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Oblate nematic droplets encapsulated in a polymer specifying conical boundary conditions have been con-
sidered. Calculations by the extended Frank elastic continuum approach show that a number of various struc-
tures can be formed in such droplets under the variation of their size. Polarizing optical microscopy studies
of composite film samples confirm the results of calculation and demonstrate the formation of the following
orientational structures in the considered system: (i) a radial-bipolar structure with a twisted hedgehog defect
and two hyperbolic boojums, (ii) an axial-bipolar structure with a circular disclination and two radial boo-
jums, and (iii) a structure with a hedgehog defect, a hyperbolic boojum, and a radial boojum. Such a diversity
of possible topologies of droplets is due to a complex balance between the energies of elasticity of the director
field, disclinations, and anchoring with the surface, which is ensured by conical boundary conditions.
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A liquid crystal composite material can be an
ensemble of liquid crystal droplets surrounded by an
isotropic medium [1–6]. The optical properties of
such materials are determined primarily by the orien-
tational structure, which is formed in liquid crystal
droplets and can be easily controlled by external
actions. In particular, the application of an electric
field changes the orientational structure in liquid crys-
tal droplets, which affects the optical properties of the
entire material [7–10]. The configuration of the direc-
tor in droplets can also be modified by light [11], by
varying the temperature [12, 13], by the f low [14] or
composition of a liquid surrounding liquid crystal
droplets [15, 16].

The orientational structure of droplets depends on
the properties of a liquid crystal material (elastic con-
stant), geometry of the droplet (shape and size),
boundary conditions (orientation of the director at the
interface, anchoring energy), and an applied electric
or magnetic field [9]. Spherical and ellipsoidal nem-
atic droplets with tangential and homeotropic bound-
ary conditions have already been well studied. In par-
ticular, bipolar [17], twisted bipolar [18], and toroidal
[19] structures can be formed in droplets with tangen-
tial anchoring. A radial [17] or axial [20] configura-
tions are formed in droplets under homeotropic
boundary conditions. Droplets with conical boundary

conditions where the angle between the director and
the normal to the surface of the droplet is

 are less studied. In particular, in spher-
ical droplets dispersed in a liquid matrix, a structure
with two radial boojums and a circular defect can be
formed and a structure with a radial boojum–hyper-
bolic boojum pair and a point defect in the bulk can be
formed in a certain range of the director tilt angles 
[12]. Conical anchoring conditions can appear, e.g., as
intermediate between homeotropic and tangential
conditions owing to an external action on the medium
surrounding the liquid crystal droplet [16, 21–23]. In
this case, the orientational structure varies smoothly
from the radial to bipolar structure. The transforma-
tion of the structure is accompanied by change in the
optical properties of droplets; for this reason, such sys-
tems can be used, e.g., to create highly sensitive sen-
sors [24, 25].

In this work, we study the structure of oblate sphe-
roidal liquid crystal droplets with conical boundary
conditions. Such geometry of droplets is most often
met in films of a polymer dispersed liquid crystal,
which open wide prospects for application of compos-
ite liquid crystal materials. The structure of liquid
crystal droplets is studied by computer simulation and
polarizing optical microscopy.
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The numerical simulation was performed within
the extended Frank elastic continuum approach,
where the energy of distortion of the director field, the
energy of interaction of the liquid crystal with the sur-
face, and the energy of disclinations are taken into
account [26]. The director field was optimized by the
Monte Carlo annealing method with the Metropolis
criterion. The inclusion of the energy of interaction of
the liquid crystal with the boundary of the droplet was
adapted to the case of conical boundary conditions:

where , , and  are the splay, twist, and bend
elastic constants,  is the director field in the droplet,

 is the anchoring energy per unit area,  is the angle
between the director and the normal to the surface,
and  is the preferable tilt angle of the director.

