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Abstract—We have analyzed the low-temperature thermodynamic properties of spin ice in the staggered and
direct (acting along the [111] axis) fields for rare-earth oxides with the chalcolamprite structure and general
formula . Calculations have been performed in the cluster approximation. The results have
been compared with experimental temperature dependences of heat capacity and entropy for Dy2Ti2O7 com-
pound for different values of the external field in the [111] direction. The experimental data and calculated
results have also been compared for the Pr2Ru2O7 compound with the antiferromagnetic ordering of magnetic
moments of ruthenium ions, which gives rise to the staggered field acting on the system of rare-earth ions.
The calculated temperature dependences of heat capacity and entropy are in good agreement with experi-
mental data.
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1. INTRODUCTION
The thermodynamic properties of geometrically

frustrated magnetic systems have attracted the atten-
tion of researchers for many decades. The ground state
in these systems has a high degree of degeneracy,
which leads to residual entropy at T = 0 and often
results in the peculiar behavior of thermodynamic
quantities in the low-temperature range. After the dis-
covery of the spin ice state in compounds with the
chalcolamprite structure [1, 2], the interest in geomet-
rically frustrated magnets increases considerably, and
a large number of publications have been devoted to
analyzing the properties of spin ice (see, e.g., reviews
[3, 4]).

In compounds with chalcolamprite structures con-
taining rare-earth ions, these ions form a 3D network
of tetrahedrons connected at vertices. Since the spins
of f electrons of rare-earth elements have a large mag-
netic moment, they can be treated as classical vari-
ables, and their behavior at low temperatures can be
described as an Ising doublet directed along the axis
connecting the center of a tetrahedron with its vertex.
Geometrical frustration is caused by noncollinearity
of the crystal field and effective magnetic interaction,
as well as by the fact that the directions of axes in the
Ising doublet in a unit cell are fixed and different. As a
result, there are six possible configurations for each
tetrahedron with the same energy, which corresponds
to the free energy minimum; therefore, the ground

state of the system of magnetic moments of rare-earth
ions is infinitely degenerate.

The low-temperature physics of spin ice in the
absence and in the presence of an external magnetic
field has been studied experimentally for many com-
pounds with the chalcolamprite structure [1–4].

A theoretical analysis of the effect of an external
magnetic field on the thermodynamic properties of
spin ice was carried out both numerically using the
Monte Carlo method and analytically on the Bethe
lattice in the Bethe–Peierls approximation [5, 6].
However, among crystals with the chalcolamprite
structure containing rare-earth ions ( O7, where
R stands for a rare-earth element), there are com-
pounds in which the tetravalent metal B4+ has a non-
zero magnetic moment. It has been found experimen-
tally that, e.g., compounds Pr2Ru2O7 [7], R2Ru2O7
(R = Gd–Yb) [8], and Ho2Os2O7 [9] exhibit the anti-
ferromagnetic phase transition in the magnetic system
of the B4+ ions at temperatures on the order of tens of
kelvins.

This study aims at analyzing the effect of antiferro-
magnetic ordering in the system of magnetic B4+ ions
on the thermodynamic properties of spin ice in the
magnetic system of rare-earth ions on the chalcolam-
prite lattice.
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2. FREE ENERGY AND EXPRESSIONS 
FOR MEAN MAGNETIC MOMENTS 
IN THE FOUR-PARTICLE CLUSTER 

APPROXIMATION

We will consider only the magnetic system of rare-
earth ions and the existence of antiferromagnetic
ordering in the system of B4+ ions will be taken into
account as the field S acting on the magnetic moments
of rare-earth ions. Figure 1 shows a fragment of the
chalcolamprite lattice of the rare-earth ions and the
vectors indicating the directions of an Ising doublet in
a unit cell.

The ground state of the system of magnetic ions of
a rare-earth element can be treated as a vertex with one
of 16 possible configurations of the spins of a tetrahe-
dron. The vertex configurations of these spins are
shown in Fig. 2. Six configurations v1–v6 allowed by
the ice rule (i.e., two-in, two-out) have the same
energy that is set as zero. Eight configurations v7–v14
(four with a positive magnetic charge and four with a
negative magnetic charge) also possess the same
energy ε. For simplicity, we will henceforth assume
that the energy of doubly charged configurations
(v15 and v16) is ω = 2ε.

We set  = ±1 for two possible directions of the
magnetic moment of a rare-earth ion (inward or out-
ward relative to the tetrahedron). Then, the model
Hamiltonian can be written as the Hamiltonian in the
Ising model with the interaction of spins adjoining
each vertex (see, e.g., [10]).

