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It is shown that for the three-band Emery p—d-model that reflects the real structure of the CuO,-
plane of high-temperature superconductors in the regime of strong electron correlations, it is pos-
sible to carry out a sequence of reductions to the effective models reproducing low-energy fea-
tures of elementary excitation spectrum and revealing the spin-polaron nature of the Fermi
quasiparticles. The first reduction leads to the spin-fermion model in which the subsystem of spin
moments, coupled by the exchange interaction and localized on copper ions, strongly interacts
with oxygen holes. The second reduction deals with the transformation from the spin-fermion
model to the p—d-exchange model. An important feature of this transformation is the large energy
of the p—d-exchange coupling, which leads to the formation of spin polarons. The use of this fact

allows us to carry out the third reduction, resulting in the 7 — J " — I-model. Its distinctive feature
is the importance of spin-correlated hops as compared to the role of such processes in the com-
monly used —/*-model derived from the Hubbard model. Based on the comparative analysis of
the spectrum of Fermi excitations calculated for the obtained effective models of the CuO,-plane
of high-temperature superconductors, the important role of the usually ignored long-range spin-
correlated hops is determined. Published by AIP Publishing. https://doi.org/10.1063/1.5020908

1. Introduction

It is known that the three-band p—d-model'™ includes
interactions that enable describing the main features of the
electronic structure of the CuO,-plane in high-temperature
superconductors (HTSs). However, the theoretical complex-
ity that arises in this description due to the presence of three
ions in the unit cell with strong electron correlations (SEC),
resulted in an effort to reduce the three-band p—d-model to a
simple effective model.

To account for the hybridization between the d-states of
the copper ions and the p-states of the four nearby oxygen
ions, Ref. 5 introduced a symmetric oxygen orbital. The
hole, located on this orbital, forms a strongly coupled state
with the localized spin moment of the copper ion (Zhang-
Rice singlet). Keeping in mind the large energy of this inter-
action, the descriptions of carrier dynamics in the CuO,-
plane has been carried out by only considering the singlet
states. It was assumed that this approach would allow analy-
sis of the cuprate electronic properties in the framework of
the single-band —/-model.®”’

The concept of the singlet state formation® was also
developed in works.®”'* Analogous to the approach in Ref.
5, they employed a transition from the p,- and p,-orbitals of
the oxygen ions to Wannier functions (¢- and y-orbitals) of
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the unit cells which host a copper ion in their center. An
important property of these orbitals is that only ¢ was
hybridized with the d-state of the copper ions forming the
Zhang-Rice singlet, whereas the second i orbital remained
inactive. As a result, this significantly simplified the problem
of finding the energy spectrum and the eigenstates of a single
unit cell while accounting for SEC.'*!3

Introduction of single-cell states allowed to switch over
to the atomic representation of the three-band p—d-model
Hamiltonian. This approach, termed by the authors in Ref. 12
as generalized tight-binding (GTB) approach, resulted in a
complicated and non-transparent structure of the Hamiltonian,
since certain types of Coulombic (V,4, V,p, U,), as well as
hybridizational (7,,) interactions became significantly nonlo-
calized. Therefore, during the actual calculations, the method
was limited to a small number of single-cell states correspond-
ing only to the lowest-lying energy states, as well as the inter-
cell interactions between the nearest neighbors. The last point
becomes a significant weakness of the method in those cases
when the small size of the discarded interactions is compen-
sated by an increase in their number due to an increase in the
number of ions in the outer coordination spheres.'*

Analysis of various interactions arising in the three-band
p—d-model effective Hamiltonian was carried out in the

Published by AIP Publishing.
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framework of the GTB method."” Studies were carried out to
justify the legitimacy of using the +—/—V-model for determin-
ing the electronic properties of cuprates,'® as well as the gen-
eralization of this method to the multi-band p—d-model,
accounting for the state of the topmost oxygen.*"1®

An alternative method for constructing the p—d-model
effective Hamiltonian was introduced in Refs. 14, 19, and 20
and was used in studies of HTS cuprates in both normal*'~*
and superconducting phases.’®?” This method relies on the
relatively small value of the hybridization parameter
between the p-states of the oxygen ions and the d-states of
the copper ions t,; compared to the energy difference
between these states (A,;, = ¢,— &) and the Coulombic
repulsion parameter between the two holes on the copper ion
U,. These conditions allowed the determination of the three-
band p—d-model effective Hamiltonian, using second-order
perturbation theory in the #,4/A,; and t,,/(U; — A,;) parame-
ters, to assume the form of a SU(2)-invariant spin-fermion
model, where the copper ion states were described in the
homeopolar state subspace.

It is worth noting that the aforementioned works,
did not use the ¢- and y-orbitals to study the properties of
the spin-fermion model. The switch to the symmetrized orbi-
tals for the spin-fermion model was carried out in Ref. 28. It
was shown that the ¢-d-exchange model that arises in this
case, contains spin-correlated hops between nodes, corre-
sponding to the far-lying cells. However, the calculation of
the cuprate spectral properties with this expanded ¢—d-
exchange model in the works,”®* only accounted for the
spin-correlated hops between the nearest neighbors.