The calculations were performed with the ratio
 corresponding to the

5CB nematic liquid crystal [27] and the linear energy
density of disclinations  [26]. The authors
of [28, 29] showed that the most probable values for the
anchoring energy  in homeotropically oriented nem-
atic liquid crystal samples are  J/m2. The 
values for planar-oriented nematic liquid crystals are
larger,  J/m2. In our intermediate case, it is
reasonable to perform calculations with the average
value from the indicated range of  J/m2. It is
convenient to use the dimensionless characteristic
parameter , where  is the
reduced radius of the droplet and , , and  are
the semiaxes of the spheroidal droplet.

For experimental studies of the orientational struc-
tures of nematic droplets with conical boundary con-
ditions, we fabricated films of the polymer dispersed
liquid crystal based on the poly(isobutyl methacrylate)
(Sigma-Aldrich) and the LN-396 nematic mixture
(Belarusian State Technological University) [30].
Composite film samples were fabricated by the TIPS
phase separation technology [9] with the weight ratio
of the components LN-396 : poly(isobutyl methacry-
late) = 60 : 40. Because of the features of phase separa-
tion, liquid crystal droplets acquired the shape of an
oblate spheroid with the short axis perpendicular to the
film plane [9, 31]. The visible diameter of droplets in
the plane of the sample  was in the range of 8–40 μm.
Studies were performed with an Axio Imager.A1m
polarizing optical microscope (Carl Zeiss) at a tem-
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perature of . The angle between the director
and normal to the surface at the boundary of the drop-
let was .

The results of numerical simulation and experi-
mental data demonstrate that several orientational
structures characterized by different combinations and
mutual arrangement of surface and bulk topological
defects can be formed in oblate spheroidal droplets
under conical boundary conditions.

As is known, a radial structure with a point hedge-
hog defect at the center of a droplet is observed in
spherical [32] and oblate [26] droplets under homeo-
tropic boundary conditions  at a quite high
energy of anchoring with the surface. In oblate drop-
lets with the cone angle  in the case of a suffi-
cient anchoring force at the boundary, a twisted
radial-bipolar structure (tRB) with a point defect at
the center of the droplet and two hyperbolic boojums
located on the short axis of the spheroid can be
observed (Fig. 1). The twisting of the structure at a
nonzero cone angle makes it possible to prevent the
formation of an additional linear defect on the surface
of the droplet because it becomes energetically unfa-
vorable at a strong surface anchoring. In view of sym-
metry, optical textures observed in a polarizing optical
microscope do not change at the rotation of the sam-
ple with respect to polarizers (Figs. 1с–1e).

Structures with a pair of radial boojums and a cir-
cular surface disclination, the plane of which coin-
cides with the center of the droplet (axial-bipolar
structures), are formed at smaller dimensionless
parameters . In this case, two variants of the
orientation of the circular disclination on the surface
are the most stable: (i) the disclination lies on the
equator of the droplet (AB0, Fig. 2) and (ii) the discli-
nation is perpendicular to the equatorial plane of the
droplet (AB90, Fig. 3).

The bipolar axis in the AB0 structure is close to the
short axis of the spheroid (see Fig. 2b). For this reason,
optical textures of the droplets hardly change at the
rotation of the sample with respect to polarizers (see
Figs. 2с–2e). The bipolar axis in the AB90 structure
coincides with the long axis of the droplet (see
Fig. 3b). For this reason, optical textures strongly
depend on the orientation of the bipolar axis of the
structure with respect to polarizers (Figs. 3с–3e).

Two types of structures are observed at larger
dimensionless parameters . The first structure
(sRB) shown in Fig. 4 includes the radial and hyper-
bolic boojums, which are located at opposite points of
the equatorial section of the droplet, and the bulk
point defect located near the hyperbolic boojum.

The second structure (sAB) shown in Fig. 5
includes two radial boojums and a surface circular dis-
clination significantly shifted toward one of the boo-
jums. Such a structure is stabilized by a decrease in the
length of the surface disclination, which compensates
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the additional distortion of the director field. In both
cases, since the bipolar axis of the structure lies in the
plane of the polymer dispersed liquid crystal film,
optical textures of droplets change noticeably at the
rotation of the sample with respect to polarizers (see
Figs. 4с–4e and Figs. 5с–5e).

