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We report bound states in the radiation continuum (BICs) in a single infinitely long dielectric rod with
periodically stepwise modulated permittivity alternating from €, to €,. For €, = 1 in air the rod is equivalent to
a stack of dielectric disks with permittivity €,. Because of rotational and translational symmetries the BICs are
classified by orbital angular momentum m and the Bloch wave vector 8 directed along the rod. For m = 0 and
B = 0 the symmetry protected BICs have definite polarization and occur in a wide range of the radius of the
rod and the dielectric permittivities. More involved BICs with m # 0,8 = 0 exist only for a selected radius of
the rod at a fixed dielectric constant. The existence of robust Bloch BICs with 8 # 0,m = 0 is demonstrated.
Asymptotic limits to a homogeneous rod and to very thin disks are also considered.
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I. INTRODUCTION

Recently confined electromagnetic modes above the light
line, bound states in the continuum (BICs) were shown to
exist in (i) periodic arrays of long dielectric rods [1-19],
(ii) photonic crystal slabs [20-24], and (iii) two-dimensional
periodical structures [25-27] on the surface of material.
Among these different systems the one-dimensional array of
spheres is unique because of rotational symmetry that gives
rise to the BSCs with orbital angular momentum (OAM)
[28]. That reflects in anomalous scattering of plane waves
by the array resulting in scattered electromagnetic fields with
OAM traveling along the array [29-32]. However, fabrication
of an array of at least one hundred identical spheres is a
complicated problem because of technological fluctuations of
the shape of spheres [33,34]. Moreover, there is not much
room for tuning parameters of the spheres to achieve BICs.
The radius cannot exceed the half of the period of the array
and the permittivity of the spheres has to be rather high
[28]. In the present paper we consider a single dielectric rod
with periodically modulated permittivity along the rod axis
€(x)=€(z+1h), [ =0,%1,%2,....

As shown in Fig. 1 for the stepwise behavior with €, = 1 the
rod is equivalent to a one-dimensional array of dielectric disks
with permittivity €. Irrespectively, the rod with periodically
modulated permittivity preserves rotational symmetry. Each
dielectric disk has two geometrical parameters, the radius R
and thickness d. That expands the domain of existence of the
BICs to substantially lower permittivities compared to the case
of dielectric spheres.

II. EIGENMODES WITH OAM m = 0

In what follows we measure all length quantities in terms
of the period i of the array, wave vectors in terms of the
inverse of &, and the frequency ko in terms of A/c where
c is the light velocity. Because of rotational symmetry the
solutions are classified by integer m = 0,+1,£2, ..., OAM.
At first, we consider TM modes withm = Oand H, = 0,H, =
0,E4 = 0in a cylindrical system of coordinates. For that case
our consideration completely follows the approach by Li and
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Engheta for plasmonic nanowire [35]. The solution is sought
in two domains: r < R and r > R independently, and then
matched by the continuity at the rod’s boundary » = R. We
introduce [36,37]

Hy(z,r) = €)'y, (z.1),
i )"y,

)

ke 9z
_ i 0@y, ()
© T koe()r ar ’
where the function v,,, obeys equation
82+18 l+32+U()1ﬁ()—0 2)
orz  ror r* 972 &) | Wy 2 1) =5
where
3 6/(z)>2 1€"(2)
U, @) =eki — > —=) += . 3
(z) = €(2)kg 4<e(z) 3@ 3)
For the TE mode in sector m =0 we have E, = E, =
Hy =0and
i a’gﬁTF l 8rllb‘TF
E, = , H =— -, H,=—— -, 4
¢ Vs ko 0z z kor  or 4

where the equation for 17 ¢ has the same form as Eq. (2) except
that the effective potential Ury, is now replaced by

Ure(z) = €(2)kg. )

Hence we can generalize Eq. (2) for both EM modes as follows:

92 10 1 32
[ﬁ—f—;g—r—2+8—Z2+Ua(Z)i|1/fa(Z,r)=O, (6)
where
Ey, oc=TE,
Vo = {H¢/61/2, o=TM. @

Because of periodicity of the permittivity the effective
potential U, (z) and the solution of Eq. (6) can be expanded in
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FIG. 1. Infinite circular dielectric rod with periodically alternat-
ing permittivity €; (dark red) and €, (light gray).