The current work starts with the three-band p—d-model
and proceeds to sequentially construct the three mentioned
effective models of the cuprate superconductor electronic
structure, while comparing their spectral properties. Section
2 formulates the Hamiltonian for the three-band p—d-model
using the second quantization. In Sec. 3, this Hamiltonian is
formulated in the atomic representation with the aid of
Hubbard operators in order to correctly describe the SEC
effect. Section 4, uses the operator formulation of the pertur-
bation theory and derives the Hamiltonian of the spin-
fermionic model up to second order in the #,,/A,; and 1,,,/(U,
— A,q) parameters. Section 5 switches to the Wannier func-
tions and formulates the ¢-d-exchange model. Section 6
introduces the strict reduction of the low-energy 7 — J .
model. An important difference between this model and the
regular 7~/ -model that is obtained from the single-band
Hubbard model is discussed. Section 7 is dedicated to the
calculation of the Fermi spectrum of spin-polaron excitations
in the framework of each of the introduced effective models.
Comparison of the obtained dispersion curves leads to a
conclusion involving the important role of the long-range
spin-correlated hops. The main results of the work are sum-
marized in Sec. 8.

14,1927

2. Emery model Hamiltonian

It is well known that the main features of the electronic
structure of the CuO,-plane in high-temperature supercon-
ductors is well described by the Emery model'™ that
describes the system of holes on the copper and oxygen ions.
The Hamiltonian for this model can be represented as
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The first and second terms of the Hamiltonian (1)
describe the interaction energy between the hole on the cop-
per and the oxygen ions. The oxygen and copper ion posi-
tions are labeled with indices f and /, respectively. When
summing over /, one needs to account for the fact that a sin-
gle unit cell of the CuO,-plane has two oxygen ions.
Number operators for the particles on the copper and oxygen
ions are determined by the expressions

Al =", = dld, W= i, => pipio,
o a g 4

where d];;(dfa) is the creation (annihilation) operator of the
hole on the copper ion in the f position with a spin of &
=*1/2, and p;; (pis) is the creation (annihilation) operator
for the hole on the oxygen ions at the / node with a spin of o.
&4 is the intrinsic hole energy on the copper ion, and &, for
the oxygen ion.

The third (fourth) term of the Hamiltonian F accounts
for the energy of the Hubbard repulsion between two holes
with opposing spin projections, located on a single copper
(oxygen) ion. The repulsion parameter is denoted by U4(U,,).

The V,,d operators in the expression (1), describe the
Coulombic interaction between the holes, located on adja-
cent oxygen and copper ions. The magnitude of this interac-
tion is determined by the V), parameter. The & vector,
connecting the copper ion with nearest neighbor oxygen
ions, assumes four values 8 = (*=a/2, 0), (0, = a/2).

The term describing the hybridization processes in the
p—d-model Hamiltonian, is denoted by fpd. The t,; parame-
ter determines the intensity of the transition process of the
hole from the copper ion to any other nearest oxygen ion and
back. The (o) function accounts for the influence of the
relation between the phases of the copper and oxygen orbi-
tals on the hybridization process. For the orbital profiles
shown in Fig. 1, the function ¥(J) assumes the following val-
ues: ¥(8) = 1 when 6 = (—a/2, 0), (0, —a/2), and I(5) = —1
when 0 = (a/2, 0), (0, a/2).

The Tpp operator in the Hamiltonian (1) describes the
hole hops along the oxygen orbitals. The hole hopping inte-
gral between the neighboring oxygen orbitals is denoted as
top(A) = t,,p(A). The sign of the integral is determined by
the p(A) function, where the A vector connects the nearest
oxygen ions. For the selected sequence of oxygen orbital
phases, p(A) = 1 when A= (a/2, a/2), (—a/2, —a/2), and p(A)
= —1 when A= (a/2, —a/2), (—a/2, a/2).
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Fig. 1. Orbitals of the copper (d.>_,») and the oxygen (p,, py) holes of the
CuO;-plane, in the Emery model. The dashed line represents the unit cell
boundary with a parameter a. The dotted line connects the four oxygen orbi-
tals closest to the copper orbital located in the lower right-hand corner of the
unit cell.

The last term in (1) is represented with the Vpp operator,
and determines the Coulombic interaction between the holes
located on the oxygen nodes / and I. The strength of this
interaction is characterized by the V(I - l’) function.

3. Emery model in strong correlation regime. Atomic
representation

If a single CuO,-plane unit cell contains only one hole,
then according to experimental data, the state of the system
can be described as a Mott-Hubbard dielectric. In the Emery
model, this ground state occurs in the regime of strong elec-
tron correlations when

(Ua = Dpa), Dpa > 1pg > 0. 3)

The large gap value with a charge transfer A,; = ¢, — ¢, and
the difference U, — A,,, requires careful consideration. This
is accomplished in two steps. The first step involves intro-
ducing the atomic representation with the aid of the Hubbard
operators, that enables including the effects of strong elec-
tron correlations into the zero-order approximation
Hamiltonian. The second step involves construction the
effective Hamiltonian, ., in the framework of the opera-
tor form perturbation theory, for which the Hilbert space
does not contain high-energy “double” (with two holes) or
“empty” (without holes) states on the copper ion. The pro-
cesses involving excitations into these states are accounted
for by the perturbation theory and are manifested in the H off
as additional interactions.

