535 25.5 0.671 0.184 0.00271
k5 E1/2 ? E1/2 24577 8.33 0.0665 0.108 0.0165
k6 E1/2 ? E1/2 24620 14.2 0.143 0.0968 0.00677
k7 24660 10.9 �0.1

4G11/2 L1 E1/2 ? E3/2 26308
L2 E1/2 ? E1/2 26357
L3 E1/2 ? E1/2 26420
L4 E1/2 ? E3/2 26456
L5 E1/2 ? E1/2 26487
L6 E1/2 ? E1/2 26527 22 3.33 �3.68 �0.011
l1 E1/2 ? E3/2 26007 33 1.35 �1.06 �0.008
l2 E1/2 ? E3/2 26052
l3 E1/2 ? E1/2 26129 23.3 4.2 2.35 0.0056
l4 E3/2 ? E1/2 26181 22.4 2.95 �2.8 �0.0095
l5 E3/2 ? E3/2 26189
l6 E1/2 ? E3/2 26199 18.45 3.03 �0.4 �0.0013
l7 E3/2 ? E3/2 (E3/2 + 81(A2)) 26235 No No No
l8 E3/2 ? E1/2 26262
l9 E3/2 ? E1/2 26289
l10 E3/2 ? E3/2 26302
l11 E1/2 ? E1/2 26378
l12 E3/2 ? E3/2 (E1/2 + 156 (E)) 26601 No No No
l13 E3/2 ? E3/2 (E1/2 + 148 (E)) 26628 No No No

4G9/2 + 2K15/2 + 2G7/2 M1 E1/2 ? E3/2 27202 29 1.66
M2 E1/2 ? E1/2 27273 40 4.35
M3 E1/2 ? E1/2 27323 23 2.46
M4 E1/2 ? E1/2 27392 53.3 5.92
M5 E1/2 ? E3/2 27439 19.5 1.76
N1 E1/2 ? E1/2 27484 10.6 0.162
N2 E1/2 ? E1/2 27533 16.1 1.62
N3 E1/2 ? E3/2 27588 36.5 1.66
N4 E1/2 ? E1/2 27628 29.8 2.55
N5 E1/2 ? E3/2 27680 32.8 1.73
N6 E1/2 ? E1/2 27723 27.4 0.503
N7 E1/2 ? E3/2 27770 49.6 1.02 �2.846 �0.0278
N8 E1/2 ? E1/2 27824 33 0.397
O1 E1/2 ? E3/2 27888 49 1.14
O2 E1/2 ? E1/2 27933 35.3 1.27 �8.834 �0.0693
O3 E1/2 ? E1/2 28030 29.2 1.16
O4 E1/2 ? E1/2 28061 28.1 1.54

Table 2
Selection rules for electric dipole transitions in D3 symmetry.

E1/2 E3/2

E1/2 p, r(a) r(a)
E3/2 r(a) p
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of the NCD. Discussed splitting is observed only on one transition.
Consequently, this phenomenon occurs only in the definite excited
state and has the local character. In the huntite structure of R32
space symmetry rare earth ions occupy three equivalent positions
of the D3 local symmetry in the unit cell. At the lower space sym-
metry P3121 the local symmetry of the rare earth ions decreases to
C2 one [38] but positions remain equivalent. However it is known,
that the unit cell of huntit structure can have also the C2 space
symmetry [39]. In the unit cell of this space symmetry there are
two non-equivalent positions of the rare earth ions with the C1
local symmetry.