Bloch series as

Us(x) = kg > U7 ™,

n

Vo (2r) = D Yo (r)e "%, ®)

q =2m/h,

where 8 is the Bloch vector. Then substitution of these series
into Eq. (6) gives

? 19 1 5
[m+;5_r_2_(qn+ﬂ) :|1/fna
+k3 Y UL Y =0. 9

Presenting the solution as [35]

wa (r,z) = Z 850 Csno J1(Aso r)ei(qn-kﬁ)z’ (10)

sn

we rewrite Eq. (9) in the following form:

(<22 = (qn + B)Jcws + K3 Y UL yewe =0, (11)

where the eigenvalues A, and eigenvectors ¢, are found from
the eigenvalue problem

ZJCU — )\'(ZTCU (12)
with the matrix
Ly, = —(gn+ B8 + kU7, (13)

Owing to the equality %Jl x) = Jo(x) — %Jl (x) we have
from Eq. (1) for the TM electric field inside the rod
i

E A &ermC
s, TMOs,TM ~sn,TM
ko/€ <

E.= Jo(h )@ PE - (14)

s, TM
By the use of the following series:
ignz 1 ignz
ﬁ:Xn:anqu, ﬁz;bne‘“, (15)
we obtain for the components of EM fields at r < R

H¢ = Z gx,’l‘M Corm ‘Il ()yn',-Mr)a,,flei(‘ln-*-ﬂ)z,
snl
i .

E, = k_ Z)\-s,TMgJ_TMCS,jM JO()\'A.TMr)bn—lel(qth'B)z' (16)

0

snl
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Outside the rod we have

1 )
qu = ZhnHl( )(anr)el(q’H_ﬂ)z,
n

E; = kl_o Yl Hy (e @, (17

where

@y =/kg — (B +qn)? (18)

and Hl(l) and Hél) are the Hankel functions. Sewing at the
boundary r = R gives the following dispersion relation [35]:

det(SUB — DVT) = 0, (19)
where the matrix elements
Sunt = o Hy (0t R)yr
Buw =c,, ., i 1uR),
Dy = H{ @y R)8uns Vaw = by,
Tow = ¢, py 2t Jo(hn, T R). (20)

Respectively, for the TE modes, we have

E¢ = Z 8 1eCnre Jl()"n,TEr)ei(qn+ﬁ)Z’

sn

Unn’ = Qp—m,

i :
HZ = _k_ A'.\‘,TEgA.TEC.\'n,TE JO()\'s.TEr)el(qn+ﬁ)z' (21)
0 sn

Outside the rod we have

Ey =Y hyH(ayr)e’ P,

n

i .
He= == 3 anhaHY () @95, (22)
0 n

Repeating the above algebra for the TE mode we obtain instead
of (19) the following dispersion equation:

det(SB — DT) = 0, (23)

where the matrix elements for all quantities have the form
given by Eq. (20) with replacement TM — TE.

III. SECTORS m # 0

Similar to the rod with the homogeneous permittivity for
sectors with m % 0 the TE and TM solutions are hybridized
by the boundary conditions. Let us start with pure TE mode
which can be expressed through the auxiliary function v, :

| 0
E¢:L wTE’ E, = WTE’
m or
| 0
H, = 1 3YrE
kol’ 0z
1 82
H =L Ve
kom 0zor
H—l 82+18 mzw 24)
T kom|0r2  ror 2|77
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Similarly for the TM mode we have the following:

ﬁawTM H — \/EI/ITM
m or " ro
koer Bz
1 3x/_ €9y,
koem dz  or
e L [® 12 m
S ko Jem|dr2  rar  r?

where the auxiliary functions obey the equation

92 19 m* 32
— + - U, o =0. (26
[3r2+rar atoat (z)]w (z,1) (26)

Hy =

)

}w (25)

The series (10) are modified as follows for both types of
the modes:

Vo(r,2) =Y &soCono In(hsor)e @i (27)

sn

Note, the eigenvalues A;, and eigenvector amplitudes ¢
coincide with those introduced in the previous section for m =
0. Substituting (27) into Eq. (26) and satisfying the boundary
conditions, after cumbersome algebra we obtain the following
dispersion relation:

im(A—iB—ID)¥,, +kR(F —iTP)y,, =0,
o~ —~—~ —> o~ o~ —>
kR(K —iTP)y,, —imI(C —D)y,, =0, (28)

where according to Eq. (27) the sth component of the vectors
—_
Y » 18 given by

(F 0)s = 8s.0 Im(hso R). (29)

The elements of matrices in Eq. (28) could be found as

Ans - an—l(lg + ql)csl,TM»
1

B,s = Z dn—lcxl,TM’
1

Ly = snm(,B + qn)’

0 2

FIG. 2. Pattern of the symmetry protected TE BIC with zero
OAM m = 0, frequency ko. = 4.6063, and B = 0 for parameters:
€=3,¢=1,R=1.5,andd =0.5.
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FIG. 3. Pattern of the symmetry protected TM BIC with zero
OAM m = 0, frequency ko, = 5.37652, and § = O for parameters:
€=3,¢,6=1,R=1,andd =0.5.

