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Effect of magnetic field orientation and disorder on Majorana polarization in wires
with topological superconductivity
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Russia
(Submitted December 6, 2016)
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Majorana polarization, previously introduced by Sticlet et al. [Phys. Rev. Lett. 108, 096802

(2012)], is studied for wires in a topological superconductive state with varying orientation of the

magnetic field. Numerical calculations show that in the case of a canted field, this polarization can

differ in sign, as well as absolute magnitude, at the opposite ends of a wire. Since the Majorana

polarization changes sign at one end when the orientation of the magnetic field is changed from per-

pendicular to longitudinal, there is always a range of angles for which this quantity is significantly

suppressed or equals zero. Thus, the Majorana polarization does not always appear as a local order

parameter for an arbitrary angle of the magnetic field in the plane perpendicular to the effective

Rashba spin-orbital interaction field. It is shown that the introduction of disorder does not lead to

qualitatively new effects. At the same time, additional regions with weak Majorana polarization

do show up in high magnetic fields. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4983331]

1. Introduction

Since the publication of two papers by Kitaev,1,2

Majorana coupled states (MCC) in solid systems have been

of great interest to researchers. It is known that the main

problem with building a quantum computer is the sensitivity

of quantum states in a cubit to perturbations which disturb

the phase of the wave function of the system.3 Since MCC

are protected topologically from external interactions, a

cubit consisting of a pair of MCC is stable against decoher-

ence processes. The state of this kind of cubit can be con-

trolled by changing the site of the MCC or by looping one

MCC around another,4,5 since Majorana fermions obey non-

abelian statistics.6 Various systems for producing MCC have

been proposed in recent years.7,8 Of these, 1D semiconduct-

ing wires9,10 and chains of magnetic atoms11,12 appear to be

the most attractive, since it has already been shown experi-

mentally that MCC exist in these systems.13,14

One way of transforming a real physical 1D system into

a topologically nontrivial phase is to make an effectively

spinless system with superconducting pairing. In the case of

a 1D semiconducting wire examined in this article, the

required conditions are achieved by combining a strong

spin-orbit interaction (SOI), a magnetic field perpendicular

to the effective SOI field, and an s-type superconductivity

induced by the proximity effect.9,10

Various ideas have been proposed for detecting MCC in

solid systems: measurement of conductivity,15 noise,16 and

interference.17 The behavior of the transverse spin polariza-

tion of a 1D wire, i.e., the polarization in a plane perpendicu-

lar to the magnetic field, has been studied.18,19 In particular,

the concept of Majorana polarization has been introduced

and it has been shown that its magnitude is nonzero at the

ends of a wire just in the topologically nontrivial case. Thus,

Majorana polarization can be treated as a local order param-

eter and can be measured by spin-polarization scanning

tunnelling microscopy. In this article, we demonstrate that in

the general case, when the magnetic field is oriented at an

arbitrary angle to the wire and perpendicular to the effective

SOI field, the Majorana polarization at the two ends of a

wire can differ in sign and in absolute magnitude. Here there

must be a range of angles of the magnetic field such that the

Majorana polarization at one of the ends of a wire in the

topological phase is substantially suppressed or even equal

to zero. Thus, in order to describe the topological phase tran-

sition in the case of a canted field, it is necessary to analyze

some integral characteristic, which accounts for the absolute

magnitudes of the spin polarization simultaneously at both

ends of the wire.

2. The system to be studied and its Hamiltonian

We consider a 1D semiconducting wire parallel to the x
axis and characterized by a strong SOI Rashba field on the sur-

face of an s-type superconductor in an external magnetic field

oriented at an arbitrary angle in the xz plane. Cooper pairing of

electrons takes place in the wire because of the proximity

effect, which is described by the induced potential D. We

model noncollinearity of the magnetic field B relative to the z

axis by directly introducing terms for single point spin-flip pro-

cesses into the standard microscopic Hamiltonian.20 As a

result, the canted magnetic field has components B ¼ ðBx; 0;
�BzÞ Therefore, the Hamiltonian for this system takes the

form

ĤW ¼
XN

j¼1

X
r

nraþjrajr þ Daj"aj# � Vxaþj"aj# þ H:c:
� �� �

�
XN�1

r;j¼1

t

2
aþjrajþ1;r þ

a
2

raþjrajþ1;�r þ H:c:

� �
; (1)

where nr ¼ tþ rVz � l is the single point energy of an elec-

tron with spin r in a perpendicular magnetic field; l is the

chemical potential of the system; VxðzÞ ¼ 1=2lBgBxðzÞ are the
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x- and z-components of the Zeeman energy; t is the electron

jump parameter between closest neighbors; and, a is the

intensity of the Rashba SOI. In the strong coupling approxi-

mation t ¼ �h2=2m�a2, where m* is the effective electron

mass and a is the distance between atoms in the wire. In the

following a ¼ aR=a, where aR is the Rashba parameter. For

an InSb wire, m� ¼ 0:015me; aR ¼ 0:2 eV Å, D� 10�4 eV,

g � 50; Bx;z ¼ 0:01� 1 Tp, (i.e., Vx;z � 10�5 � 10�3 eV).13

If a � 1 nm here, then t � 1 eV and a � 10�2 eV. Thus, t�
a; Vx;z;D.

3. The Majorana number for a wire in a canted field

In order to evaluate the influence of the noncollinearity

of the magnetic field in the region of the topological super-

conducting phase for a wire of finite length, we analyze the

dependence of the Majorana number MðHWÞ on the system

parameters for a closed wire described by the Hamiltonian

HW. This number is given1 by

MðHWÞ ¼ sgn Pf ~Aðk ¼ 0Þ
� �

sgn pf ~Aðk ¼ pÞ
� �

; (2)

where Pf denotes the pfaffian of the antisymmetric matrix A,

i.e., ðPfAÞ2 ¼ det A� ~AðkÞ is the Fourier transform of the anti-

symmetric matrix of the Hamiltonian for a closed wire in the

Majorana operator representation, cAkr ¼ aþnr þ anr, cBkr

¼ iðaþnr � anrÞ;

HW ¼
i

2

X
k>0

ĉþ ~A kð Þĉ; (3)

where ĉ ¼ ½cAK" cAK# cBK" cBK#�T . After some simple calcula-

tions, we find that

MðHWÞ ¼ sgn
n

l2 � V2
x � V2

z þ D2
� �

	 ð2t� lÞ2 � V2
x � V2

z þ D2
h io

: (4)

It follows naturally from Eq. (4) that single site spin-flip pro-

cesses make an additional contribution to the magnetic field

acting on the wire. Then a topologically nontrivial phase

(M¼�1) develops if the square of the resulting field lies

within the range

l2 þ D2 < V2
x þ V2

z < ð2t� lÞ2 þ D2: (5)

Equation (5) shows that a topological superconducting phase

can evidently also develop in the case of a longitudinal or

transverse field, as well as in a canted field.

4. Electron spin polarization in MCC and Majorana
polarization

To analyze the properties of the elementary excitations

of a wire, in particular the MCC, we use the Bogolyubov

transform

bl ¼
X

j

uljaj" þ vlja
þ
j# þ wljaj# þ zlja

þ
j"

h i
: (6)

Following Ref. 18, we introduce the x-component of the

Majorana polarization at the j-th site in the wire and the

Fig. 1. The Majorana polarization as a function of the energy x of single-electron excitation and the number j of a site in the wire; N ¼ 100: Vx ¼ 0 (a); Vz ¼
0 (b), and Vx ¼ Vz (c).
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z-component of the electron spin polarization at the j-th site

in terms of the transform coefficients of Eq. (6) as follows:

PMx
ðj;xÞ ¼ 2

X4N

l¼1

Re vljw
�
lj � zlju

�
lj

� �
d ðx� ElÞ; (7)

Pz j;xð Þ ¼
X4N

l¼1

D
Wij

���rz
s0 þ sz

2

���Wij

E
d x� Elð Þ; (8)

where El is the eigenenergy of ĤW for state l; of the wire;

jWlji ¼ ðulj; vij;wlj; zljÞ is the rz; s0; sz-th eigenvector; and,

are the Pauli matrices acting in spin and electron-hole sub-

spaces. The main parameters of the system for the numerical

calculations will be taken from the above estimates and are

quantitatively the same as in Ref. 18: t ¼ 1; D ¼ 0:3; l ¼ 0;
a ¼ 0:2; Vx;z ¼ 0:4:

5. Numerical calculations

Figure 1(a) shows the distribution of the Majorana polar-

ization over the sites in the wire and the energy, when the

magnetic field is directed along the z axis. This plot exactly

reproduces the result of Ref. 18, where it was proved that

Majorana polarizations are opposite at the ends of the wire

using analytic calculations of the wave function of MCC.

It can be seen that PMx
is determined precisely by the states

Fig. 2. Spin polarization along the z axis as a function of the energy x of single-electron excitation and the number j of a site in the wire; N ¼ 100: Vx ¼ 0 (a);

Vz ¼ 0 (b), and Vx ¼ Vz (c).