The Hubbard operators Z"", corresponding to the copper
ion subsystem are determined in the usual fashion: Zg"
= |f;m)(f; n|, where|f; m) are the coper ion states on the f
node. There are four states such as these: |f;0) is the copper
ion state without a hole. |[f;0) = d;;[f ;0) are single hole
states with a spin projection o. |f;2) == d;;d; | |f;0) — is
the two-hole state at the f node. The Hilbert subspace for the
entire copper subsystem is defined as the linear product of
each of the copper ions’ subspaces.

Val'kov et al.

The switch to the atomic representation for the operators
belonging to the copper subsystem is accomplished by con-
necting the Fermi and the Hubbard operators

dig = Z)° + 20277, (0 =*1/2,6 =—0). (4

Since the main goal of this work is investigating the role
of long-range spin-correlated hops during formation of the
spin-polaron spectrum, for simplicity, we discard those inter-
action terms of the Hamiltonian (1) that do not have a direct
relation to the current problem, i.e., let’s assume that: Iop
=0,U,=0,V,,=0and V,; = 0. Then the Hamiltonian in
the Emery model has the form

H =Ho+ Hin, (5)
where
jf[O =&y ZZ;-J + (28,1 + Ud) ZZ]%Z + &p Z(ﬂ;+% +I/Al;+%),
fo f f
(6)
Hin=Tpa = tpa|9(8) (2" +202}° h 7
int = 4 pd = pd 'f +20 o Pf+d,c +h.c.|. ( )

foo

4. Reduction to the spin-fermion model

As was previously mentioned, in the undoped case,
when a single unit cell contains only one hole, the ground
state of the system can be described as an antiferromagnetic
dielectric. In this case, the hole is located on the copper ion.
Keeping in mind that the “double” and the “empty” states on
the copper ions manifest only virtually, we use the projection
operator during construction of the effective Hamiltonian in
the perturbation theory operator form

P — H(Z_;T +z}i). ®)
:

Then the effective Hamiltonian can be represented in the
form of an expansion®

Hoaw = o+ 7?47 1o 4 ©)
where
Ho =D 7 ey (i + i), (10)
fo f
~ (2) ~ N I —1/ A
H = _(@Him — PH i P) (5L[0 —Eo) (i@ — Q’Wint@)~

(1)

Carrying out simple calculations yields that the contributions
of the “double” and the “empty” copper ion states to the
effective Hamiltonian in the second-order perturbation the-
ory can be defined by the expression
2
- (2)

t
H = —4NA”_d + & Z ”551P;r+5,ypf'+61,u
pd {3010
HT Y U} g o (SySae Pro1 (12)

fod 00

where the first term determines the interaction energy contri-
bution of the covalent mixing processes. The second term
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leads to a renormalization of the initial spectrum of the hole
states on the oxygen ions. The degree of this renormalization
depends on the magnitudes of

NS N S N
62_24,(1(% Ui—hy) u0(3]—479(5)19(51). (13)

The third term is due to the exchange interaction between
the spins of the Fermi subsystem of oxygen holes with spins
of the copper ion subsystem. The parameter J of this interac-
tion is determined by the following expression:
» (1 1

In expression (12) Sy is the vector operator of the spin
localized on the f node. s = t/2 is an operator where the t
vector is composed of Pauli matrices: t = (¢, 7, 7°).

It is known from Ref. 31, that an exchange interaction
between the copper ion spin moments arises in the fourth-
order with respect to the #,, parameter,

1
Hecr =5 D _In(SrSm), (15)
fm

with the magnitude of the exchange parameter*>**

4t 71 1
1_”“<+>. (16)
A;d Ud Apd
The terms listed in formulas (10), (12) and (15) deter-

mine the Hamiltonian of the spin-fermion model

N ~ (2
}[Sp—f = szn[; +5L[( ) +5L[excha (17)
li

that describes two energy bands of the oxygen holes via
exchange interaction with the copper ion spin moments.
These spin moments interact between themselves
antiferromagnetically.

5. Reduction to the ¢-d-exchange model

The split character of the u;s, function relative to the ¢
and §; variables significantly simplifies the energetic struc-
ture and physical properties of the cuprate superconductors.
Introducing the Fourier transform for the operators pris,

and py 3,
1 ik X,
Df+30 = N Z g,
3
1 k(F
Pfio = erk(f+y/2)bko7 (18)
3

yields

1 .
IO)prioe =—= Y N (=2i)(Vntko + Viybis),
; I+ \/N; ( ybi)

where v, = sin (ky/2), vy = sin (ky/2).
Defining the Fermi operators y/;, and ¢, using the
transformation®

Ore = (Vkelis + Viybis) [ i,

Vie = (Vibio — Vol ) [V, Uk = \/m> (19)
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yields the following effective Hamiltonian:
f[sp—f = Z Sﬂwljgl//ka' + Z &Py Pio
ko ko

