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Abstract

®

CrossMark

Complex diffraction patterns are formed by sophisticated diffraction gratings. However, the
methods of synthesizing of such gratings are complicated and resource intensive. We propose
a simple analytical approach to forming one- and two-dimensional quasiperiodic gratings
supporting multiple diffraction consisting of a set of diffraction maxima with the specified
spatial frequency of certain diffraction order. The structure of a quasiperiodic grating is a

superposition of harmonic functions, which provide a discrete spatial spectrum. The number

of diffraction maxima, their angular positions, and intensity distribution between them can be
controlled by choosing appropriate reciprocal lattice vectors and their amplitudes. This effect
confirmed by the experiment opens new possibilities for light shaping, imaging, and radiation

coupling.
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1. Introduction

A diffraction grating (DG) is an optical component with a
periodic structure that splits and diffracts light into several
beams propagating in different directions, depending on the
grating period, light wavelength, and angle of incidence. The
gratings are commonly used to separate light into wavelength
components and have a wide application range spanning from
spectroscopy and laser technologies to probing of single mol-
ecules in biological samples [1]. The generalized DGs can be
used to obtain different numbers of diffraction orders with
equal [2] and tailored intensity [3], as well as to suppress
the high-order diffraction [4]. In recent years, aperiodic and
quasiperiodic structures have aroused interest in the optical
community. The linearly chirped gratings made it possible to
control the angular width of diffraction orders, which can be
used to ensure uniform illumination over a specified angular
range [5]. It was demonstrated that quasiperiodic gratings can
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produce diffraction orders propagating along curved trajecto-
ries [6]. Fibonacci gratings can keep the imaging character-
istics intact even if significant loss of information occurs due
to their redundancy and robustness [7]. In addition, they are
used to transform evanescent waves into propagating ones for
far-field super-resolution imaging [8]. Thue—Morse [9] and
Fractal [10] diffraction optical elements exhibit the fascinat-
ing focusing and self-similarity properties.

There exists a multifunctional method for constructing the
desired optical wavefront with the use of objects numerically
specified by computer-generated holograms [11, 12] also
known as array illuminators [13, 14]; this requires, however,
intricate computations and makes the procedure of hologram
reconstruction unapparent. Recently, this method has been
extended to the generation of nonlinear optical holograms
[15, 16].

For some purposes, like beam splitting or coupling, it is
not necessary to make full Fourier transform and calculate
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respective coefficients. It is more convenient to elaborate a sim-
ple and undemanding way to obtain arbitrary diffraction pat-
terns with finite number of maxima in each order with specified
angular positions. For this, the Raman—Nath diffraction can
be used, but an appropriate diffraction pattern will have a sin-
gle maximum for each diffraction order, which occurs at the
fixed angular interval [17]. A fairly simple analytical method
proposed recently to produce quasiperiodic structures with a
discrete spatial spectrum is called the superposition method.
In nonlinear optics, it is considered promising for the multi-
wavelength conversion [18-21] and multiple spatial harmonic
generation [22]. In addition, this method was used to produce a
structure of one-dimensional photonic crystals with adjustable
multiple photonic band gaps [23]. Therefore, the superposition
method is promising for structuring quasiperiodic diffraction
gratings (QPDGs), which produce arbitrary diffraction patterns.

In this letter, we propose a straightforward way for com-
posing quasiperiodic DGs with predefined multiple beams for
each diffraction orders via a superposition of several phase
sublattices with different periods. We show that the diffrac-
tion pattern of such QPDGs is a set of diffraction patterns of
individual periodic DGs.

2. Theoretical model

The complex modulation function of an arbitrary one-dimen-
sional DG is

t(x) = T(x)e "0, (1)

where T (x) is the amplitude modulation function and ®(x) is
the phase modulation function.

We will focus on the phase modulation, assuming
T(x) = const in (1). The phase modulation function of the
proposed binary one-dimensional QPDG can be described as

d(x) = Dy + AD - sgn(z ancos [Gpx + ¢n]).  (2)

Here, @y is the average phase, A® is the maximum devia-
tion of the phase from its average value ®, a,, and ¢, are
the amplitude and relative phase of the nth spatial harmonic,
sgn(v) = |¢|/4 is the signum function of the argument 1),
G, = |G,| = 27/A, is the absolute value of the reciprocal lat-
tice vector (RLV), and A is the period of cos(G,x) function.
We limit the consideration to the case of two elements in the
sum, assuming ¢, = 0, so that (2) takes the form

O (x) = ®g+ AP - sgn (a; cos Gix + ar cos Gox) . (3)

The phase modulation becomes periodic if any of the two
amplitudes in (3) is zero.