/(1) R
Jnm = (Snm n#
(anR)
S (s e B)
Fl’lS = ASqTECSIsTEﬁ
J (A,
Kns == vrp ( lb Zan 1Csl,rE >
I ()\'STE
2
s
Py = _TZEcns,TE-
n
22
Dns = OZ_AZ an—lcsl,”,p (30)
where
’
€'(2)
=3 e, 31
2632(z) Z (3D

In order to avoid discontinuities of the derivatives of the
permittivity at the boundary of the disk z = 41/2, following
Ref. [35], we smooth the boundary by the function

€(z) = & + (e — €)[1 — tanh(x(|z| — 1/2))]

with the control parameter «. In what follows we take k = 17.

IV. SYMMETRY CLASSIFICATION OF BICS

Similar to the periodic array of dielectric spheres the BICs
in the single rod with periodically modulated permittivity are
classified by the OAM m due to the rotational symmetry of the
rod and the Bloch vector along the rod due to the translational
symmetry. Moreover, there is the mirror symmetry z — —z.

-

-1 0 1

FIG. 4. Pattern of the nonsymmetry protected TE BIC with m =
0, B = 0, and frequency ko, = 4.637 78 for parameters: €, = 5, €| =
1, R =1.3061, andd = 0.5.
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FIG. 5. Pattern of the nonsymmetry protected TM BIC with m =
0, B = 0, and frequency ko. = 4.855 02 for parameters: €, = 5, €; =
1, R =0.724504, and d = 0.5.

That allows us to classify the BICs with B = 0 by parity.
These standing wave BICs are symmetry protected relative
to either the TE diffraction continuum or the TM continuum.
Introduce the operator O f(z) = f(—z). Respectively after
the Fourier transformation we have O f, = f-, and therefore
Onpw = 84,0 The operator L° with matrix elements given by
Eq. (13) for = 0 commutes with the operator O. Therefore,
the eigenvectors of the operator L° are classified as even and
odd

Csn,o = ics,—n,a‘ (32)

Let us rewrite Eq. (28) as follows:

~~ = ~ =
HITMWTM+H1TEI//TE=O’
2TM¢TM + ZTEwTE = 0’ (33)

where matrices Hk,c,,k = 1,2 are of the size 2N + 1) x
(2N + 1). We arrange the matrices as follows:

A, = [ QN + 1D x (N + D), 77, (@N+1) x NY],

H,, = Im{(zN +1) x N}, HI(’TM{(2N+1) x (N + D},

-

bk

m

}
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FIG. 6. Pattern of the Bloch TE BSIC with m =0, 8. =
2.373 61, and frequency ko, = 3.157 25 for parameters: €, = 5, R =
1,andd = 0.5.
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el

FIG. 7. Pattern of the Bloch TM BIC with m =0, 8. =
1.086 76, and frequency ko, = 3.884 23 for parameters: €, =5, R =
1,andd = 0.5.

H,,, =[H® {2N+1)x (N + D}, H _{2N+1) x N}],

2.TE 2,TE

i, = [ ”M{(2N +1) x N}, H;TM{(2N+1) x (N + D},
(34)

where expressions in curly brackets show the size of the
matrices and the matrix elements are even or odd relative to
n— —n:

He, =H* H°, =—-H° ,

nn —nn’ ,0° nn' N —nn (35)

Substitutlng relations (34) into Eq. (33) and splitting the
vector

> (VNN = VW
I//TE_ — ’ wTM_ — ’
wlTE{N} 1rblirM{]v'i_ 1}

;0"

Ey

IR EEEEE@

oﬁmg

FIG. 8. Pattern of the BIC with m = 1 symmetry protected in
respect to the TM radiation continuum and frequency ko, = 5.262 84
for tuned radius R = 1.65293.
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E,

-1

FIG. 9. Pattern of the BIC with m =2 symmetry protected in
respect to the TE radiation continuum and frequency ko, = 5.214 18
for tuned radius R = 1.7009.

we obtain the following equations:

~ - ~ > PN PN
HfTM 4 trw T Hl‘.)TM v v T HfTE v tre T Hll,)TE 14 lre = 0,
~, = ~, = ~, = ~, =

H241M v tru + Hz,TM 14 brw T HZ,TE 14 tre T Hz,TE v lre = 0.

(36)

From Eqgs. (35) and (36) it follows that there are two solutions.
The first is E)ia = 0and E)Ta # Owith H,, Ey, and E, even
and E,, Hy, and H, odd relative to the inversion z — —z. This
solution gives us a TM symmetry protected BIC. The second
solution E)Ta =0 and E) yo 7 0 has odd field components
H,, E4,and E, andeven E;, Hy,and H,. This solutionisa TE
symmetry protected BIC. By solving Eqgs. (19), (23), and (28)
numerically we obtain the following set of BICs. In particular,
there are symmetry protected BICs with definite polarization
which occur at arbitrary radius of the rod as follows:

EZ

FIG. 10. Pattern of the BIC with m = 5 symmetry protected in
respect to the TE radiation continuum and frequency ko, = 5.143 87
for tuned radius R = 1.87591.