To take into account the staggered field S exerted
on the magnetic moments of the rare-earth ion by
antiferromagnetically ordered B4+ ions, we consider

σ z
i

the peculiarities in the structure of chalcolamprite. In
this structure, the system of B4+ ions also forms the 3D
network of tetrahedrons connected at the vertices, so
that each rare-earth ion has six nearest neighboring
B4+ ions. Figure 3 shows a fragment of the structure of
chalcolamprite containing a tetrahedron of R3+ ions
with each such ion surrounded by the nearest B4+ ions.
It can be seen from the figure that, in the case of anti-
ferromagnetic ordering in the system of B4+ ions, two
R3+ ions in the tetrahedron (denoted by 1 and 2 in
Fig. 3) experience the action of total field S with the
“—” sign, while total field S with the “+” sign acts on
the other two ions (denoted by 3 and 4 in Fig. 3).

To describe the thermodynamic properties of the
model, we will use the cluster approximation and con-
sider the simplest cluster of four spins analogously to
that used in the theory of KDP-type ferroelectrics
[11].

Fig. 1. Fragment of the chalcolamprite structure; tetrahe-
drons of rare-earth ions with connected vertices and the
vectors of the direction of the Ising doublet are indicated.

1
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Fig. 2. Vertex configurations of the spins of a tetrahedron
of rare-earth ions.
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Fig. 3. Fragment of the chalcolamprite structure contain-
ing a tetrahedron of Re3+ ions (dark balls) and the nearest
surrounding of each R3+ ion by B4+ ions (light balls).
Black arrows show the directions of magnetic moments of
B4+ ions in the case of antiferromagnetic ordering.
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In this approximation, with allowance for the
action of the staggered field shown in Fig. 3, the mean
energy for a vertex has the form

(1)

where *int includes the interaction of spins 1, 2, 3, and
4 with one another; and ϕi is the field exerted on the
ith spin by each adjoining vertex. We included external
magnetic field H, which acts in the [111] direction,
which induces the state of magnetic monopoles, into
expression (1) to compare the result with experimental
data on the low-temperature thermodynamics in an
external field in rare-earth oxides with the chalcolam-
prite structure.

To calculate the mean value of energy (1) in the
cluster approximation, density matrices ρk of
the kth cluster are described by the expression ρk =
constexp(–β*k), where *k is the cluster (*cl) and one-
particle (*i) Hamiltonians defined in expression (1)
[11], and β = 1/T (kB = 1). The free energy can be
determined by integrating the relation E = ∂(βF)/∂β
over β as follows:

(2)

Here, Zcl and Zi are the cluster and one-particle parti-
tion functions as follows:

(3)
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Fields ϕi can be determined from the condition
∂F/∂ϕi = 0 of the free energy minimum and can be
found from the following system of equations:
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The entropy and specific heat are defined as

(12)

Expressions (2)–(12) describe the thermodynamics of
the system.

3. RESULTS AND COMPARISON 
WITH EXPERIMENT

Above all, it should be noted that, in the zero field
conditions (S = H = 0), system of equations (4)–(7)
can be reduced to the following single equation for
self-consistent field ϕ = ϕ1 = ϕ2 = ϕ3 = ϕ4:

(13)
This equation has the single solution ϕ = 0 at all tem-
peratures; i.e., in zero fields, the system of magnetic
moments of rare-earth ions is infinitely degenerate at
T = 0. It should also be noted that, if we exclude
excited configurations with a magnetic charge (i.e.,
assume that ε = ∞), Eq. (2) leads to the following
Polling result [12] for residual entropy: F = –Tln(3/2),
Sm = ln(3/2).

Let us now consider the results obtained for non-
zero values of fields S and H.

1. S = 0, H ≠ 0.
The dependences of the specific heat, entropy, and

mean values 〈 〉 on dimensionless temperature t =
T/ε for different values of external field h = H/ε are
shown in Figs. 4–6 (the calculated values of heat
capacity and entropy are given in the units of R, where
R = 8.31 J/(mol K) is the universal gas constant,
except for the cases when these values are compared
with experimental data). For better visualization, the
temperature dependences of the specific heat and
entropy are shown in different figures for small and
large values of field h.

