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a b s t r a c t

We consider acoustic wave transmission in a non-axisymmetric waveguide which consists of

a cylindrical resonator and two cylindrical waveguides whose axes are shifted relatively to

each other by an azimuthal angle Δ𝜙. Under variation of the resonator’s length L and fixed

Δ𝜙 we find bound states in the continuum (trapped modes) due to full destructive interfer-

ence of resonant modes leaking into the waveguides. Rotation of the waveguide adds complex

phases to the coupling strengths of the resonator eigenmodes with the propagating modes of

the waveguides tuning Fano resonances to give rise to a wave faucet. Under variation of Δ𝜙
with fixed resonator’s length we find symmetry protected trapped modes. For Δ𝜙 ≠ 0 these

trapped modes contribute to the scattering function supporting high vortical acoustic inten-

sity spinning inside the resonator. The waveguide rotation brings an important feature to the

scattering and provides an instrument for control of acoustic transmittance and wave trap-

ping.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Bound states in the continuum are localized solutions which correspond to discrete eigenvalues coexisting with extended

modes of continuous spectrum in resonator-waveguide configurations. The existence of such modes was first reported Neu-

mann and Wigner [1] at the dawn of quantum mechanics. To the best of our knowledge, the term bound state (embedded) in

the continuum was introduced by Fonda [2] in the context of resonance reactions in the presence continuous channels. Since

then bound state in the continuum (BIC) has been universally used to designate a state with discrete energy embedded into

the continuum in quantum mechanics [3]. In the field of fluid mechanics, Parker [4,5] is credited to be the first to encounter

resonances of pure acoustic nature in air flow over a cascade of flat parallel plates. Nowadays, BICs are known to exist in various

waveguide structures [6–9]. BICs are of immense interest, especially, in optics thanks to experimental opportunity to confine

light in optical microcavities despite the fact that outgoing waves are allowed in the surrounding medium [10–15].

Independently considerable attention has been paid to BICs in perturbed acoustic waveguides. Many different geometrical

configurations with Neumann boundary conditions have been studied. These studies have shown that the existence of trapped

modes is very sensitive to choice of geometry. Up to now geometrical configurations have been chosen to reduce the effective

dimension of the acoustic waveguide. Chronologically, the following specific perturbed acoustic waveguides were considered.

In 1951 Ursell [16,17] considered a sphere placed on the axis of a cylindrical guide and showed that a trapped mode exists for

a selected radius of the sphere. There is a long history of trapped modes bound below the channel cut-off in two- and three-

dimensional nonuniform waveguides due to the curvature of the waveguide or a localized bulge [18–21]. However the bound

states with isolated discrete eigenvalue embedded in the continuous spectrum above the channel cut-off, BICs, are more unusual.

Evans and Porter first provided convincing numerical evidence for BICs of both Neumann and Dirichlet types in the case of a
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Fig. 1. Cylindrical resonator of radius R and length L with two attached cylindrical waveguides of the unit radius. All lengths are non-dimensional and measured in terms of

the waveguide’s radius rw . The whole waveguide system is (a) axisymmetric, and (b) non-axisymmetric with waveguides misaligned by an azimuthal angle difference Δ𝜙.

rigid circular cylinder placed on the center-plane between parallel walls [22]. Linton and McIver [23] proved the existence of an

infinite number of trapped modes for the case of a cylindrical waveguide containing an axisymmetric obstacle, in particular, a

thin circular sleeve.

Similarly, the dimension is reduced in the acoustical waveguides of a rectangular cross-section in the y0z plane and directed

along the x-axis with an obstacle shaped only in the x0y plane so that the thickness of the perturbed waveguide along the z-

axis d is constant. Then the scattering channels are given by the eigenmodes quantized along the z-axis with corresponding

Neumann boundary conditions at the walls positioned at z = ±d∕2. The utmost case of these structures is a two-dimensional

acoustical waveguide formed by two infinite parallel lines at distance d containing a circle of radius R < d [24] or multiple circles

[25,26] positioned symmetrically between them. The trapped modes are antisymmetric about the centerline of the guide, which

allows us to determine them as symmetry protected BICs. More sophisticated BICs of the same symmetry as the symmetry of

the continuum were demonstrated recently in Refs. [27–30].