PHYSICAL REVIEW A 96, 013841 (2017)

E.

H,
——

0.5

FIG. 11. Pattern of the BIC with m = 10 symmetry protected in
respect to the TE radiation continuum and frequency ko, = 5.290 52
for tuned radius R = 3.07046.

(1) Symmetry protected TE BICs with § = 0, m = 0, and
H(=z) = —H:(-2).

(2) Symmetry protected TM BICs with 8 = 0, m = 0, and
E(=z) = —E.(-2).

o

0.25
-0.25

7o)
OSSRy o

FIG. 12. Profile H, and flows of Pointing vector at z =0
circulating around the core of the rod in the BICs shown in Fig. 11.
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Examples of these symmetry protected BICs are shown in
Fig. 2 and Fig. 3.

The next class of the BICs with definite polarization are
nonsymmetry protected and require tuning the rod radius R as
follows.

(3) Nonsymmetry protected TE BICs with 8 =0, m = 0,
and H;(—z) = H,(—2).

(4) Nonsymmetry protected TM BICs with 8 =0, m = 0,
and E.(—z) = E(—2).

These BICs are shown in Fig. 4 and Fig. 5.

(5) Bloch BICs with 8 # 0, m = 0 with definite polariza-
tion shown in Fig. 6 and Fig. 7. They exist within a wide
interval of the rod radius. Rigorously speaking the Bloch BICs
cannot be considered as guided modes similar to those which
exist below light line in the homogeneous dielectric rod [36].
However, those Bloch quasi-BICs in some small interval of
B around the BIC point have the lifetimes exceeding the
propagation time in the rod of finite length and thus can be
considered as the guided modes above the light line [30].

(6) BICs with orbital angular momentum (OAM) m # 0
and B = 0 constitute the most interesting class. Whilst in the
array of spheres we managed to find only BICs withm = 1 and
m = 2[29,33], in the array of disks we found BICs with higher
OAM. However, in contrast to the array of spheres we did not
find any Bloch BICs with m # 0 and 8 # 0. The BICs with
OAM are hybridized with respect to polarization. They are
symmetry protected against decay into the TE/TM continuum
as it was considered above but the radius has to be tuned

|
etkz g (, /Ekg — kzzr),

H.(r,z) =

to result in guided mode, bound state below the light line
k; < ko after matching at r = R. The numerical result for the
dispersion curve of the lowest TE mode in the homogeneous

0 0.5 1
k./2m

FIG. 13. Dispersion curve of the waveguide mode, bound state
below the light line in the homogeneous rod with the radius R = 1.5
and permittivity €; = 3.

Aeik:zKo(,/kg — k(z)r) = %e"kﬂHél)(,/kg — kgr), r> R,
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for the mode to be decoupled from the TM/TE continuum.
Figures 8—11 show the solutions of Eq. (28) for BICs with
m = 1,2,5,10, and 8 = 0. All BICs with nonzero OAM were
calculated for €; = 3, ¢, = 1, and d = 0.5. One can see from
Figs. 10 and 11 a tendency of light localization at the surface
of the rod with growth of the OAM m limiting to whispering
gallery modes. However, in contrast to the latter the BICs with
OAM exist for any m.

The BIC with OAM is degenerate with respect to the
sign of m. The sign controls the direction of spinning of the

Poynting vector 7 = jof X ?I) as demonstrated in Fig. 12.
We mention in passing that the spinning trapped modes in an
acoustic cylindrical infinitely long waveguide which contains
rows of large numbers of blades arranged around a central core
was first reported by Duan and Mclver [38].

V. LIMITS OF THE BICSFORd — 1ANDd « 1

Until now we considered trapping of light by a stack of
dielectric disks whose thickness equals half of the period. In
this section we consider what happens with the BIC when the
rod becomes homogeneous and when the disks become very
thin.

The homogeneous rod can support only guided modes with
k; > 0 below the light line. In the latter the Maxwell equations
can be solved by separation of variables for the TE polarization
with zero OAM m = 0 [36],

r < R,
(37)

(

cylindrical rod is shown in Fig. 13 where the frequency of this
solution ky = 3.858 at k, = 27 is marked by cross.