Fig. 3. The dependence of the Majorana polarization at the first (a) and last (b) sites of the wire on the direction of the magnetic field in the xz plane; N ¼ 30.
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with zero or near-zero energies and falls off rapidly toward

the center. When the magnetic field is collinear with the

wire, PMx
has the same sign at the ends [Fig. 1(b)]. Here the

polarization differs significantly from zero for the high-

energy excitations as well. In the intermediate situation of a

canted field, the distribution of PMx
relative to the center of

the wire is no longer symmetric. In particular, for a field ori-

ented at an angle of p/4, the Majorana polarization has dif-

ferent signs and amplitudes at the opposite ends [Fig. 1(c)].

The behavior of PMx
described above also shows up in

the variation of the spin polarization Pz along the z axis in

Fig. 2. The difference is that here it follows naturally from

the proposed model that Pzðj ¼ 1Þ ¼ Pzðj ¼ NÞ in a perpen-

dicular field [Fig. 2(a)] and Pzðj ¼ 1Þ ¼ �Pzðj ¼ NÞ in a

longitudinal field [Fig. 1(b)]. Furthermore, jPzðj ¼ 1Þj 6¼
jPzðj ¼ NÞj in a canted field. As opposed to the case of Fig.

1(c), however, here the z-component of the spin polarization

approaches zero for Vx ¼ Vz [Fig. 2(c)]. Since the character-

istics PMx
and Pz behave similarly as the direction of the

magnetic field is changed, in the following we analyze only

the x-component of the Majorana polarization, PMx
.

Since the Majorana polarization at the last site has a dif-

ferent sign in the two limiting cases of Vx ¼ 0 and Vz ¼ 0, it

is obvious that this characteristic should equal zero for some

angle of the magnetic field in the xz plane. This is confirmed

by the numerical calculations of Fig. 3(b). It can be seen that

for components of the magnetic field that satisfy the inequal-

ity (5) (the colored region), there is a range within which

PMx
is close to zero (the white region separating the yellow

and blue sections). At the same time, other properties of the

MCC, such as the low energy of this state, the gap in the

spectrum of the elementary excitations, and the localization

at the edges, remain unchanged. In Fig. 3(a), PMx
at the first

site in the topologically nontrivial region is everywhere neg-

ative. Note that the white segments in Figs. 3(a) and 3(b),

correspond to low and high magnetic fields for which the

inequality (5) is not satisfied. This results in a topologically

trivial phase where the Majorana polarization is also close to

zero.18 We can, therefore, see that in a canted field the char-

acteristic PMx
cannot always be regarded as a local order

parameter. Instead, it is more convenient to use the resultant

parameter jPMx
ðj ¼ 1Þj þ jPMx

ðj ¼ NÞj .

6. The effect of disorder on the Majorana polarization

We now examine the effect of disorder on the Majorana

polarization in a canted field. For this, we introduce a ran-

dom single-site potential Wj with a uniform distribution

within the interval [�W/2, W/2]. The plots of Fig. 4 illustrate

the role of disorder in forming the features of the Majorana

polarization. These graphs show that there are no qualitative

changes in the behavior of PMx
owing to the introduction of

random additions to the single-site energy. A certain nonuni-

formity does show up. However, the regions with different

signs, and, therefore, the region of weak and zero Majorana

polarization at one of the ends of the wire, are retained. A

comparison of Figs. 3 and 4 shows that the disorder also sup-

presses the polarization at high fields.

7. Conclusion

In this paper we have shown the results of a numerical

analysis of the behavior of the x-component of the Majorana

polarization PMx
at the ends of a wire with strong Rashba SOI

and induced superconducting pairing for different directions of

the magnetic field in the plane perpendicular to the effective

Rashba field vector. We have shown that in the topological

superconductivity phase this characteristic changes sign at one

of the ends of the wire. As a consequence, within some range

of orientation angles for the magnetic field in the xz plane, the

Majorana polarization is characterized by zero or small abso-

lute magnitudes. Thus, as opposed to the case of longitudinal

and perpendicular magnetic fields, in a canted field this quan-

tity will not always serve as a local order parameter describing

the transition into a topologically nontrivial phase. Introducing

a diagonal disorder into the system does not lead to qualitative

changes in the behavior of the Majorana polarization. At the

same time, for high magnetic fields an additional region

appears with a weak Majorana polarization.
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Fig. 4. The effect of disorder on the variation in the Majorana polarization at the first (a) and last (b) sites of the wire with the magnetic field direction in the xz
plane; N ¼ 30, W ¼ 1/2.
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