For zero field h, the dependence for the specific
heat has a broad anomaly at t ≈ 0.5 (Fig. 4a) associated
with the excitation of states with a magnetic charge
(three inward spins and one outward spin). The
ground state of the system for h = 0 is infinitely degen-
erate as noted above, which leads to residual entropy at
T = 0 (Fig. 5a). For a nonzero value of h, six states of
each tetrahedron (two inward spins and two outward
spins), which have zero energy at h = 0, split into two
states with energy –2h and four states with energy
+2h; for small values of field h, the system at T = 0
remains degenerate with a lower degree of degeneracy.
In this case, the temperature dependence of heat
capacity displays two anomalies (see Fig. 4a). The first
anomaly at low temperatures is associated with the
excitation of states with energy 2h, while the peak of
the second anomaly, which is associated with exci-
tation of magnetically charges configurations, slightly
increases. As the field increases to h ≈ 0.1, the first
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anomaly in the behavior of heat capacity shifts sharply
towards higher temperatures and merges with the sec-
ond broad anomaly (see Fig. 4a); beginning with fields
h ≈ 0.2, the peak of this anomaly decreases and is
shifted towards higher temperatures (see Fig. 4b). In
fields h = 0.5–1.0, the energies of the two states of spin
ice and one of the magnetically charged states are
close, which again leads to anomalous behavior of the
heat capacity at low temperatures (Fig. 4c). In field
h ≈ 0.1, the ground state becomes a fully ordered mag-
netically charged state; this can be seen from the tem-
perature dependences of mean values 〈 〉 in Fig. 6
and of entropy in Fig. 5b. In fields h > 1, the behavior
of the heat capacity acquires an anomaly associated
with the excitation of spin ice states from the ground
magnetically charged state (see Fig. 4c). The case with
S = 0 and H ≠ 0 under investigation refers to com-
pounds of rare-earth oxides with the chalcolamprite
structure, in which the role of B4+ is played by a non-
magnetic ion. The low-temperature thermodynamics
of spin ice under the action of field H in the [111]
direction was investigated experimentally for several
such compounds [13, 14]. To a certain extent, the tem-
perature dependences of the heat capacity and entropy
for these compounds are similar; to save space, we will
compare the calculated and experimental results for
the Dy2Ti2O7 compound [13]. Figures 7 and 8 show
the calculated and experimental temperature depen-
dences of heat capacity and entropy for different val-
ues of external field H. For determining energy ε, we
superimposed the temperatures of the calculated and
experimental heat capacity peaks in zero external field
(H = 0) (see Fig. 7a). The value of ε turned out to be
3 K, which is approximately 1.5 times smaller than the
value of ε ≈ 4.35 K obtained in [15] from an analysis of
the temperature dependence of the density of mono-
pole states in this compound. It can be seen from the
figure that the calculated and experimental depen-
dences of the thermodynamic functions (namely, the
emergence of additional low-temperature anomaly in
the temperature dependence of heat capacity for a cer-
tain value of field H; Hexp = 0.75 T and Hcalc = 1.5 T)
and the shift of this anomaly towards higher tempera-
tures upon an increase in the value of H, as well as the
decrease in the residual entropy upon an increase in
the applied field H, are in good (at least, qualitative)
agreement.

2. S ≠ 0, H = 0.
In this case, the ground state of the system is not

degenerate because one of the six states of each tetra-
hedron has the minimal energy in field S. The tem-
perature dependences of the heat capacity and entropy
for different values of staggered field s = S/ε are shown
in Figs. 9 and 10. For low values of field s < 0.1, the
temperature dependence of heat capacity exhibits two
anomalies. The first anomaly is associated with the
excitation of spin ice states. With increasing field s, the
peak of this anomaly increases and shifts sharply

σZ
i

towards high temperatures; at s ≈ 0.1, this anomaly
merges with the second anomaly associated with the
excitation of magnetically charged configurations.
The second anomaly in the temperature dependence

Fig. 4. Temperature dependences of heat capacity for dif-
ferent values of the external field: (a) h = 0 (1), 0.01 (2),
0.03 (3), and 0.1 (4); (b) h = 0.2 (5), 0.3 (6), 0.5 (7), 0.7 (8),
and 1.0 (9); (c) h = 1.1 (10), 1.5 (11), and 1.9 (12).
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of heat capacity is blurred upon an increase in field s,
and its peak is shifted towards higher temperatures (see
Fig. 9). The entropy for all nonzero values of s tends to
zero as T → 0 (see Fig. 10).