As soon as the rod acquires a periodic modulation of the
permittivity €(z) = e(z +1), I = 0,+1,£2, ... the radiation

0.5 '
0 0.5 1

d

FIG. 14. Frequency of the TE symmetry protected BIC vs the
thickness of disks in terms of the period 4 for R = 1.5. Closed circle
notes the BIC shown in Fig. 2 for d = 0.5.
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0.5

-0.5

FIG. 15. Pattern of the TE symmetry protected BIC at d =
0.132,R =1.5.

continua in the form of the Hankel functions (37) is quantized
k., = B + 2nn. In other words, the rod can be viewed as a
one-dimensional cylindrical diffraction lattice [5,28]. Let us
consider the TE BIC symmetry protected against the lowest
diffraction continuum n = 0 above the light line shown by the
dashed line in Fig. 13. Its solution takes the following form for
r>R

H.(r,z) = _k’_o > haa Hy (@) sin@rnz),  (38)

where a, are given by Eq. (18). In particular this solution
turns to the symmetry protected TE BIC shown in Fig. 2 if
all h,, = 0 except h;. The dependence of the BIC frequency
on the disk thickness is shown in Fig. 14, which limits to the
value ko, = 3.858 which is just the frequency of the solution
of the homogeneous rod (37) marked by cross in Figs. 13 and
14. The solution is very similar to that shown in Fig. 2 but is
more localized.

In the second limit when the disk thickness d decreases the
mean permittivity of the rod drops as well and respectively
the BIC frequency grows as plotted in Fig. 14. The further
decrease of the thickness d brings the BIC frequency to the
bottom of the second diffraction continuum 27 where the BIC
is corrupted by leakage into that continuum. In the zoomed
window in Fig. 14 we show it occurs at d = 0.112 for €; = 3.
Thus the thickness of disks is limited for the TE symmetry
protected BIC to exist. The radius of localization of the BIC
behaves as

1
Re " ——= (39)

Jan? — k3,

PHYSICAL REVIEW A 96, 013841 (2017)

Figure 15 illustrates the H, component of the BIC solution near
the bottom of the second diffraction continuum at d = 0.137.
One can see that the radius of localization is tremendously
increased compared to the case d = 0.5 shown in Fig. 2.
According to Eq. (39) the radius of localization of the BIC
goes to infinity when d — 0.112.

VI. SUMMARY

We considered light trapping in a single infinitely long
dielectric rod with periodically modulated permittivity. We
restrict ourselves with stepwise behavior of the permittivity
intermittently changing from €; =1 to €; > 1 that makes
the rod equivalent to a stack of dielectric disks. Even in
that particular case owing to the possibility of tuning two-
dimensional parameters, the radius and thickness of the disks,
and the permittivity, we have an abundance of BICs compared
to the array of dielectric spheres [33]. Along with that the
stack of disks preserves the rotational symmetry to give
rise to BICs with definite OAM. However, in contrast to
the array of spheres the rod with periodically modulated
permittivity supports BICs with OAM up to m = 10 for a
sufficiently large radius as shown in Fig. 10. We also found
Bloch BICs with both polarizations, however, only with zero
OAM. Bloch BICs with nonzero OAM have not been found
yet.

In the limit d — 1 when the disks mold into a single
homogeneous rod we have shown that the symmetry protected
BIC with m = 0 transforms into the guided mode below the
light line. In the limit of thin disks d < 1 the BIC frequency
reaches the bottom of the second diffraction continuum and
is destroyed by leakage into that continuum. The problem
of BICs can be also solved for sinusoidal behavior €(z) =
€+ A sin2mz.

ACKNOWLEDGMENTS

We acknowledge discussions with D. N. Maksimov and
A. S. Aleksandrovsky. This work was partially supported
by Ministry of Education and Science of Russian Federa-
tion (State Contract No. N 3.1845.2017) and RFBR Grant
No. 16-02-00314.

[1] A.-S. Bonnet-Bendhia and F. Starling, Guided waves by
electromagnetic gratings and non uniqueness examples for
the diffraction problem, Math. Methods Appl. Sci. 17, 305
(1994).

[2] S. Shipman and S. Venakides, Resonance and bound states in
photonic crystal slabs, SIAM J. Appl. Math. 64, 322 (2003).

[3] S.P. Shipman and S. Venakides, Resonant transmission near non
robust periodic slab modes, Phys. Rev. E 71, 026611 (2005).

[4] D. C. Marinica, A. G. Borisov, and S. V. Shabanov, Bound
States in the Continuum in Photonics, Phys. Rev. Lett. 100,
183902 (2008).

[5] R. F. Ndangali and S. V. Shabanov, Electromagnetic bound
states in the radiation continuum for periodic double arrays of
subwavelength dielectric cylinders, J. Math. Phys. 51, 102901
(2010).

[6] C. W. Hsu, B. Zhen, J. Lee, S.-L. Chua, S. G. Johnson, J. D.
Joannopoulos, and M. Soljacié¢, Observation of trapped light
within the radiation continuum, Nature (London) 499, 188
(2013).

[71 S. Weimann, Y. Xu, R. Keil, A. E. Miroshnichenko, A.
Tunnermann, S. Nolte, A. A. Sukhorukov, A. Szameit, and
Yu. S. Kivshar, Compact Surface Fano States Embedded in the
Continuum of Waveguide Arrays, Phys. Rev. Lett. 111, 240403
(2013).