7 o
+5 Z ef(q A)Vqu(P]jg(Sj'Sug’>(PqU/
fkgaa'

1
+3 %;Ifm(sfsm), (20)

where

=g +e(l—yy), = (cosk+cosk,)/2. (21)

Expression (20) omits constants that are irrelevant to our dis-
cussion. The main feature of the presented Hamiltonian is its
description of two fermion subsystems that are non-
interacting. Only one of these subsystems, corresponding to
the @-fermions, interacts with the localized spin subsystem.
The zero-dispersion ¢, state corresponds to the free -
fermions. As will be discussed further, these degrees of free-
dom carry no contribution to the low-temperature thermody-
namics of the considered model.

This means that the effective model, describing the spec-
trum of both fermionic and bosonic elementary excitations
of cuprate HTSs, is indeed the ¢—d-exchange model

Hopa = Z EkP Lo Pho
ko

V——
+]T] Z efla k)l/kl/q(/):g(sfsw’)(pqa’
fkgaa’

1
+3 %; Lin(SSim).- (22)

6. Reduction to the effective t—J —I-model

One of the most important properties of the ¢@-d-
exchange model (22) is the large value of the interaction
parameter J between the copper ion spin moments and the
¢-fermion hole subsystem described by the ¢, operators.
Plugging in the Emery model parameter values correspond-
ing to cuprate HTSs**>* (in eV units)

Us=10,5, Ayy=3,6, t,u=13, (23)
yields J =5.72 eV.

The large value of the J constant and its positive sign
ensures an energetic favorability of the unit cell singlet state
as opposed to the triplet. In line with this result, the work in
Ref. 5 proposed to only account for the singlet state |S) and
the two states without holes, |1) and ||) in the Hilbert space,
that account for the degree of freedom of the spin localized
on the copper ion. The —/-model was introduced in Ref. 5 to
describe the low-energy hole dynamics in the CuO,-plane.
In this model, the transfer of the Zhang-Rice singlet from
one cell to another is treated as a hop of a quasiparticle with
an oppositely oriented spin.

The current section presents a strict derivation of the
effective Hamiltonian, acting on the specified Hilbert sub-
space, and shows that it is sufficiently different from the rou-
tinely used ¢/ *_model Hamiltonian, obtained from the
Hubbard model in the SEC regime.
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Using the transformations
. 1 .
_ ikf _ ikm
E " Pros Vm = 37 E € Uk, (24)
VN4 N

we write down the Hamiltonian for the ¢p—d-exchange model
(22) in the Wannier representationzo’28

}[(p d = (3[) + 52 Z ¢fg¢fa 4 Zq)faq)f +25 o
foo

+J Z UV ®; 0 (SrS00) P mor +5 Zlfm (StSm).-

fnmaa’ fm

(25)

This form clearly shows that the ¢p—d-exchange interactions
(m = n) and spin-correlated hops of the ¢-fermions (m # n)
occur between arbitrarily separated nodes. The strength of
interactions is determined by the parameters v,, and as evi-
denced from Table 1, decays quickly with distance.

Let’s separate the single cell component from the
Hamiltonian (25), containing the strongest exchange interac-
tion when m = n = 0;

Sp + & Z q)f(;(pf(r +‘]VO Z (pfa- stmr )q)f(r’ (26)

aa’

H(f) =

The spectrum of the operator (26) eigenvalues in the sin-
gle cell sector is determined by the energy of the singlet state
Es = ¢, + & — (3/4)J1} and the energy of the triplet states
Er = ¢, + & +Jv3 /4. With selected model parameters:
Er — Es = Juj = 5.25 eV. The significant energy separation
of the Eg and E7 states indicates that in the single-hole region
of the Hilbert space basis, one can ignore the triplet states on
a single unit cell. In this case, the cut-down basis of the cell
is composed of three, aforementioned states: [S) and
o) (0 =1, 1),

Introducing the Hubbard operators for the cell with
index f X" = If;m) (n; f|(m,n =1, |,S) and using the com-
pleteness condition of the introduced basis set ), X" = 1,
it is simple to obtain the representation for the ¢-operators
and spin operators in terms of the Hubbard operators:

20 o5 ot _yll :
X S =X S;=>_oX”.
g

_ "
o = 5% S =X¢,
27)

Substituting expression (27) into the ¢@-d-exchange
m0d~el Hamiltonian (29), yields the Hamiltonian for the
i—J —I-model

}[t I *ESZXSS‘FZIIXSU 0+26

foo

SoyaS 7
+ fng me Xf+m+§%:1fmsfsm+7{% (28)
m# 0,20

TABLE 1. v,, values for the five nearest coordination spheres, m is the coor-
dination sphere number, corresponding to the radius-vector r,,.

m 0 1 2 3 4 5

v, —09581 —0.1401 —0.0235 —0.0137 —0.0069 —0.0035

Val'kov et al.
where

S~ J / XS(; XJJX('S’

Hi = Zfz UnVm | &gy Apim
G 1 SS
—X7XF X+ 2Xf+nX Xl
ES =g + & 71.]Vé,
& J 1
Hh = Y i_iyoyla Im = —EJVOVm- 29

In the second term of expression (28), the summation is per-
formed along the nearest neighbors, whereas in the third
term along the second and farther-lying coordination
spheres.