The second feature of the E-band is the very large NOA of the
very weak e4-line (Fig. 4, Table 1). Such large NOA of the e4-line
testifies, first of all, that mainly twins of the identical chirality exist
in the crystal. This line is the vibrational satellite of the E1 electron
line, created by a vibration of the E-symmetry [13] with the energy
of 109 cm�1. Even larger NCD (close to unity) was observed on the
vibronic line in the HoAl3(BO3)4 crystal [12]. The k7 resonance on
the NCD spectrum (Fig. 7), which is not discerned on the absorp-
tion spectrum, also probably refers to a vibronic transition. There
are some other vibronic lines in the ErAl3(BO3)4, such as a7, f10,
l7, l12, l13 (Table 1, [32]), but they are connected with the electron
transitions from the upper components of the ground multiplet
and correspond to E3/2 ? E3/2 transitions. These transitions have



Table 3
Oscillator strengths (f), integral NCD (Df), integral NOA (A) of f-f absorption bands at room temperature.

Symbol Excited state f (10�7) Df (10�9) A

A 4I11/2 7.926 7.926 0.010
B 4I9/2 5.105 �6.135 �0.012
D 4F9/2 24.49 �1.880 �0.00077
E 4S3/2 4.433 2.552 0.0058
F 4H11/2 92.38 �8.866 �0.00096
G 4F7/2 213.7 18.58 0.00087
K 4G9/2 9.807 1.079 0.0011
L 4G11/2 114.5 29.73 0.0026
M,N,O 4G9/2 + 2K15/2 + 2G7/2 48.03 0.899 0.00019
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purely p-polarization and therefore they are not observed in a-
polarization. The NOA of the majority of the observed absorption
lines (Table 1) are of the same order of magnitude as those in
another Er3+ compounds [4,8,11]. However, extraordinary large
NOA of the vibronic lines should be explained.

The traditional theory of the NCD [36] gives the following
expression for the NOA (dissymmetry factor) of a transition i? f

A ¼ Im½hij~djf ihf j~mjii�=jhij~djf ij2: ð2Þ

Here Im denotes the imaginary part of a quantity, ~d and ~m are
the electric and magnetic dipole moments, respectively. It is sup-
posed in (2) that intensity of the transition is provided by the elec-
tric dipole absorption. The formula (2) was obtained for a sample
composed of randomly oriented chiral systems, however, majority
of researches use it for crystals as well. This formula lies in the
background of a number of the subsequent theoretical works
(see, e.g., [1,33–35,40–45] and references therein). According to
Eq. (2), none of the electron transitions can be almost completely
circularly polarized, as it takes place with the e4 transition
(Fig. 4, Table 1) and in Ref. [12], since this would require equality
of matrix elements of the electric and magnetic dipole moments.
Additionally, according to the phenomenological theory, the for-
mula for the NOA should contain the light wave number. Thus,
the space dispersion should be taken into account [46,47].

According to the Onsager principle, the electric polarizability

tensor follows the relation: anmð~kÞ ¼ amnð�~kÞ, where ~k is the light
wave vector which characterizes the space dispersion. Conse-
quently, the tensor can be decomposed into symmetric and anti

symmetric parts. The symmetric part is the even function of ~k

and the anti symmetric part is the odd function of ~k. If a crystal
has the center of inversion, then the anti symmetric part is equal

to zero, since vector~k change sign as a result of the space inversion.
If there is no absorption, then amn is the Hermitian tensor and, con-
sequently, the symmetric components are the real and anti sym-
metric ones are the imaginary values. If the light propagates
along the z-axis, which is simultaneously the optical axis of the
crystal, then the symmetric tensor is the diagonal one, but anti
symmetric tensor has only components axy = �ayx. Just these com-
ponents give rise to the natural circular dichroism and birefrin-
gence: a+ � a� = g = iaxy, where a+ and a- are polarizabilities for
(+) and (�) circularly polarized waves. It is important to note, that
in order to describe the circular dichroism and birefringence basing
on the Maxwell equations, it is enough, if only the electric polariz-

ability tensor differs from zero and depends on ~k. Thus, it is not
necessary to take into account magnetic dipole transitions proba-
bility, when the electron transition has certainly electric dipole
character.