A different class is the fully three-dimensional systems. For example, in the case of non-axisymmetric obstacle inside the

cylindrical waveguide Hein and Coch [31] numerically computed acoustic resonances and BICs by solving the eigenvalue prob-

lem. Here we consider similar non-axisymmetric waveguide but without an obstacle inside as shown in Fig. 1. The axisymmetric

case shown in Fig. 1 (a) preserves the orbital angular momentum (OAM) m because of the rotational symmetry around the cen-

tral axis. That effectively reduces the dimension of the waveguide to two. The BICs with m = 0 were shown to occur under

variation of the length of the resonator [29] due to full destructive interference of resonant states [32]. An equivalent explica-

tion of BICs is that under variation of the resonator length, the eigenmodes 𝜓1, 𝜓2 of the same symmetry as the symmetry of

propagating modes of the waveguides become degenerate. Then, the coupling of the superposed state a1𝜓1 + a2𝜓2 with the

continuum can be cancelled by a proper choice of the superposition coefficients a1 and a2 [33]. In the present paper, we choose

a different strategy for the trapping of acoustic waves by means of the rotation of one of the waveguides by the angle Δ𝜙 as

shown in Fig. 1 (b). Then, one of the waveguides acquires azimuthal difference relative to the other that crucially affects inter-

ference of resonances, i.e., Fano resonances and the wave transmission. We show that even tiny rotations result in change of the

transmittance from zero to unit, qualifying the setup as a wave faucet.

2. Acoustic coupled mode theory for open cylindrical resonators

There are different numerical approaches to calculate the transmittance through the waveguide with the mode matching

method. The finite-element method with complex scaling is also widely exploited [28]. Here, we apply the method of effective

non-Hermitian Hamiltonian [34–37] or, equivalently, the coupled mode theory, a physically transparent approach to diagnose

BICs. The theory is based on the Feshbach projection technique [34] of the total space, resonator plus waveguides, onto the

subspace of the resonator that results in the effective non-Hermitian Hamiltonian. Each subsystem possesses the rotational

symmetry and obeys the stationary Helmholtz equation in the cylindrical system of coordinates[
𝜕2

𝜕r2
+ 1

r

𝜕
𝜕r

− m2

r2
+ 𝜕2

𝜕z2
+𝜔2

]
𝜓 = 0, (1)

for the non-dimensional velocity potential 𝜓 , where the non-dimensional coordinates r and z express the respective distances

normalized by the waveguide radius rw. The dimensionless frequency 𝜔 is defined through the dimensional frequency 𝜔̃ as

follows𝜔 = 𝜔̃rw∕c0, and c0 is the sound speed [28].

The propagating modes in the sound hard cylindrical waveguides with Neumann boundary conditions are described by

𝜓pq(𝜌, 𝛼, z) = 𝜓pq(𝜌)
1√

2𝜋kpq

exp(ip𝛼 + ikpqz), (2)

𝜓pq(𝜌) =

⎧⎪⎪⎨⎪⎪⎩

√
2

J0(𝜇0q)
J0(𝜇0q𝜌), p = 0,√

2

𝜇2
pq − p2

𝜇pq

Jp(𝜇pq)
Jp(𝜇pq𝜌), p = 1, 2, 3,… ,
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Table 1

Cut-off frequencies and corresponding shapes of propagating modes in the circular

waveguide.

Channel Cut-off frequency Indices Mode shape

1 0 p = 0, q = 1

2 1.84118 p = ±1, q = 1

3 3.0542 p = ±2, q = 1

4 3.831706 p = 0, q = 2

where 𝜌, 𝛼 are the polar coordinates in the x0y-plane, and 𝜇pq is the q-th root of equation

dJp(𝜇pq𝜌)
d𝜌

|||||𝜌=1

= 0

imposed by the Neumann boundary condition on the walls of sound hard cylindrical waveguide.

k2
pq

= 𝜔2 − 𝜇2
pq

(3)

The propagating bands degenerate with respect to the sign of OAM are classified by two indices: the OAM index

p = 0, ±1, ±2,… and the radial index q = 1, 2, 3,…. The profiles of propagating functions𝜓pq(𝜌) cos(p𝛼) are depicted in Table 1.