The prime in the sum of formula (29) indicates that the
indices m and n are nonzero and are not equal. The values of
J, & and [ are defined in (13)—(16).

The “tilde” on top of # and J symbols in the model name
indicates that the model contains hops () and three-center
interactions (J) between the nodes of the farthest coordina-
tion spheres. Presence of the exchange interaction between
the copper ions spins is denoted with the / symbol.

The obtained 7 —J — I-model (28) is significantly dif-
ferent from the 7/ -model that is derived from the single-
band Hubbard model. The #/ -model is simply the usual
t—J-model that accounts for the three-center terms that
describes spin-correlated jumps of the quasiparticles.” The
exchange and the three-center interactions in the +—/"-model
have a similar order of magnitude and should be considered
on equal footings.34_36 However, in majority of studies, the
three-center interactions are ignored because their strength is
proportional to the degree of doping x.** Similar arguments
are employed when studying the kinetic properties of fermion
quasiparticles. However, in those cases when the range of
characteristic energies is set by the value of the exchange
integral, taking the three-center interactions into the account
becomes important. This becomes evident in the description
of d-type superconductivity™ or collective spin oscillations.?’

The obtained Hamiltonian for the 7 —J — I-model dras-
tically changes the current understanding. In Hamiltonian
(28), the three-center terms (29) are proportional to the J
parameter and are two orders of magnitude smaller relative
to the hybridization constant #,,. The exchange interactions,
due to the parameter /, are four orders of magnitude smaller
than #,,. The J > I relation means that in the 7 — J =1
model, the role of the three-center interactions is signifi-
cantly more pronounced than in the —/ -model and these
interactions need to be accounted for when studying cuprate
HTSs in both normal and superconducting phases.

It is also worth noting that the expression for the three-
center interactions (29), aside from spin-correlated hops,
also contains charge-correlated hops (third term) that is
absent in the conventional -/ -model.

7. Comparative analysis of the spin-polaron spectra in the
effective models of cuprate HTSs: Role of the long-range
interactions

The current section presents calculations and compari-
son of the dispersion curves for the Fermi spin-polaron exci-
tations in the effective low-energy models of cuprate HTSs:
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spin-fermion model (17), ¢—d-exchange model (22) and the
i —J — I-model (28).

The computation of the dispersion curves is carried out
using the method of equations of motion with two time-
domain delayed Green’s functions. The equation chain is
completed with the aid of a projection technique of
Zwanzig-Mori.”®* Carrying out this particular approach
(that is equivalent to the method of irreducible Green’s func-
tions***!) for the spin-polaron model (17) is discussed in
detail in Ref. 23. In the framework of this method, we intro-
duce a minimal basis set of operators A; (j = 1, ..., n), suffi-
cient to describe the dynamics of the quasiparticles
accounting for the interactions present in the system. The
operator of the initial quasiparticle is used for the operator
A;. The right part of the A; equation of motion, aside from
the starting operator, contains a complicated operator expres-
sion that is further used as the next basis operator. It is this
complex operator that allows to account for the special phys-
ics of the system interactions. As a rule, the basis obtained in
this fashion is sufficient. Following this, equations of motion
are projected for all basis operators onto this same basis.

The use of the projection method in the framework of
delayed Green’s function formalism leads to the necessity to
calculate the energy matrix D(k) with elements Dj(k)
= ({[Ai, #],A;;}) and the matrix K (k) with elements
Kij(k) = ({Ai, A }) where the angled brackets denote a
thermodynamic average. Then the matrix form of the time-
delayed Green’s function G (k,) with elements Gj;(k, )
= ((Ai|A})),, can be determined from the expression

~1
Gk, w) = (a)f —D(k)[%’l(k)) R(K),  (30)
where [ is the unity matrix. The spectrum of the Fermi exci-
tations is determined by the poles of the Green’s function
G(k,w).

For the Hamiltonian of the spin-fermion model (17), the
starting operators are chosen to be: a;, and b, that accord-
ing to (18) are the Fourier images of the py.:, and p; o
operators, respectively. Writing the equation of motion for
the specified operators, yields the minimal basis for the
model (17) that contains three sets of operators

1 .
ko bioy Liks = N Z elf(q_k) (Sf‘Caa) (quaqoc + I/qybq“). (31)
qfo

The elements of the D (k) and the K (k) matrices, calcu-
lated using the basis (31) and the Hamiltonian of the spin-
fermion model (17) are contained in Ref. 24 and are there-
fore not listed here. The expressions for these matrix ele-
ments contain paired spin correlation functions
Cj = (S¢S¢,,), where r; is the radius of the jth coordination
sphere. The concentration dependence of the spin correlators
Cj in the HTS cuprates has been discussed before in Refs.
21,23, and 24. It was assumed that the magnetic subsystem
is in the SU(2)-invariant state of the quantum spin liquid.
This in its turn means that <S;(y %y = 0 and the expression
(S;(y )S;Si,/)> =1C; is satisfied for the spin correlators.
Following the work of Ref. 24, we pick the following values
for the spin correlation with hole concentration x = 0.07: C;
= —0.255, C; = 0.075, C3 = 0.064. Charge and spin-charge
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correlation functions arising during computation of the lj(k)
and K (k) matrix elements are not considered here due to the
small degree of doping.