[8] C. W. Hsu, B. Zhen, S.-L. Chua, S. G. Johnson, J. D.
Joannopoulos, and M. Soljaci¢, Bloch surface eigenstates within
the radiation continuum, Light: Sci. Appl. 2, 1 (2013).

[9] B. Zhen, C. W. Hsu, L. Lu, A. D. Stone, and M. Soljacié,
Topological Nature of Optical Bound States in the Continuum,
Phys. Rev. Lett. 113, 257401 (2014).

013841-7


https://doi.org/10.1002/mma.1670170502
https://doi.org/10.1002/mma.1670170502
https://doi.org/10.1002/mma.1670170502
https://doi.org/10.1002/mma.1670170502
https://doi.org/10.1137/S0036139902411120
https://doi.org/10.1137/S0036139902411120
https://doi.org/10.1137/S0036139902411120
https://doi.org/10.1137/S0036139902411120
https://doi.org/10.1103/PhysRevE.71.026611
https://doi.org/10.1103/PhysRevE.71.026611
https://doi.org/10.1103/PhysRevE.71.026611
https://doi.org/10.1103/PhysRevE.71.026611
https://doi.org/10.1103/PhysRevLett.100.183902
https://doi.org/10.1103/PhysRevLett.100.183902
https://doi.org/10.1103/PhysRevLett.100.183902
https://doi.org/10.1103/PhysRevLett.100.183902
https://doi.org/10.1063/1.3486358
https://doi.org/10.1063/1.3486358
https://doi.org/10.1063/1.3486358
https://doi.org/10.1063/1.3486358
https://doi.org/10.1038/nature12289
https://doi.org/10.1038/nature12289
https://doi.org/10.1038/nature12289
https://doi.org/10.1038/nature12289
https://doi.org/10.1103/PhysRevLett.111.240403
https://doi.org/10.1103/PhysRevLett.111.240403
https://doi.org/10.1103/PhysRevLett.111.240403
https://doi.org/10.1103/PhysRevLett.111.240403
https://doi.org/10.1103/PhysRevLett.113.257401
https://doi.org/10.1103/PhysRevLett.113.257401
https://doi.org/10.1103/PhysRevLett.113.257401
https://doi.org/10.1103/PhysRevLett.113.257401

EVGENY N. BULGAKOV AND ALMAS F. SADREEV

[10] Y. Yang, C. Peng, Y. Liang, Z. Li, and S. Noda, Analytical
Perspective for Bound States in the Continuum in Photonic
Crystal Slabs, Phys. Rev. Lett. 113, 037401 (2014).

[11] E. N. Bulgakov and A. F. Sadreev, Bloch bound states in the
radiation continuum in a periodic array of dielectric rods, Phys.
Rev. A 90, 053801 (2014).

[12] J. M. Foley, S. M. Young, and J. D. Phillips, Symmetry-
protected mode coupling near normal incidence for narrow-band
transmission filtering in a dielectric grating, Phys. Rev. B 89,
165111 (2014).

[13] Z.Huand Y. Y. Lu, Standing waves on two-dimensional periodic
dielectric waveguides, J. Opt. 17, 065601 (2015).

[14] M. Song, H. Yu, C. Wang, N. Yao, M. Pu, J. Luo, Z. Zhang,
and X. Luo, Sharp Fano resonance induced by a single layer
of nanorods with perturbed periodicity, Opt. Express 23, 2895
(2015).

[15] C.-L.Zou, J.-M. Cui, F.-W. Sun, X. Xiong, X.-B. Zou, Z.-F. Han,
and G.-C. Guo, Guiding light through optical bound states in the
continuum for ultrahigh-Q microresonators, Laser Photon. Rev.
9, 114 (2015).

[16] L. Yuan and Y. Y. Lu, Diffraction of plane waves by a periodic
array of nonlinear circular cylinders, Phys. Rev. A 94, 013852
(2016).

[17] Z. Wang, H. Zhang, L. Ni, W. Hu, and C. Peng, Analytical
perspective of interfering resonances in high-index-contrast
periodic photonic structures, IEEE J. Quantum Electron. 52,
6100109 (2016).

[18] L. Yuan and Y. Y. Lu, Propagating Bloch modes above the
lightline on a periodic array of cylinders, J. Phys. B: At. Mol.
Opt. Phys. 50, 05LTO01 (2017).

[19] Z. F. Sadrieva, 1. S. Sinev, K. L. Koshelev, A. Samusev,
I. V. Iorsh, O. Takayama, R. Malureanu, A. A. Bogdanov, and
A. V. Lavrinenko, Transition from optical bound states in the
continuum to leaky resonances: role of substrate and roughness,
ACS Photon. 4, 723 (2017).