According to the Fresnel-Kirchhoff diffraction equation,
the electric field in a diffraction pattern at the point {x,y,z}
is given by

eikp

1 o
U(x,y,z):a//U(xo,yo,O) 5

dxodyo.  (4)
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Figure 1. Calculated intensity distributions for the periodic DGs
with G; = 0.0785 rad - um~" (blue) and G, = 0.0561 rad - pm™!
(green) and the quasiperiodic DG (black). The spatial frequency
scale is Ky = 2mx/(\z).

Here, k=2m/A is the wavevector and P =
vV (x —x0)2 + (y — y0)? + 22 is the distance between coordi-
nates in the object {xo, yo} and image {x, y} planes.

In the calculation of the far-field diffraction patterns,
(4) is used (I(x,y,z) = 1/2|U(x,y,z)|2). Keeping both terms
in (3), we obtain the spatial modulation of the phase corre-
sponding to the QPDG structure. In the calculation, we
used the same parameters as in the experiment described
below, specifically, &y =7/2, AP =7n/2, aj=a, =1,
G, = 0.0785 rad - um~!' (A} =80 um), and G, = 0.0561
rad - um~! (A, = 112 pm). The angular distribution of the
intensity of light diffracted on the structure described by
(3) has two peaks in the far-field, which correspond to the
spatial frequencies +£G| and +£G, (figure 1(black)) instead
of the solitary maxima for the periodic DGs with the main
reciprocal lattice vectors +G; (blue) and +G, (green),
respectively. Since the number of maxima in the diffraction
pattern of a quasiperiodic DG is greater than in the case
of a periodic DG, the total intensity is distributed over the
larger number of components and the intensity of individual
maxima in the QPDG weakens.

We expect that the amplitude values a,, would control the
intensity distribution between diffraction maxima [21]. For
confirmation we made calculations of intensity distributions
for quasiperiodic DGs with different amplitude values a,,
assuming that a + a3 = 1 (figure 2). In the marginal cases
(@ =1,a3=0and a} =0, a5 = 1), the diffraction grating
becomes periodic and has single maximum at corresponding
spatial frequency. At the intermediate case (a? # 0 and
as # 0), the grating is quasiperiodic with the set of diffrac-
tion maxima at the specified spatial frequency of certain dif-
fraction order. The distribution of intensities of the maxima
depends on ratio between a; and a,.
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Figure 2. Calculated intensity distribution on the amplitude value
a3 (a3 + a5 = 1) for the quasiperiodic DGs with G; = 0.0785

rad- pum~'and G, = 0.0561 rad - um~'. The spatial frequency
scale is Ky

(a)
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Figure 3. (a) Schematic of the experimental setup: spatial light
modulator SLM, lens L, and laser beam profiler LBP. (b) Part of the
binary one-dimensional phase modulation of a quasiperiodic DG.

3. Results and discussion

Figure 3(a) shows an experimental setup for the proof-of-con-
cept experiments. The QPDG binary phase modulation pat-
tern is calculated using (3) and loaded onto a 2D phase-only
spatial light modulator (SLM, PLUTO-NIR-011, Holoeye, the
spatial resolution is 1920 x 1080 pixels, and the pixel pitch is
8 um). A part of the quasiperiodic DG phase modulation func-
tion is presented in figure 3(b). The SLM active area is illu-
minated by the linearly polarized radiation from He—Ne laser
(A = 632.8 nm) incident at an angle of 7.5 deg. The diffraction
pattern is projected by a lens with f = 10cm onto a laser beam
profiler (LBP-1, Newport, pixel sizes 9.05 x 8.3 ym?).

At a; = ap, the cosine sum in (3) can be expressed as
the cosine multiplication; therefore, the quasiperiodic func-
tion can be presented as a modulation of the low-frequency
periodic function (cos (G;) = cos ([G; — G3]/2)) by the high-
frequency periodic function (cos (G;) = cos ([G| + G2]/2)).
Since the QPDG pattern is loaded onto the SLM with a finite
pixel size, we have to choose such G| and G, values so all the

Y(um) Y (um) Y (um)

Y (um)

-500 0
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500 1000

Figure 4. Experimental diffraction pattern for a periodic DG with
(@) A; = 80 um (G; = 0.0785 rad- pm~') and (b) Ay = 112 um
(G, = 0.0561 rad- pm™") and (c) a quasiperiodic DG providing two
RLVs (G; = 0.0785 rad- pm~! and G, = 0.0561 rad- pm™') and
(d) a quasiperiodic DG providing three RLVs (G| = 0.0785 rad

- pum~!, G, = 0.0561 rad- pym~' and G3 = 0.0436 rad- pm™').

layers in the structure were even integers of the SLM pixel
size and the ratio G /G was a rational number (under the con-
dition ¢ = ¢,). The highest common factor of G| and G; is
a reciprocal lattice vector corresponding to the quasiperiodic
DG period Agppg = 560 pm. It was found that the values of
G =0.0785 rad - um’l (a) and G, = 0.0561 rad- um’l sat-
isfy this experimental criterion.