Basing on results of Ref. [46], it is possible to write down the
electric polarizability tensor of a molecule corresponding to the
electron transition i? f in the form:
anmðx;~kÞ � Mn
if ð�~kÞMm

fi ð~kÞ
xif þx

þMn
fið�~kÞMm

if ð~kÞ
xif �x

" #
ð3Þ

Here M̂ð~kÞ ¼ p̂e~r þ ei~k~rp̂ and p̂ ¼ �i�h @
@~r, that is, the space disper-

sion was taken into account. The perturbation inducing the elec-

tron transition is: Û �~E0ðM̂ð~kÞe�ixt þ M̂�ð~kÞeixtÞ, where ~E0 is the
amplitude of the light wave electric field. Consequently, at k = 0

operator M̂ð~k ¼ 0Þ ¼ 2p̂ is proportional to the electric dipole oper-
ator. Taking into account that Mif ¼ M�

fi; it is possible to obtain
from (3):

anmðx;~kÞ �
xifRe Mn

if ð�~kÞMm
fi ð~kÞ

h i
þ ixIm Mn

if ð�~kÞMm
fi ð~kÞ

h i
x2

if �x2
: ð4Þ

Formula (3) was obtained in assumption that there is no
absorption. Therefore, according to the phenomenological theory,
the first term in (4) gives the symmetric part of the polarizability
tensor and the second one gives the anti symmetric part (gyration
tensor), responsible for the circular birefringence and dichroism. In
order to transfer to the resonance region, it is necessary to replace
function 1=ðx2

if �x2Þ by the complex Lorentz function:

1=½ðx2
if �x2Þ � icx�, where c is the line width. The imaginary part

of the function will give dispersion of absorption and dichroism.

Since ei~k~r � 1þ i~k~r, we can write

M̂ð~kÞ � 2p̂þ iðp̂~k~r þ~k~rp̂Þ ¼ 2p̂þ ikðp̂rk þ rkp̂Þ � 2p̂þ kDp̂: ð5Þ

Here rk is the projection of~r on the~k direction. Substituting (5) into
(4) we obtain for the value in the brackets:

½. . .� ¼ 4pn
if p

m�
if þ 2kðDpm�

if pn
if � Dpn

if p
m�
if Þ � k2Dpn

ifDp
m�
if : ð6Þ

It is possible to show that the second term in (6) is always imag-
inary one. Therefore and also because this term is proportional to k,
it is responsible for the anti symmetric components of the polariz-
ability tensor. In experiments the light usually propagates along
the optical axis of the crystal. Let it be z-axis. In this case, as men-
tioned above, the symmetric part of the polarizability tensor is the
diagonal one and the anti symmetric components are axy ¼ �ayx.
Additionally rk ¼ z and according to (5)

Dp̂x;y ¼ iðp̂x;yzþ zp̂x;yÞ: ð7Þ
Due to the axial symmetry, matrix elements of the x and y com-

ponents of the operators are identical that is reflected in double
superscripts in (7). Then we obtain:

½. . .� ¼ 4jpx
if j2 þ 2kðDpx�

if p
x
if � Dpx

if p
x�
if Þ � k2jDpx

if j2: ð8Þ
Thus, the NOA of the transition i? f is:

A ¼ Im2kðDpx�
if p

x
if � Dpx

if p
x�
if Þ

4jpx
if j2 � k2jDpx

if j2
: ð9Þ
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A difference in the frequency dependencies of axy and ax, which
is appreciable only far from the resonance, is not taken into
account in (9).

If a crystal has the center of inversion and the electric dipole
transition is parity allowed, then the matrix element px

if is not zero,
but the matrix element Dpx

if is equal to zero, since according to (7)

Dp̂ is the even function. Thus, the crystal must not have the center
of inversion in order to have the NCD, in agreement with the phe-
nomenological theory, and for the allowed transition from (9) we
find:

A � kr ¼ r
k
; ð10Þ

where r is the radius of the object, absorbing the quantum of the
light and k is the light wave length. Additionally, the NOA is, evi-
dently, proportional to deviation of the local symmetry from the
centrosymmetrical one.