The Hilbert space of the closed cylindrical resonator is given by the following eigenmodes

Ψmnl(r, 𝜙, z) = 𝜓mn(r)
√

1

2𝜋
exp(im𝜙)𝜓l(z), (4)

where

𝜓mn(r) =

⎧⎪⎪⎨⎪⎪⎩

√
2

RJ0(𝜇0nR)
J0

(𝜇0nr

R

)
,m = 0√

2

𝜇2
mn − m2

𝜇mn

RJm

(
𝜇mnR

) Jm

(𝜇mnr

R

)
,m = 1, 2, 3,… ,

(5)

𝜓l(z) =

√
2 − 𝛿l,1

L
cos[𝜋(l − 1)z∕L],

l = 1, 2, 3,…. The corresponding eigenfrequencies are

𝜔2
mnl

=
[
𝜇2

mn

R2
+ 𝜋2, (l − 1)2

L2

]
(6)

where 𝜇mn is the n-th root of the equation
dJm(𝜇mnr)

dr

|||r=R
= 0 which follows from the Neumann BC on the walls of a sound

hard cylindrical resonator. Note that the non-dimensional radius R and length L of the resonator are measured in terms of the

waveguide radius rw.

Given the Hermitian Hamilton operator of the whole system as

𝐇 = 𝐇B +
∑

C=L,R

(𝐇C +𝐖BC +𝐖CB), (7)

the projection onto the discrete subspace of the eigenmodes (4) leads to the effective non-Hermitian Hamiltonian [34–36]

𝐇eff = 𝐇B +
∑

C=L,R

𝐖BC
1

𝜔2 + i0 −𝐇C

𝐖CB. (8)

Here 𝐇B is the Hamiltonian of the closed resonator; 𝐇C is the Hamiltonian of the waveguides, left and right, with the continual

eigenvalue spectrum given by Eq. (3); 𝐖BC, 𝐖CB stand for the coupling matrix elements between the eigenmodes (4) and the

eigenmodes of the scattering channels (2) with the frequency 𝜔. The term 𝜔2 + i0 ensures that only outgoing waves will be

present in the solution after the scattering occurs. As a result, the effective Hamiltonian (9) is a non-Hermitian matrix with com-

plex eigenvalues z𝜆 which determine the positions and widths of the resonant states as Re(z𝜆), and −2Im(z𝜆) correspondingly
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Fig. 2. Integration area in the coupling matrix (10) shown by filled areas. r0 is a distance by which the centerline of the waveguides are shifted relative to the centerline of

the resonator.

[35,36]. Then, the Feshbach projection of the total space of the waveguide shown in Fig. 1 onto the subspace of the eigenmodes

of the closed cylindrical resonator (4) gives us the following effective Hamiltonian [38]

𝐇eff = 𝐇B − i
∑

C=L,R

∑
pq

kpq𝐖C,pq𝐖
†
C,pq

. (9)

The full Hamiltonian (7) of an open system is Hermitian only in the total Hilbert space, which is spanned by the bound states

and the scattering continuum states. The effective Hamiltonian (9), however, is non-Hermitian because of the leakage of the

eigenmodes (4) into the open channels of the waveguides through the holes. That is why the eigenvalues of the non-Hermitian

effective Hamiltonian are complex. The matrix elements of 𝐖 are given by overlapping integrals [38,39]

WC
mnl;pq

= ∫ΩC

𝜌d𝜌d𝛼𝜓pq(𝜌, 𝛼)Ψ
∗
mnl

(r, 𝜙, z = zC)

= ∫
2𝜋

0

d𝛼 ∫
1

0

𝜌d𝜌𝜓pq(𝜌, 𝛼)Ψ
∗
mnl

(r(𝜌, 𝛼), 𝜙(𝜌, 𝛼), zC)

= 𝜓l(zC)∫
2𝜋

0

d𝛼 ∫
1

0

𝜌d𝜌𝜓pq(𝜌, 𝛼)𝜓∗
mn(r(𝜌, 𝛼), 𝜙(𝜌, 𝛼)), (10)

where ΩC,C=L,R are interfaces positioned at zC = 0, L where the waveguides are attached to the resonator as shown in Fig. 2.