[20] J. Lee, B. Zhen, S.-L. Chua, W. Qiu, J. D. Joannopoulos, M.
Soljaci¢, and O. Shapira, Observation and Differentiation of
Unique High-Q Optical Resonances Near Zero Wave Vector
in Macroscopic Photonic Crystal Slabs, Phys. Rev. Lett. 109,
067401 (2012).

[21] Y. Wang, J. Song, L. Dong, and M. Lu, Optical bound states
in slotted high-contrast gratings, J. Opt. Soc. Am. B 33, 253
(2016).

[22] J. W. Yoon, S. H. Song, and R. Magnusson, Critical field en-
hancement of asymptotic optical bound states in the continuum,
Sci. Rep. §, 18301 (2016).

PHYSICAL REVIEW A 96, 013841 (2017)

[23] X. Gao, C. W. Hsu, B. Zhen, X. Lin, J. D. Joannopoulos,
M. Soljaci¢, and H. Chen, Formation mechanism of guided
resonances and bound states in the continuum in photonic crystal
slabs, Sci. Rep. 6, 31908 (2016).

[24] C. Blanchard, J.-P. Hugonin, and C. Sauvan, Fano resonances in
photonic crystal slabs near optical bound states in the continuum,
Phys. Rev. B 94, 155303 (2016).

[25] M. Zhang and X. Zhang, Ultrasensitive optical absorption in
graphene based on bound states in the continuum, Sci. Rep. 5,
8266 (2015).

[26] A. Kodigala, T. Lepetit, Q. Gu, B. Bahari, Y. Fainman, and B.
Kanté, Lasing action from photonic bound states in continuum,
Nature (London) 541, 196 (2017).

[27] L. Li and H. Yin, Bound states in the continuum in double layer
structures, Sci. Rep. 6, 26988 (2016).

[28] E. N. Bulgakov and A. F. Sadreev, Light trapping above the light
cone in one-dimensional array of dielectric spheres, Phys. Rev.
A 92, 023816 (2015).

[29] E. N. Bulgakov and A. F. Sadreev, Transfer of spin angular
momentum of an incident wave into orbital angular momentum
of the bound states in the continuum in an array of dielectric
spheres, Phys. Rev. A 94, 033856 (2016).

[30] E. N. Bulgakov and D. N. Maksimov, Light guiding above the
light line in arrays of dielectric nanospheres, Opt. Lett. 41, 3888
(2016).

[31] E. N. Bulgakov, A. F. Sadreev, and D. N. Maksimov, Light
trapping above the light cone in one-dimensional arrays of
dielectric spheres (review), Appl. Sci. 7, 147 (2017).

[32] E. N. Bulgakov and A. F. Sadreev, Propagating Bloch bound
states with orbital angular momentum above the light line in the
array of dielectric spheres, J. Opt. Soc. Am. A 34, 949 (2017).

[33] E. N. Bulgakov and A. F. Sadreev, Trapping of light with angular
orbital momentum above the light cone in a periodic array of
dielectric spheres, Adv. EM 6, 1 (2017).

[34] L. Ni, J. Jin, and C. Peng, Analytical and statistical investigation
on structural fluctuations induced radiation in photonic crystal
slabs, Opt. Express 25, 5580 (2017).

[35] J.Liand N. Engheta, Subwavelength plasmonic cavity resonator
on a nanowire with periodic permittivity variation, Phys. Rev. B
74, 115125 (2006).

[36] J. D. Jackson, Classical Electrodynamics (John Wiley and Sons,
Inc., New York, 1962).

[37] J. A. Stratton, Electromagnetic Theory (McGraw-Hill, New
York, 1941).

[38] Y. Duan and M. Mclver, Rotational acoustic resonances in
cylindrical waveguides, Wave Motion 39, 261 (2004).