Another situation takes place for the electric dipole parity for-
bidden f-f transitions. In this case the absence of the center of
inversion is necessary for allowance of the transitions themselves.
If there is the center of inversion, the matrix element Dpx

if , respon-
sible for the NCD, on the contrary, is not zero for f-f transitions, and
it weakly depends on the noncentro-symmetrical distortions.
When these distortions decrease the matrix elementpx

if tents to
zero but Eq. (9) increases. Thus, it is possible to expect, that NOA
of the parity forbidden electric dipole f-f transitions can be larger
than that of the parity allowed ones. Indeed, the radius of the rare
earth ions is of the order of 0.1 nm. Then according to (10) the NOA
of allowed transitions in the visible spectral range should be of the
order of 2	10�4. In reality the NOA of f-f transitions rich values of
about 0.1 [1,5]. The value (9) is also called the dissymmetry factor,
having in mind that the NOA should be proportional to the noncen-
tro-symmetrical distortions. However we see that this is valid only
for the parity allowed transitions. Fig. 10 demonstrates the NOA as
a function of transitions intensity based on the Table 1 data. Pre-
dicted above inverse correlation between the NOA and the inten-
sity of f-f transitions is seen. In view of this feature and basing
on the Eq. (9), it is possible to suppose that more suitable charac-
teristic of the real optical activity and of the dissymmetry of the
local environment of the active ion in the case of f-f transitions
can be circular dichroism Df itself, i. e., numerator of fraction (9)
(see Table 1). This value, indeed, does not correlate with the inten-
sity of f-f transitions. However, the great variety of the NCD values
both of absorption bands and of single lines (Tables 1 and 3) shows
Fig. 10. NOA of f-f transitions as a function of the transitions oscillator strengths.
Circles correspond to transitions from the ground state, squares correspond to
transitions from the upper states of the ground multiplet.
that these values also can not be the characteristic of the dissym-
metry. The NCD can characterize the local dissymmetry when we
compare identical electron transitions in different compounds.

According to said above, already the little intensity of the vibro-
nic transitions is a cause of the large NOA (A). However, the vibro-
nic nature of transitions can give additional contribution into the
NOA. In crystals with the center of inversion, odd vibrations mix
wave functions of the opposite parity and so the vibrational repe-
titions of the parity forbidden electron transition become allowed
(Herzberg–Teller interaction). Even vibrations mix wave functions
of the same parity and therefore they can create repetitions of
already allowed transitions. Intensities of such vibrational repeti-
tions of the purely electronic transition are proportional to the
Stokes losses during the vibronic transitions. Majority of the rare
earth compounds have no center of inversion (mentioned above
crystals including) and the f-f transitions are allowed due to the
static odd distortions and are purely electronic ones. Conception
of even and odd vibrations, strictly speaking, loses sense in such
crystals, but the vibrations can be decomposed into odd and even
parts. However, the vibrations partially preserve the mentioned
properties, because deviation from the centro symmetrical struc-
ture is small. Thus, the mainly odd vibrations admix wave func-
tions of the opposite parity and increase intensity of f-f
transitions but do not increase the circular dichroism. The mainly
even vibrations, on the contrary, admix wave functions of the same
parity and do not increase intensity of f-f transitions but increase
the circular dichroism. This can be one more origin of the particu-
larly large NOA of the vibronic transitions. Additionally, the elec-
tron-vibrational interaction and covalency of bonds can increase
delocalization of the electron wave functions and can additionally
increase the NOA.

Er3+ and Ho3+ ions in ErAl3(BO3)4 [13] and in HoAl3(BO3)4 [12]
crystals, respectively, are in the D3 symmetry positions. In this
symmetry px transforms according to E irreducible representation
and the coordinate z – according to A2 irreducible representation.
Then the function zpx, giving NOA, transforms according to

CðzpxÞ ¼ A2 � E ¼ E ð11Þ
representation. Consequently, the symmetry selection rules for the
NOA coincide with those for the a-polarized absorption (Tables 2
and 4), and all symmetry allowed transitions (the f-f transitions
including) can have NOA. Similar situation takes place also in other
uniaxial crystals.