In order to understand the origins of the formation
of numerous different structures in the studied sam-
ples, we analyzed the relations between different
energy contributions for all obtained variants of the
structure of droplets. Figure 6 shows the contributions
from surface anchoring, disclinations, and three types
of elastic deformation to the total free energy of the
system for the above configurations of droplets at

 = 300 (all energies are given in the dimen-11/WR K

sionless form,  is the total energy of the system,
 is the sum of the surface energy and the energy of

surface disclinations,  is the energy of elastic defor-
mations,  is the splay energy,  is the twist
energy,  is the bend energy). According to Fig. 6а,
the AB0, sAB, tRB, and sRB states have an almost
identical free energy , whereas the AB90 state is
insignificantly higher in energy. Thus, any of these
states can occur in the samples at  = 300. A
change in the force of surface anchoring or in the size
of the droplet will result in a change in the ratio

. As a result, only some structures will become
favorable because  is proportional to ,
whereas changes in  will be insignificant and have a
character of local adjustment. For example, axial-
bipolar configurations AB0 and AB90 can be the most
favorable at small ratios , whereas the tRB and
sRB configurations are the most favorable at large
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Fig. 1. (Color online) Twisted radial-bipolar structure with
a point hedgehog defect at the center of a droplet and two
hyperbolic boojums on the surface (tRB). Calculated con-
figurations of the director in the plane passing through the
center in the direction (a) normal to and (b) along the short
axis of an oblate spheroid. The calculation was performed
with the parameter  = 500. (c–e) Photographs of
the corresponding nematic droplet with a point defect at
the center taken with the switched-off analyzer and crossed
polarizers for the angles between the sample and polarizer
of 0°, 45°, and 90°, respectively. The size of the droplet was

 μm. Here and in other figures, red, green, and blue
colors for the director field correspond to the directions
with respect to the , , and  axes, respectively.
Point defects in the bulk (hedgehogs) are marked by blue
circles, whereas defects on the surface (boojums) are
marked by semicircles. The orientations of polarizers are
shown by double arrows.
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Fig. 2. (Color online) Axial-bipolar structure for the case
where the surface circular disclination lies on the equator
of the droplet (AB0). Calculated configurations of the
director in the plane passing through the center in the
direction (a) normal to and (b) along the short axis of an
oblate spheroid. The calculation was performed with the
parameter  = 250. Here and below, linear discli-
nations are shown by thick red lines. (c–e) Photographs of
the corresponding nematic droplet taken with the
switched-off analyzer and crossed polarizers for the angles
between the sample and polarizer of 0°, 45°, and 90°,
respectively. The size of the droplet was  μm.
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ratios . In experiments, this means that the
probability of formation of a certain configuration
depends on the size of droplets. In particular, some
droplets smaller than 15 μm in the studied polymer
dispersed liquid crystal films have only the axial-bipo-
lar structure. Larger droplets include both the highly
symmetric axial-bipolar structure and a configuration
with a shifted circular disclination and the shift
increases with the size of the droplets. Structures with
point defects in the bulk of the droplet are observed in
droplets larger than 20 μm.

An additional factor determining the stability of
structures is the relation between elastic constants (see
Fig. 6b). In particular, the structure with two hyper-
bolic boojums and a point defect at the center of the
droplet (tRB) will prevail in nematic liquid crystals
with a large elastic constant  (splay deformation),
whereas the structure with the shifted bulk point
defect (sRB) will be more favorable in nematic liquid
crystals with a small elastic constant .