Figure 2 shows the three branches of the energy spectrum
for the Fermi excitations in the spin-fermion model (17). The
spectra are obtained through a numerical sollit}on of the third-
order dispersion equation: |wl —D(k)K (k)| =0, that
determines the poles of the Green’s functions (30). The
parameter values of J = 5.72 eV and &, = 0.45 eV were used
during the computation. These values were obtained from
(13) and (14) with substitution of the p—d-model parameters
(23). The exchange constant / was set to zero for simplicity.

The lower branch in Fig. 2 shows the spectrum of the
spin-polaron excitations. A significant decrease in the energy
of the spin-polaron states arises due to the contribution of
the third operator L, in the basis (31). An important feature
of the obtained spin-polaron spectrum is the presence of a
dispersion minimum observed in the ARPES experiments in
the (" — M) direction of the Brillouin zone. For practical
doping ranges of cuprates HTSs, the chemical potential
always lies in the lower spin-polaron band, therefore from
now on we will only discuss this band.

The computation of the Fermi spectrum for the
Hamiltonian of the ¢—d-exchange model (22) is also carried
out in the framework of the projection technique. In this
case, however, the first basis operator must be @y,.
Accounting for the operator that arises in the equation of
motion due to ¢y,, leads to a basis consisting of two
operators

1 o
Ok Lo = DI Sty pye  (32)
qfo

It is evident that the second operator of this basis is the same
as the third operator of basis (31).

Calculating the elements of the D (k) and K (k) matrices
in the basis (32) and solving the second-order dispersion
equation |wl — D (k)K 71(k)| =0, yields the analytical
expression for the lower branch of the spin-polaron excita-
tions in the p—d-exchange model (22):

& +Di/Ke 1
E,(k) = "fk” -5 \/(5k — Di/Kp)” + 22Ky, (33)
3
2+ \ S |
1_ = -
>
20
w\‘i
1k 4L i
k
Sl L | e
I Xk,
3k Jb _
r M X Trx X

k

Fig. 2. Spectrum of the Fermi excitation in the spin-fermion model (17).
Model parameters, eV:J = 5.72, &, = 0.45, I = 0. The spin correlators were
taken to be: C; = —0.255, C, = 0.075, C; = 0.064.
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where

Dy = (& —J +2e)Kp +J(3+C1)/8
+e2(=9/16 + Coyp /2 + C3y3/4),

K =3/4—=Ciyy, 7o = coskyccosky,

V3 = (cos 2k, + cos 2ky) /2. (34)

The results of the spin-polaron spectrum computation
for the p—d-exchange model using Eq. (33) are denoted in
Fig. 3 with a solid thick line. This line exactly reproduces
the lower curve of Fig. 2 that corresponds to the dispersion
law for spin polarons in the spin-fermion model (17). The
agreement of dispersion curves is not a coincidence and can
be explained by the fact the -orbital is inactive in our
approximation (¢,, = 0, U, = 0, V,,, = 0, V,,;, = 0), and
therefore the bases (31) and (32) are equivalent. Including
any of the interactions t,,, U, V,,,,, or V,, into the ground
state of the system leads to mixing of the y-state and the
mentioned operator bases are no longer equivalent. Basis
(31) remains preferred, since it allows for obtaining a lower
ground state energy.

An important question that arises in this theory pertains to
the role of the long-range interactions. The correct form of the
three-band Emery model using the diagonalizing ¢- or -
orbitals in the Wannier representation is always accompanied
by an appearance of interactions from farthest coordination
spheres. An example can be the Hamiltonian for the ¢—d-
exchange model in the form of (25). Since the strength of the
mentioned interactions decreases with distance, practically
only nearest neighbor interactions are considered.”” The ade-
quacy of such simplifications however stems doubt,'* since
the decrease in the long-range interactions can be compen-
sated by an increase in the number of long-range neighbors.

To answer this question, we compare the spectrum of
spin-polaron excitations in the ¢—d-exchange model and its
reduced variant. The latter is defined according to expression
(25), leaving only the ¢p—d-exchange interactions on a single
cell and between neighboring cells

rxy X

Fig. 3. Comparison of the Fermi excitation spectra for spin-polaron quasi-
particles, obtained in the frameworks of various models. Model parameters
and the spin correlators are the same as in Fig. 2. /—spectrum in the spin-
fermion model (17) and the ¢@-d-exchange model (22), 2—spin-polaron
spectrum in the reduced ¢—d-exchange model (35), 3—spectrum (37) of the
f—J —I-model (28), 4—spectrum of the spin polarons in the ¢—d-
exchan%e model (25) computed by accounting for the basis from two opera-
tors A]f(r and A2f (36).