It is known that intensity of the parity forbidden f-f transitions
cannot be reliably found totally theoretically, and it is described by
the semi-empirical Judd-Ofelt theory [48–50]. In the network of
this theory, practically all f-f transitions are partially allowed (if
there is no center of inversion) due to the selection rule: DJ 
 k
(k = 2, 4, 6), where J is the total momentum of the ion. In particular,
all transitions studied in the present work are allowed in this
approximation. Matrix elements (zpx)if, characterizing the NCD,
probably, can be found theoretically for the f-f transitions, since
for these transitions they are parity allowed. For the parity allowed
transitions situation is opposite.

It is known that intensity and NOA of allowed transitions should
not depend practically on temperature [35]. However our experi-
ments [13] have shown that integral NOA of f-f absorption bands
Table 4
Selection rules for electric dipole transitions between non Kramers states in D3

symmetry.

A1 A2 E

A1 – p r(a)
A2 p – r(a)
E r(a) r(a) p,r(a)



Fig. 11. NOA of sum of all studied absorption bands. Values of Df and f at room
temperature are presented in Table 3.
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strongly depend on temperature and even change sign at some
temperatures. NOA of sum of transitions is the ratio of integral of
the NCD over all studied spectral range and integral of absorption
over the same spectral range. Using measurements of Ref. [13], we
have found temperature dependence of the NOA of sum of absorp-
tion bands presented in Table 3 (see Fig. 11). It is not zero and
depends on temperature. Not monotonic temperature dependence
is probably caused by the local structural distortions in the excited
states. Thus, the sum rule is not fulfilled at least for the studied
sum of f-f transitions. What can be the reason of such behavior
of f-f transitions?

f–f transitions are allowed due to admixture of states with
opposite parity to 4f-states by static or dynamic odd components
of crystal field (CF). Let us consider an admixture of states with
the opposite parity only to an excited 4f-state. This admixed J0F
state should also satisfy the total angular-momentum selection
rule for the transition to be allowed:

jJ0F � JIj 6 1; ð12Þ
where JI is the ground state total angular-momentum. According to
(12) we have actually minimum three allowed transitions with
their own intensities and optical activities. Intensities are summed
up, while activities can have different signs. Ratio of the contribu-
tions strongly depends on details of the local symmetry of the
Er3+ ion position, especially on the odd components of the crystal
field. Additionally, this ratio changes with temperature because of
redistribution of population of components of the ground multiplet
crystal field splitting.

4. Summary

Absorption and NCD spectra of ErAl3(BO3)4 single crystal were
measured at 90 K in the range of 10,000–28,200 cm�1. The spectra
were decomposed on the Lorentz shape components and the NOA
of the individual f-f transitions were found. The NCD spectrum per-
mitted us to find out a splitting of one of the transitions which is
impossible for the Kramers doublets. This splitting we refer to exis-
tence of two non equivalent positions of Er3+ ion in the correspond-
ing excited state due to the local decrease of the crystal symmetry
in this state. Very large NOA of a vibronic line was revealed. This
phenomenon was accounted for, basing on the new quantum
mechanical formula for the NOA of electron transitions. In contrast
to the traditional one, it is consistent with the phenomenological
theory. In particular, it contains the light wave number in the
explicit form and the NOA of the electric dipole transitions do
not contain matrix elements of the magnetic dipole operator. The
theory has shown the principle difference of properties of the
NOA of electric-dipole allowed and parity forbidden f-f transitions.
In particular, NOA of f-f transitions should be and really is on the
average much larger than that of allowed transitions. The theory
has predicted inverse correlation between the NOA and intensity
for the parity forbidden transitions. The experimental results con-
firmed such inverse correlation. The sum rule is not fulfilled for the
studied f-f transitions.
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