11/WR K

11K

11K

To summarize, oblate spheroidal nematic droplets
with conical boundary conditions have been studied
theoretically and experimentally. It has been shown
that the use of a simple Rapini surface potential with
conical boundary conditions in the calculations of the
director field gives significantly diverse possible struc-
tures in the considered droplets. When the angle
between the director and the normal to the surface is

, a number of configurations differing in type
of topological defects and their mutual arrangement
are formed in oblate droplets. The analysis of the con-
tributions from the elastic and surface energies in dif-
ferent types of structures has showed that the studied
structures become almost equivalent in free energy at
the ratio of the product of the energy of anchoring with
the surface and the radius of droplet to the elastic con-
stant  = 300. As a result, such structures can
be simultaneously formed in a single sample, which is
confirmed by experimental observations.

A structure with two hyperbolic boojums and a
bulk point defect has been observed for the first time.
The stability of the structure, as well as the absence of

θ = °0 40
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Fig. 3. (Color online) Axial-bipolar structure for the case
where the surface circular disclination is perpendicular to
the equator of the droplet (AB90). Calculated configura-
tions of the director in the plane passing through the center
in the direction (a) normal to and (b) along the short axis
of an oblate spheroid. The calculation was performed with
the parameter  = 250. (c–e) Photographs of the
corresponding nematic droplet taken with the switched-off
analyzer and crossed polarizers for the angles between the
bipolar axis and polarizer of 0°, 45°, and 90°, respectively.
The size of the droplet was  μm.
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Fig. 4. (Color online) Structure with the hyperbolic and
radial boojums and with the point defect in the bulk (sRB).
Calculated configurations of the director in the plane pass-
ing through the center in the direction (a) normal to and
(b) along the short axis of an oblate spheroid. The calcula-
tion was performed with the parameter  = 300.
(c–f) Photographs of the nematic droplet with a radial
boojum and a “bulk point defect–hyperbolic boojum” pair
taken with the switched-off analyzer and crossed polarizers
when the angle between the projection of the bipolar axis
and polarizer is (c) 0°, (d, e) 45°, and (f) 90°. The micro-
scope was focused on the (e) bulk defect and (c, d, f) outer
boundaries of the droplet. The size of the droplet was d =
20 μm.
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linear defects on the surface, is achieved by twist
deformation in the bulk. The structure with a highly
symmetric axial-bipolar configuration was previously
observed in polymer dispersed liquid crystal films and
emulsions [12, 30, 33, 34]. A low-symmetry structure
with a radial boojum, a hyperbolic boojum, and a
shifted point defect, as well as a structure with a pair of
radial boojums and a shifted circular defect, was previ-
ously observed in emulsions of nematic droplets in the
process of change in boundary conditions from nor-
mal to tangential and vice versa [12, 16, 21]. In this
case, a change in the position of the bulk point or cir-
cular defect has been explained by a change in the
angle between the director and the normal to the sur-
face of the droplet. Our studies have revealed a more
complex dependence of the positions of defects and
the symmetry of the structure on the properties of the
material including the size of the droplet, anchoring
energy, and relation between the elastic constants of
the nematic liquid crystal. The results obtained in this

work can be used to design and develop functional
materials and devices based on ensemble of nematic
droplets, e.g., sensors.
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A.V. Emelyanenko on the theoretical analysis of the
structures of liquid crystal droplets was supported by
the Russian Foundation for Basic Research (project
nos. 15-02-08269 and 15-59-32410).

Fig. 5. (Color online) Structure with two radial boojums
and a shifted circular defect (sAB). Calculated configura-
tions of the director in the plane passing through the center
in the direction (a) normal to and (b) along the short axis
of an oblate spheroid. The calculation was performed with
the parameter  = 300. (c–e) Photographs of the
nematic droplet with two boojums and the shifted circular
defect taken with the switched-off analyzer and crossed
polarizers for the angles between the bipolar axis and
polarizer of 0°, 45°, and 90°, respectively. The size of the
droplet was  23 μm.
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Fig. 6. (Color online) (a) Dimensionless free energy of the
system  for various configurations and contributions
of the energies of surface anchoring and surface disclina-
tions (Fsd) and elastic deformations ( ) at  and

. (b) Dimensionless energy of elastic defor-
mations of various structures  and contributions of the
splay , twist , and bend  energies.
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