013841-8


https://doi.org/10.1103/PhysRevLett.113.037401
https://doi.org/10.1103/PhysRevLett.113.037401
https://doi.org/10.1103/PhysRevLett.113.037401
https://doi.org/10.1103/PhysRevLett.113.037401
https://doi.org/10.1103/PhysRevA.90.053801
https://doi.org/10.1103/PhysRevA.90.053801
https://doi.org/10.1103/PhysRevA.90.053801
https://doi.org/10.1103/PhysRevA.90.053801
https://doi.org/10.1103/PhysRevB.89.165111
https://doi.org/10.1103/PhysRevB.89.165111
https://doi.org/10.1103/PhysRevB.89.165111
https://doi.org/10.1103/PhysRevB.89.165111
https://doi.org/10.1088/2040-8978/17/6/065601
https://doi.org/10.1088/2040-8978/17/6/065601
https://doi.org/10.1088/2040-8978/17/6/065601
https://doi.org/10.1088/2040-8978/17/6/065601
https://doi.org/10.1364/OE.23.002895
https://doi.org/10.1364/OE.23.002895
https://doi.org/10.1364/OE.23.002895
https://doi.org/10.1364/OE.23.002895
https://doi.org/10.1002/lpor.201400178
https://doi.org/10.1002/lpor.201400178
https://doi.org/10.1002/lpor.201400178
https://doi.org/10.1002/lpor.201400178
https://doi.org/10.1103/PhysRevA.94.013852
https://doi.org/10.1103/PhysRevA.94.013852
https://doi.org/10.1103/PhysRevA.94.013852
https://doi.org/10.1103/PhysRevA.94.013852
https://doi.org/10.1109/JQE.2016.2568763
https://doi.org/10.1109/JQE.2016.2568763
https://doi.org/10.1109/JQE.2016.2568763
https://doi.org/10.1109/JQE.2016.2568763
https://doi.org/10.1088/1361-6455/aa5480
https://doi.org/10.1088/1361-6455/aa5480
https://doi.org/10.1088/1361-6455/aa5480
https://doi.org/10.1088/1361-6455/aa5480
https://doi.org/10.1021/acsphotonics.6b00860
https://doi.org/10.1021/acsphotonics.6b00860
https://doi.org/10.1021/acsphotonics.6b00860
https://doi.org/10.1021/acsphotonics.6b00860
https://doi.org/10.1103/PhysRevLett.109.067401
https://doi.org/10.1103/PhysRevLett.109.067401
https://doi.org/10.1103/PhysRevLett.109.067401
https://doi.org/10.1103/PhysRevLett.109.067401
https://doi.org/10.1364/JOSAB.33.000253
https://doi.org/10.1364/JOSAB.33.000253
https://doi.org/10.1364/JOSAB.33.000253
https://doi.org/10.1364/JOSAB.33.000253
https://doi.org/10.1038/srep18301
https://doi.org/10.1038/srep18301
https://doi.org/10.1038/srep18301
https://doi.org/10.1038/srep18301
https://doi.org/10.1038/srep31908
https://doi.org/10.1038/srep31908
https://doi.org/10.1038/srep31908
https://doi.org/10.1038/srep31908
https://doi.org/10.1103/PhysRevB.94.155303
https://doi.org/10.1103/PhysRevB.94.155303
https://doi.org/10.1103/PhysRevB.94.155303
https://doi.org/10.1103/PhysRevB.94.155303
https://doi.org/10.1038/srep08266
https://doi.org/10.1038/srep08266
https://doi.org/10.1038/srep08266
https://doi.org/10.1038/srep08266
https://doi.org/10.1038/nature20799
https://doi.org/10.1038/nature20799
https://doi.org/10.1038/nature20799
https://doi.org/10.1038/nature20799
https://doi.org/10.1038/srep26988
https://doi.org/10.1038/srep26988
https://doi.org/10.1038/srep26988
https://doi.org/10.1038/srep26988
https://doi.org/10.1103/PhysRevA.92.023816
https://doi.org/10.1103/PhysRevA.92.023816
https://doi.org/10.1103/PhysRevA.92.023816
https://doi.org/10.1103/PhysRevA.92.023816
https://doi.org/10.1103/PhysRevA.94.033856
https://doi.org/10.1103/PhysRevA.94.033856
https://doi.org/10.1103/PhysRevA.94.033856
https://doi.org/10.1103/PhysRevA.94.033856
https://doi.org/10.1364/OL.41.003888
https://doi.org/10.1364/OL.41.003888
https://doi.org/10.1364/OL.41.003888
https://doi.org/10.1364/OL.41.003888
https://doi.org/10.3390/app7020147
https://doi.org/10.3390/app7020147
https://doi.org/10.3390/app7020147
https://doi.org/10.3390/app7020147
https://doi.org/10.1364/JOSAA.34.000949
https://doi.org/10.1364/JOSAA.34.000949
https://doi.org/10.1364/JOSAA.34.000949
https://doi.org/10.1364/JOSAA.34.000949
https://doi.org/10.1364/OE.25.005580
https://doi.org/10.1364/OE.25.005580
https://doi.org/10.1364/OE.25.005580
https://doi.org/10.1364/OE.25.005580
https://doi.org/10.1103/PhysRevB.74.115125
https://doi.org/10.1103/PhysRevB.74.115125
https://doi.org/10.1103/PhysRevB.74.115125
https://doi.org/10.1103/PhysRevB.74.115125
https://doi.org/10.1016/j.wavemoti.2003.11.001
https://doi.org/10.1016/j.wavemoti.2003.11.001
https://doi.org/10.1016/j.wavemoti.2003.11.001
https://doi.org/10.1016/j.wavemoti.2003.11.001