Integration is performed over the circular cross section of the attached waveguides as shown in Fig. 2. One can link the polar

coordinates of the resonator with that of the immovable waveguide

r sin𝜙 = 𝜌 sin 𝛼, r cos𝜙 = r0 + 𝜌 cos𝛼

where r0 is the distance between the axes of the waveguide and the resonator. According to Eq. (4) we have

𝜓l(z = 0) =

√
2 − 𝛿l,1

L
, 𝜓l(z = L) = 𝜓l(0)(−1)l−1. (11)

Although the waveguides are identical they are attached to the resonator at different azimuthal angles as shown in Fig. 2 to

give rise to an exact relation between the coupling matrix elements

WL
mnl;pq

= (−1)l−1ei(p−m)Δ𝜙Wmnl;pq. (12)

Here Wmnl;pq = WR
mnl;pq

are the coupling matrix elements of the resonator modes specified by integers m, n, l with p, q propagat-

ing modes of the left waveguide (see Fig. 1). Then the matrix of the effective Hamiltonian takes the following form

⟨mnl|𝐇eff|m′n′l′⟩ = 𝜔2
mnl
𝛿mm′𝛿nn′𝛿ll′ − i

∑
pq

kpq[1 + (−1)l+l′ei(m′−m)Δ𝜙]Wmnl;pqW∗
m′n′l′;pq

. (13)

The transmittance of sound waves in the p, q propagating channel through the resonator is given by the following equation

[38]

Tpq;pq = 2ikpq

∑
mnl

∑
m′n′ l′

Wmnl;pqe−im′Δ𝜙Gmnl;m′n′l′W
∗
m′n′l′;p′q′ (14)
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Fig. 3. Transmittance of a cylindrical resonator versus frequency squared and length of the resonator L at (a) Δ𝜙 = 0 and (b) Δ𝜙 = 𝜋∕4. (c) and (d) Zoomed transmittance in

the domains isolated by rectangles in (b). Dash lines show eigenlevels of the closed resonator with corresponding indices mnl. Solid lines show eigenlevels of the resonator

shifted by evanescent modes given by the modified Hamiltonian (18). The positions of the BICs are shown by closed circles.

where

𝐆 = 1

𝜔2 −𝐇eff

, (15)

that is propagation of waves through the resonator is described by the Green function which is inverse of the matrix 𝜔2 −𝐇eff

and coupling matrices of the resonator with the input (left) waveguide and the output (right) waveguide. However, the most

remarkable feature in Eq. (14) is complex phases of the coupling matrix elements which contribute into interference of different

states mnl. As we show below, that drastically affects Fano resonances.

3. Trapping under variation of the resonator length L

In what follows we take both waveguides with unit radius shifted relative to the central axis of the resonator with radius

R = 3 by a distance r0 = 1.5. We consider transmission in the first channel p = 0, q = 1 in the frequency region 0 < 𝜔 < 1.8412

(see Table 1). The transmittance versus the frequency squared and the resonator length L is shown in Fig. 3 for Δ𝜙 = 0 and

Fig. 4. The transmittance versus frequency squared for two values of the resonator’s radius R at Δ𝜙 = 0.
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Fig. 5. Evolution of resonant widths under variation of the resonator length at Δ𝜙 = 0 (a) and Δ𝜙 = 𝜋∕4 (b). Circles mark BICs listed in Tables 2 and 3.

Table 2

BICs at Δ𝜙 = 0.

BIC 𝜔2 L mnl amnl

1 1.6617 4.8743 021

013

0.9276

0.3665

2 1.9571 4.9371 ±113

±121

0.6015

0.5563

3 1.9795 4.465 013

±311

−0.3228

−0.1252

Δ𝜙 = 𝜋∕4. Irrespective of the choice of the rotation angle, the transmittance has resonant behavior which is due to the fact that

the resonator is three-dimensional. Indeed, the coupling matrix elements (10) can be estimated as the ratio of the cross section

of the waveguides to the cross section of the resonator. The resonant widths are proportional to the coupling matrix elements

squared, i.e., proportional to R−4 which follows from the normalization of the eigenmodes, while the distance between the

eigenlevels ΔE is proportional to R−2. Hence, for a larger radius of the resonator we have the regime of weak coupling [40],

Fig. 6. Patterns of BIC 1 (a) and BIC 2 (b) from Table 2 on the surface of the waveguide at Δ𝜙 = 0.

Table 3

BICs at Δ𝜙 = 𝜋∕4.