Val’kov et al.
H E/:)—d = (& t¢2) fz Qﬁ@fg fz (Pfa¢f+2b o
‘o [l
+IV Z P75 (SfSoc') Pfor
foo'
WD
féad’
+= Z L5 (SySm).- (35)
25

The fourth term in (35) describes hole hopping between
adjacent cells, that accounts for the correlation with a spin
on one of these cells. Similar processes have been considered
in Ref. 29.

To compute the spectrum of the Fermi excitation in the

system, described by the Hamiltonian of the reduced ¢—d-

(r)

o—a» leU’s introduce three sets of basis

exchange model #H
operators

Ay = 0o Ay = D (S10) 0

o

Agf)(f Z (StTo0) Pri25 50 (36)

oo,

This basis is constructed using the same method as for the
bases (31) and (32), but in the Wannier representation. The
first operator ¢y, is the starting and the other two arise in the
equation of motion for this operator.

The elements of the D' (k) and K' (k) matrices for the
reduced Hamiltonian 7{ ") _, calculated in the basis (36) are
listed in the Appendix, whereas the spectrum of the spin-
polaron excitation in the model (35), obtained using the
above methodology is shown in Fig. 3 with a dot-dash line.

Ignoring the long-range spin-correlated hops leads to sig-
nificant repercussions. First of all, the width of the spin-polaron
band is almost four times narrower. Secondly, the minimum
energy of the quasiparticle that can be reached near the (7/2, 7/
2) point of the Brillouin zone is significantly higher.

One can suspect that the large difference in the obtained
dispersion curves is not only related to omission of the long-
range spin-correlated hops in one of the Hamiltonians but
also due to the use of different basis operators (32) and (36).
However, the computation of spin-polaron excitation spec-
trum in the full p—d-exchange model using basis (36) shows
that the spectrum of the lower energy band is within a couple
percent of the thick solid line in Fig. 3. Therefore, both oper-
ator bases (32) and (36), reproduce the behavior of the spin-
polarons equally well and the difference between the spectra
of the full and reduced ¢—d-exchange models can be attrib-
uted only to the omission of the long-range spin-correlated
hops in the Hamiltonian (35).

We will consider the spectrum of obtained 7 — J e
model in the simplest approximation, only including a single
operator XO‘7 into the basis. As opposed to the spin-fermion
and the (p—d—exchange model, here the starting operator
accounts for the single-node correlations due to the strong
¢-d exchange interaction. Therefore, the band of the starting
quasiparticles in the 7 —.J " — I-model corresponds to the
spin-polaron excitations by definition.

In the framework of the projection method, the spin-
polaron spectrum for the 7 — J " — I-model is determined by
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iy 1(k) = ({[X75, 91—y -1), X27}) /
({X7,X{7}) where X7¥ = 2= e ¥ X?5. Carrying out an
average computation in the g (k) expresswn and accounting
for the low doping regime, yields

the expression

Ej (k) = &y + & — e2(Cr1+1/4)py

Jr -
+5 [—Ck(uk +2u) + Zf: u]%cf} . (3

where C = >, e 1;Cy and 1y = vy—o.

The spin-polaron spectrum calculated according to the
formula (37) is shown in Fig. 3 with a dashed line. This spec-
trum reproduces the main feature characteristic of Fermi
excitation spectra in cuprates—presence of a minimum near
the (n/2, n/2) point of the Brillouin zone in the I' — M direc-
tion. However, the minimum energy of the quasiparticle,
compared to the dispersion of the spin-fermion model (solid
line in Fig. 3) has increased by approximately 0.3 eV. The
noted increase is due to an absence of the Yy,
= Z 2 (S7802) X %55 operator in the selected basis for the
t—J — I-model, that allows for accounting for the inter-
node ¢—d-exchange correlations.

In order to prove this statement, it is necessary to com-
pute the spectrum of the 7 — J " — I-model in the basis of two
operators x9S, Y/, and become convinced that the low-
energy part of this spectrum coincides with the dispersion
relations of the spin-fermion excitations in the ¢@—d-
exchange model (25). Due to the algebraic complexity of the
Hubbard operators, these calculations are quite difficult, thus
instead we will omit the third operator A3?a from the basis
(36), that accounts for the inter-node p—d-exchange correla-
tions. We then calculate the spectrum of spin-polarons in the
¢@—d-exchange model with the remaining two operators and
compare it to the spectrum of the 7 — J " — I-model.

The dashed line in Fig. 3 shows in the spin-polaron spec-
trum of the ¢@—d-exchange model calculated with only two
(A(1f>o' and A(zf)ﬂ) operators and demonstrates its equivalence
with the spectrum from the i —J —I-model in the low-
energy region. The differences in the high-energy parts of
the spectra are due to the lack of the contributions from
single-cell triplet states to the 7 — J " — I-model Hamiltonian,
that are accounted for during construction of the ¢—d-
exchange model spectrum.