3. S ≠ 0, H ≠ 0.
Figure 11 show the temperature dependence of

heat capacity for several values of s and h. It can be
seen that with increasing staggered field as well as
direct field, the anomalous dependence of the heat
capacity is blurred, and its peak is shifted towards
higher temperatures.

The case with S ≠ 0 and H ≠ 0 is typical of com-
pounds of rare-earth oxides with the chalcolamprite
structure, in which B4+ is a magnetic ion; in particular,
Pr2Ru2O7 [7], R2Ru2O7 (R = Gd–Yb) [8], Ho2Os2O7
[9], etc. The behavior of the heat capacity at low tem-
peratures, including the case of a nonzero external
field H, was studied experimentally for several com-
pounds [7–9]. We will compare our results with exper-
imental data obtained for Pr2Ru2O7 compound. In this
compound, a phase transition to the antiferromag-
netic state, which is associated with ordering of mag-
netic moments of ruthenium, occurs at TN = 162 K

[7]. At low temperatures, the temperature depen-
dences of heat capacity and entropy exhibit anomalies.

Figure 12 shows experimental temperature depen-
dences of the low-temperature heat capacity [7] and
the dependences calculated in this study for several
values of direct field H in Pr2Ru2O7. We have used the
same value of the energy (ε = 3 K) of charged mag-
netic configurations and the value of staggered field
S = 1.5 K as for Dy2Ti2O7. It can be seen from Fig. 12
that the calculated C(T) dependences correctly
describe the experimental data qualitatively. The
quantitative discrepancy between the calculated and
experimental data is due to the fact that the experi-
mental results apparently contain the lattice contribu-
tion to the heat capacity.

Unfortunately, we could not find experimental
data on the low-temperature entropy for Pr2Ru2O7 in
the literature. The low-temperature behavior of
entropy for H = 0 was investigated experimentally for
R2Ru2O7 (R = Gd–Yb) in [8]. A comparison of the
entropy calculated in our study (for staggered field S =
1.5 K) with the experimental dependences of entropy
for Yb2Ru2O7 is illustrated in Fig. 13. As noted above,

Fig. 5. Temperature dependences of entropy for different values of the external field: (a) h = 0 (1), 0.2 (2), 0.7 (3), and 0.9 (4);
(b) h = 1.1 (5), 1.3 (6), and 1.9 (7).
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Fig. 6. Temperature dependences of mean values 〈 〉 for
external field h = 0.5 (dashed curves) and h = 1.1 (solid

curves), 〈 〉 = 〈 〉.
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external field: (a) H = 0 (1), 0.25 T (2), and 1.5 T (3); (b)
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in the presence of staggered field, the calculated
entropy of a system of magnetic moments of rare-earth
ions tends to zero, which is confirmed experimentally.

4. CONCLUSIONS

In this study, we have investigated the low-tem-
perature thermodynamic properties of spin ice in the
staggered and direct (acting along the [111] axis) fields

Fig. 10. Temperature dependences of entropy for differ-
ent values of staggered field: s = 0 (1), 0.02 (2), 0.1 (3),
and 0.5 (4).
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0.5 (4), s = 0.5, h = 0 (5); s = 0.5, h = 0.3 (6), and s = 0.5,
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in compounds of rare-earth oxides with general for-
mula  with the chalcolamprite struc-
ture. The thermodynamic functions have been calcu-
lated in the cluster approximation using the smallest
cluster of four particles, taking into account the spin
ice state and magnetically charged states in the system
of magnetic moments of ions of rare-earth elements. It
has been found that the calculated temperature depen-
dences of heat capacity and entropy are in good
(at least qualitative) agreement with the experimental
dependences. In particular, compounds with a non-
magnetic Me4+ ion (e.g., Dy2Ti2O7) in an external
field applied in the [111] direction exhibit one or two
anomalies in the behavior of heat capacity (depending
on the magnitude of this field); at T → 0, residual
entropy exists, the value of which decreases upon an
increase in the external field. For compounds that
contain a magnetic Me4+ ion, the staggered field pro-
duced by the antiferromagnetic ordering of the mag-
netic moments of Me4+ ions at the rare-earth ions
leads to a nondegenerate ground state of the magnetic
system of  ions and, as a consequence, to zero
entropy at T → 0. The low-temperature behavior of
the heat capacity is also sensitive to the value of the field
applied in the [111] direction (albeit to a smaller extent
as compared to the case of compounds with a nonmag-
netic Me4+ ion); this follows from a comparison of the
calculated and experimental data for Pr2Ru2O7 com-
pound.
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