BIC 𝜔2 L mnl amnl |amnl|
1 0.385 5.065 012 −0.113+0.272i 0.294

111 −0.478(1−i) 0.675

−111 0.675 0.675

2 1.055 3.051 012 −0.261(1−i) 0.369

211 0.656i 0.656

−211 0.656 0.656

3 1.0535 3.833 211 0.658i 0.658

−211 0.658 0.658

112 −0.237−0.098i 0.256

−112 −0.098−0.237i 0.256

4 1.065 3.869 211 −0.505 0.505

−211 0.505 0.505

112 −0.455−0.189i 0.493

−112 0.189+0.455i 0.493
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while for two-dimensional resonator one would have Γ ∼ R−2 as well as ΔE ∼ R−2, i.e., the regime of overlapping resonances

[29]. This observation shows an important difference between planar and three-dimensional waveguides. Fig. 4 illustrates how

the radius of the resonator affects the resonant transmission. In the two-dimensional systems the regime of weak coupling can

be reached only by use of special diaphragms [41]. One of the advantages of the effective non-Hermitian Hamiltonian approach

is that the BIC can be easily found as the eigenmode of the effective Hamiltonian

𝐇eff𝜓r(r, 𝜙, z) = zr𝜓r(r, 𝜙, z) (16)

with zero resonant width, i.e., with real eigenvalue zr [29,33]. Each BIC point is searched for by solving the fix point equations

[35]

𝜔c = Re(z(𝜔c, Lc,Δ𝜙c)), Im(z(𝜔c, Lc,Δ𝜙c)) = 0.

After the fix point equation is solved we can determine the eigenmodes of the effective Hamiltonian with real eigenvalues

[29,33]. One can see from Eq. (14) that the above equation corresponds to the case when one of the poles of the S-matrix reaches

real axis as was considered by Hein et al [31]. Then the Green function becomes singular. In order to avoid this singularity in the

transmittance the coupling strength becomes zero. Rigorous consideration of these subtle features is given in Refs. [33,42].

3.1. Coaxial waveguides (Δ𝜙 = 0)

Fig. 5 shows numerous events of the resonant widths turning to zero with variation of the resonator length L which evidence

BICs. Inside the resonator the BIC trapped mode can be expanded over the eigenmodes of the closed resonator (4)

𝜓BIC(r, 𝜙, z) =
∑
mnl

amnlΨmnl(r, 𝜙, z). (17)

The expansion coefficients of the BICs amnl are listed in Table 2, where we present only those BICs whose frequencies fit into the

frequency window shown in Fig. 3 (a). They are marked by open circles in Fig. 5 (a). One can see from Table 2 that only a few

eigenmodes of the resonator participate in the BIC expansion (17). The expansion coefficients are real and equal for ±m. All BICs

Fig. 7. Patterns of BIC 3 (a, b) and 4 (c, d) shown from the left (a, c) and right (b, d) sides of the resonator on the surface of the waveguide at Δ𝜙 = 𝜋∕4.
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Fig. 8. Transmittance of a cylindrical resonator (a) versus frequency squared and rotation angle Δ𝜙 at L = 4 and (b) versus length and rotation angle at𝜔2 = 2. The positions

of the BICs are shown by open circles.

Fig. 9. Transmittance versus frequency squared and rotation angle Δ𝜙 at the resonator’s length L = 4 in frequency regions shown in Fig. 8 (a) by rectangles. The positions

of the BICs are shown by closed circles. (a) The 𝜔2 region from 0.36 till 0.42, (b) the second from 0.98 till 1.08, (c) the third from 1.65 till 1.72, and (4) the fourth from 1.97

till 2.02.

listed in Table 2 are the result of the Friedrich-Wintgen mechanism of destructive interference [32,33] when the eigenmode

mln with the azimuthal part cos(m𝜙) crosses the eigenmode m′l′n′ with the azimuthal part cos(m′𝜙). In Fig. 6, we show BICs 1

and 2 listed in Table 2 on the surface of the waveguide similar to those shown by Hein et al [31]. We leave aside here the trivial

symmetry protected BICs whose azimuthal dependence is given by sin(m𝜙). It is clear that, for the waveguides with no phase

difference these BICs have zero overlapping with the first channel p = 0, q = 1 shown in Table 1.

3.2. Non-coaxial waveguides with Δ𝜙 = 𝜋∕4

In the preceding discussion we considered the BICs for the case when both waveguides were attached to the cylindrical

resonator in a non-axisymmetric way for Δ𝜙 = 0. That makes the effect of both waveguides identical, and summation over
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Fig. 10. Transmittance versus the frequency and rotation angle in the vicinity of crossing of the modes (a) 012 and ±111 at L = 5, (b) 012 and ±211 at L = 3, and (c) ±112

and ±211, L = 4.