To conclude the current section, we note that in the
investigated low doping regime, construction of the Fermi
excitation spectra did not require the use of the chemical
potential. Nevertheless, description of thermodynamics or
superconducting properties of spin-polaronic quasiparticles
should be conducted in the framework of the large canonical
ensemble. In this case, the Hamiltonians of the spin-fermion
and the p—d-exchange model should contain and additional
term —u Y, A), and the Hamiltonian of the 7—.J f -
model—the term —pu ) X75.

8. Conclusion

This work sequentially derives three low-energy models
of the cuprate high-temperature superconductor electronic
structure. The first step involves taking the realistic three-
band Emery model with parameters corresponding to the
regime of strong electron correlations and the spin-fermion
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model'*!'? is derived in the framework of the operator per-
turbation theory. One of the main features of this effective
model is that the copper ion states become homeopolar and
are characterized by a spin moment of § = 14. A second
important model property is the presence of spin-correlated
hops of oxygen holes. As a result, the hole movement along
the oxygen ions is accompanied by correlated dynamics with
spin degrees of freedom in the copper ion spin moment sub-
system. These processes determine the characteristic features
of the Fermi state energy spectrum due to, for example, the
minimum near the (7/2, 7/2) point of the Brillouin zone.

The second step in the Emery model reduction involves
introduction of the ¢ and  functions®'*'>7 constructed
using the p,- and the p,-orbitals of oxygen. This allows for a
transition from the spin-fermion model to the ¢—d-exchange
model, that is characterized by a presence of exchange inter-
actions and spin-correlated hops from long-range coordina-
tion spheres.

The final step in the Emery model reduction is based on
the introduction of the atomic representation for the descrip-
tion of local strongly 1nteract1ng spin polarons This
approach leads to the 7 — J" — I-model. The tilde in 7 under-
scores the fact that the hops between the nodes located on
the far-lying coordination spheres are manifested directly in
the model. The J~ symbol denotes the presence of three-
center terms, that describe correlated hops of oxygen holes
while accounting for the hops from the farthest coordination
spheres. The model also contains both spin and charge corre-
lations. The presence of an exchange interaction between
copper ion spins is denoted with the 7 symbol.

By comparing the spectra of the spin-polaron quasipar-
ticles from the first two models with a corresponding spec-
trum of the reduced ¢—d-exchange model (where only
interactions between adjacent cells are considered), the
importance of the long-range spin-correlated hops that are
usually ignored is further asserted. In particular, it is shown
that accounting for the long-range interactions leads to a sig-
nificant widening of the spin-polaron band as well as an
additional lowering of the spin-polaron quasiparticle energy
(see Fig. 3).

It is shown that the obtained 7 —J — I-model differs
significantly from the conventional 7—/"-model that follows
from the Hubbard model in the regime of strong electron
correlations.*” The main difference lies in that the three-
center interactions in the 7 —J  — I -model, that describe the
spin-correlated quasiparticle hops, significantly exceed the
exchange interactions. This marks a new view on the role of
three-center interactions in the HTS theory of cuprates. As
mentioned before, accounting for three-center interactions
causes an appearance of a minimum in the dispersion rela-
tion of the spin-polaron excitations near the (n/2, 7/2) point
of the Brillouin zone in the I' — M direction. This minimum
is characteristic of all spectral curves shown in Fig. 3.
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RAN No. P.2.P (Project No. 0356-2015-0405). The work of
A. F. Barabanov is supported by RFFI (Grant No. 16-02-
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APPENDIX

For a system described by the reduced HamilE()qnian of
the ¢@—d-exchange model (35), the elements of the D' (k) and
K (k) matrices calculated in the basis of three operators (36)
have the following form (D}; = Dj;, K}, = K;):

Kiy=1; Kjp=Kj3=0, Ky=3/4
Ky =4C1y; Ky =3 +8Cayy +4C3yy,
Dy =+l =pu),
D', =Jug3/8 +Jvi(3/2+2C )y,
13 =213 C1y1 + Tv1vo(3/2 + 8C 197, + 4Cayy +2C373,),
b = (8 +)3/4 = 2C17y —J53/8 — AinCiyy,
53 = (& +e2)4c1yy — £2(3/4 +2C2yy + Cay3t)
—2J15C 171 = 2vivo(3/4 = C1 +2Cayy + Caysy),s
33 = (& +82)(3 4 8Cayy +4C373)
—&(9C1y 1 +6Ca74; + CoVer)
+2J05Cy + 16Jv110C (1= 7y,),
(ShH

where the functions yj. (j = 1,2,3,4,6) are the basis functions
of the square lattice

Y1 = (cosky + cosky)/2, 7y = coskycosky,
P3¢ = (cos 2k, + cos 2ky)/2,

Ya4x = (cos 2k, cos ky, + cos 2k, cos ki) /2,

Yer = (cos 3k, + cos 3ky) /2.

When obtaining expressions (S1), the (§m = S,1t) rela-
tions were taken into account

<SmSn> = Cmfna
<§f§m§n> = _éf,n1cf—n - 5m,an—m + 5f,an—ma

that are valid in the SU(2)-invariant spin-liquid phase.
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