C = L, R in the effective Hamiltonian (9) simply gives rise to a factor of 2. Let us now shift the axis of the waveguides by an

azimuthal angle Δ𝜙 as shown in Fig. 1 (b). To be specific, we consider the case Δ𝜙 = 𝜋∕4. Although the continua of the waveg-

uides remain the same, the rotation of the left waveguide provides the complex phases in the coupling matrix elements of the

resonator eigenmodes with the continua as given by Eq. (12). This does not affect the transmittance except the points of crossing

of the eigenlevels as shown in Fig. 3 (c) and (d).

As before the BIC points were detected by finding zero resonant width as shown in Fig. 5 (b). However, upon closer inspection

in Fig. 3 (c) and (d), we see that these BICs are not exactly in the positions of the degeneracy of the eigenmodes of the closed

resonator. The corresponding BICs are listed in Table 3 and shown in Fig. 7. Here we outline only the most important results.

(i) The evanescent modes with imaginary kpq, p > 0 contribute into the Hamiltonian of the closed resonator 𝐇R to modify it as

follows

𝐇̃B = 𝐇B +
∑

C=L,R

∑
p>0,q

kpq𝐖C,pq𝐖+
C,pq

(18)

As a result, the BICs occur in the points of degeneracy of the eigenlevels of this Hamiltonian that explains the positions of the

BICs shown in Fig. 3 (c).

(ii) If the waveguides were coaxial with the resonator, the eigenmodes of 𝐇̃B given by the azimuthal parts cos(m𝜙) and

sin(m𝜙) (or equivalently, eim𝜙 and e−im𝜙) of the cylindrical resonator would be degenerate. However, as soon as the waveguides

are attached non-coaxially, this degeneracy with respect to the sign of m is lifted as shown in Fig. 3 (c) by solid lines. This

leads to the important consequence that the BICs of the non-coaxial waveguide cannot support currents of acoustic intensity

[44] in contrast to the case of coaxial waveguides [27]. Fig. 7 clearly shows that BICs at Δ𝜙 ≠ 0 are decoupled from the first

channel. Assume that the BIC mode is decoupled from the right waveguide owing to degeneracy. In order for the BIC mode to be

decoupled from the rotated left waveguide the BIC mode has to be twisted to compensate for this rotation [43,44]. Fig. 7 clearly

illustrates the effect of twisting of the BIC by the rotation angle Δ𝜙.

Fig. 11. Evolution of resonant widths under waveguide rotation at the resonator’s length L = 4.
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Fig. 12. Patterns of BICs marked by open circles in Fig. 11 and listed in Table 4 on the surface of the resonator at L = 4. (a) BIC 1, (b) BIC 3, (c) BIC 2, and (d) BIC 4. Open

circles show where the left and right waveguides are attached to the resonator.

Table 4

BICs at L = 4.

BIC Δ𝜙∕𝜋 𝜔2 mnl amnl

1 0.308 1.9868 311 0.7056

−311 0.7056e−3iΔ𝜙

2 0.2351 3.17304 411 0.705

−411 0.705e4iΔ𝜙

3 0.4171 1.05688 211 0.6898

−211 −0.6898e−2iΔ𝜙

121 0.0933 + 0.1215i

−121 a121eiΔ𝜙

4 0.5055 1.68872 211 0.7043

−211 0.7043e−2iΔ𝜙

4. Wave faucet

Eq. (14) shows that the phase factors in the coupling matrix elements due to the rotation of the input waveguide brings an

important contribution into interference between resonances. Figs. 8 and 9 vividly illustrate high sensitivity of the transmittance

to the rotation angle Δ𝜙. To clearly demonstrate this interference strongly affecting Fano resonances we present the transmit-

tance in the vicinity of the crossing of eigenmodes in Fig. 10. As seen in Fig. 3 (a), the eigenmode 012 crosses the eigenmode

±111 around L = 5. Correspondingly the transmittance is basically given by the interference of these resonances. According to

Eq. (12) we have WL
012;01

= −WR
012;01

,WL
±111;01

= WR
±111;01

e∓iΔ𝜙. Therefore for the output waves interfering constructively we

have to take Δ𝜙 = ±𝜋, while the full destructive interference takes place at Δ𝜙 = 0. This simple consideration is in excellent

agreement with numerics presented in Fig. 10 (a). Along the same line for channels 012 and ±211 in the vicinity of L = 3 we

have from Eq. (12) WL
012;01

= −WR
012;01

,WL
±211;01

= WR
±111;01

e∓2iΔ𝜙 to open wave flux through the resonator at Δ𝜙 = 𝜋∕2, 3𝜋∕2,

which is illustrated in Fig. 10 (b). At last, in the vicinity of L = 4 the eigenmodes ±112 cross the eigenmodes ±211. Correspond-

ingly we have WL
±211;01

= WR
±211;01

e∓2iΔ𝜙,WL
±112;01

= −WR
±112;01

e∓2iΔ𝜙 to give rise to constructive interference only at Δ𝜙 = 𝜋,

which agrees with Fig. 10 (c). Thus, the rotation of the input waveguide strongly tunes Fano resonance [43]. In particular there

can be points in the transmittance where the maximum of transmittance approaches the transmission zeros. At these points,

a collapse of Fano resonance occurs that signifies the existence of bound states in the continuum. These events are shown by

open circles in Figs. 8 and 9 and confirmed by the behavior of the resonant widths versus the rotation angle as shown in Fig. 11.

Among them we select four BICs shown in Fig. 12.

For Δ𝜙 ≠ 0, and arbitrary L the BICs are symmetry protected except in the case of a degeneracy of the resonator eigenmodes

shown in Fig. 3. Indeed, let us consider the first BIC from Table 4 whose azimuthal dependence is given by cos[3(𝜙 −Δ𝜙∕2)].
In order to decouple this BIC from the right waveguide at Δ𝜙 = 0, the nodal line of the BIC mode has to be positioned at 𝜙 = 0,

which gives us the equation
3

2
Δ𝜙 = 𝜋

2
, i.e., Δ𝜙 = 𝜋

3
. Therefore the BIC mode is cos[3(𝜙 − 𝜋∕6)] which equals zero at 𝜙 = 0.

The left waveguide is rotated by the angle 𝜋∕3 for which the BIC mode is decoupled from the left waveguide too. Numerically

according to Table 4 we have Δ𝜙 = 0.308𝜋 which is close to 𝜋∕3. The small difference is due to the evanescent modes. Similarly,

for the second BIC we obtain cos[4(𝜙 − Δ𝜙∕2)], which gives us Δ𝜙 = 𝜋∕4 which is close to the numerical result Δ𝜙 = 0.235𝜋
given in Table 4. For the fourth BIC we obtain that Δ𝜙 = 𝜋∕2 which agrees well with Table 4. The most interesting is the third

BIC which is superposed of two modes cos[2(𝜙 − Δ𝜙∕2)] and cos[(𝜙 + Δ𝜙∕2)]. As a result, the BIC mode is twisted as shown in

Fig. 12.
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Fig. 13. Real parts of scattering function for the parameters close to the BIC point 4 given in Table 4. (a) 𝜔 = 𝜔c and (b) 𝜔 = 𝜔c + 0.01.

Although all of the BICs cannot support the flows of acoustic intensity, the scattering wave function calculated through the

equation [37,38]

𝜓(r′, 𝜙′, z) = 1√
4𝜋k01

[eik01z𝜙10 +
∑
pq

S01L;pqLe−ikpqz𝜙pq(r′, 𝜙′)], z < 0,

𝜓mnl(r, 𝜙, z) = −i
∑

m′n′l′
Gmnl;m′n′ l′

√
kp

𝜋
WL

m′n′ l′;01
, 0 < z < L,

𝜓R(r′, 𝜙′, z) = 1√
4𝜋k01

∑
pq

S01L;pqReikpqz𝜙pq(r′, 𝜙′)z > L.

(19)

is a complex superposition of the BIC and a particular solution of the scattering problem [33]. An example of the scattering

function in the vicinity of BIC 4 in Table 4 is shown in Fig. 13. One can see that a small deviation from the BIC frequency results

in a large change in the scattering function. This phenomenon constitutes the important effect of enhancement of the injected

wave within the resonator [33,45,46].

What is even more interesting is that the scattering function supports vortical acoustic intensity as demonstrated in Fig. 14.

The non-dimensional mean intensity vector 𝐣 follows −∇ arg(𝜓) and is given by Refs. [47–49]

𝐣 = −𝜔Im(𝜓∗∇𝜓) = −𝜔|𝜓 |2∇ arg(𝜓), (20)

Fig. 14. Acoustic energy flow at different slices at the vicinity of the BIC 4: (a) z = 0, (b) z = L∕2, and (c) z = L. The phase of the scattering function is shown in gray.



59A.A. Lyapina et al. / Journal of Sound and Vibration 421 (2018) 48–60

where 𝜔 is the non-dimensional frequency defined after Eq. (1). The phase of the scattering function arg(𝜓)∕𝜋 is shown in

Fig. 14 for selected slices across z. Fig. 13 shows the scattering function (19) that demonstrates the effect of a twisted acoustic

pressure field given by the real part of 𝜓 . This figure is complemented with plots of the acoustic energy flow (20) in Fig. 14

which shows the complex vortical behavior of the acoustic intensity.

5. Conclusions

We considered trapped modes or bound states in the continuum in a non-axisymmetric duct-cavity structure which consists

of a cylindrical resonator and two cylindrical waveguides whose axes are shifted relative to the axis of the resonator by a

distance r0. Moreover the axes of the waveguides can be shifted relative to each other by an azimuthal angle Δ𝜙 as shown in

Figs. 1 (b) and 2. The configuration of attachment does not change the eigenfrequencies of the closed resonator but changes

the coupling strengths of the propagating modes of attached waveguides with the resonator. Remarkably, that rotation of, say,

the input waveguide provides complex phases in the coupling strength that drastically affect the wave transmission because of

interference of resonances giving rise to the effect of wave faucet. The effect can be arranged in a realistic acoustic experiment

by the use of piston-like hollow-stem waveguides tightly fit to the interior boundaries of a cylindric cavity [29].

Assume that the eigenmodes of the same symmetry undergo degeneracy, say, under variation of the resonator length L

as shown by dash lines in Fig. 3. After the waveguides are attached to the resonator these modes become resonances which

undergo avoided crossings, i.e., the resonant frequencies are repelled from each other and the degeneracy is lifted. Then, in the

Friedrich-Wintgen scenario [32,33] one of the resonances can acquire zero resonant width giving rise to the BIC. Although the

events of degeneracy are the same as in the closed cylindrical resonator, the types of BICs cardinally depend on the way of

opening the resonator. For r0 = 0 (the case of axisymmetric waveguide) the OAM m is an integral of motion to give rise to the

BICs with definite OAM degenerate with respect to the sign of m. Sound transmission takes place independently in each sector

given by the m, i.e., there is no mode conversion between different the channels with different OAM. That scenario of BICs and

sound transmission in axisymmetric cylindrical waveguide was considered in our first paper [29]. Similar sectorial BICs with

preserved OAM were considered in Refs. [28,30,31].

As soon as r0 ≠ 0, even in the simplest case Δ𝜙 = 0 the OAM is not preserved because of the absence of rotational symmetry.

In such cases we found multiple BICs with nonzero OAM under variation of the resonator length L which differ from the BICs

with zero OAM found in the axisymmetric cylindrical waveguide [29]. Irrespective of the choice of r0, the BICs occur at the

points of degeneracy of two eigenmodes of the same symmetry of the closed cylindrical resonator. This mechanism of wave

localization was first described in Ref. [32] and has been experimentally realized in microwave set-ups [50,51].

For Δ𝜙 ≠ 0 and fixed arbitrary length of the resonator, there are multiple symmetry protected BICs whose azimuthal depen-

dence is given by cos[m(𝜙− Δ𝜙∕2)]. They are degenerate relative to the sign of m and provide zero overlapping with propa-

gating mode p = 0, q = 1 (see Table 1) which is independent of 𝜙. Irrespective of the choice of Δ𝜙 or r0, the injected wave with

zero orbital angular momentum m = 0 transmits and reflects with the same OAM when only the first channel is opened for the

frequency 𝜔 < 1.841. However, the case of Δ𝜙 ≠ 0 is of special interest because of the twisted flows of the acoustic intensity

inside the resonator. In this case the non-axial attachment of the waveguides with the resonator lifts the degeneracy of the res-

onant modes with respect to the sign of orbital angular momentum. These effects can be controlled by simultaneous variation

of the length of the resonator and rotation of one of the waveguides. This results in a high acoustic intensity spinning inside the

resonator which can be important for the axial radiation torque [52].

Summing up, the rotation of waveguide with respect to the cylindrical resonator results in a complex phase of the coupling

strength between the waveguide and the resonator. Different setups can be proposed for the coupling strengths to acquire

a specific phase difference. However, irrespective of the choice of the setup the opportunity to vary the phase opens a new

possibility to control Fano resonances and the transmittance creating a wave faucet.
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