The experimental diffraction patterns for a periodic DG
with G; = 0.0785rad- pm~'and G, = 0.0561 rad- pum~'and
for a QPDG are presented in figures 4(a)—(c). In figures 4(a)
and (b), one can see single diffraction spots corresponding
to the £1 diffraction orders for individual periodic DGs. At
the same time, the QPDG diffraction pattern contains a set
of spots corresponding to the 41 diffraction orders for both
periodic DGs simultaneously. Moreover, there are additional
spots in the QPDG diffraction pattern, but they are noticeably
weaker.

To take into account the oblique incidence of light in the
experiment, we modify the Fresnel-Kirchhoff diffraction

equation as
1kp
/ / XO, yO’

% ezk sln(é’)xoe—lk sm(@o)xﬂdxodyo, ©)

Xy,

Here, 6 is the angle of incidence of light onto the grating
and 6 is the diffraction angle. Also the lens in the experimental
setup performs the quadratic phase modulation

T(xy) =e

which modifies the angular scale of the image.
The experimental spatial intensity distributions for the
periodic gratings with A; =80 um (G; =0.0785 rad- p
m~") and Ay = 112 um (G, = 0.0561 rad- pm~") are shown
in figure 5(a). There are single diffraction intensity maxima
corresponding to the &1 Raman—Nath diffraction orders for

—ik(x +_V2)/2f, (6)
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Figure 5. (a) Measured intensity distributions for a periodic DG
with A} = 80 um (G; = 0.0785 rad- pm™") (blue) and A, = 112
um (G, = 0.0561 rad- pum~')(green). (b) Measured (red) and
calculated (black) intensities for a quasiperiodic DG providing
two RLVs (G; = 0.0785 rad- pm~!and G, = 0.0561 rad - p
m~ ). (c) Measured (red) and calculated (black) intensities for the
quasiperiodic DG providing three RLVs (G| = 0.0785 rad- pum™!,
G, =0.0561 rad - pm~' and G3 = 0.0436 rad- pm™).

individual periodic DGs. In figure 5(b), the measured spa-
tial intensity distribution for the QPDG includes a set of
strong maxima (41 Raman—Nath diffraction orders) corre-
sponding to those for individual periodic DGs with G, and
G,, respectively. This can be interpreted as a splitting of the
41 Raman—-Nath diffraction orders into several components
corresponding to G| and G,. Additional diffraction maxima
are also observed, but they are much weaker.

The calculated intensity distribution in the QPDG diffrac-
tion pattern obtained using (5) and (6) is shown in figure 5(b).
The positions of the maxima are in good agreement with the
measured ones. However, one can see that the intensity dis-
tributions agree worse. In the experiment, the intensity rises
from the low to high spatial frequency, while in the calcul-
ation, the situation is opposite. The calculations proved that
the additional maxima correspond to the multiples of the
spatial frequency [G; — G5]/2. The maximum lying between
the G| and G, maxima corresponds to the spatial frequency
(G + G2]/2.

More than two elements in the sum in (2) can be used and,
correspondingly, more than two components with different
spatial frequencies will appear in the diffraction pattern. To
illustrate this, figure 5(c) presents the experimental and cal-
culated spatial intensity distributions with three components.
The experimental diffraction pattern for the quasiperiodic DG
providing G; = 0.0785 rad- pm~!, G, = 0.0561 rad- pm™!
and Gz = 0.0436 rad- /Lm’1 is shown in figure 4(d). Positions
of the maxima are in excellent agreement, while the intensity
distributions are different, as in the case of the QPDG with
only two components.

Taking into account that the most of intensity is concen-
trated in 41 orders, the diffraction efficiencies for 4+-1 orders
in QPDG with two components are 42% for G, and 23% for

Figure 6. Experimental 2D diffraction patterns for a QPDG with
the phase modulation function calculated using (7) at the m X n
values of (a) 2 x 2 and (b) 2 x 3 of the corresponding phase
modulation patterns (insets). (c) Experimental 2D diffraction
patterns for a QPDG with the phase modulation function calculated
using (8) at m x n — 3 x 3 of the corresponding phase modulation
pattern (inset). (d) Experimental 2D diffraction patterns for a QPDG
with the phase modulation function calculated using (2) modified
for the radius vector in polar coordinates of the corresponding phase
modulation pattern (inset).

G,. In QPDG with three components, the first order diffrac-
tion efficiencies are 22% for Gy, 24% for G,, and 32% for Gs.

The above approach can be extended to the case of the 2D
intensity modulation. In this case, the phase modulation func-
tion can take the form

Q(x,y) = P

+ Ad - sgn (Z ay €08 [Gx + G| + an cos [Ghy + ¢n] |

mn (7)
or

D(x,y) = Dy

+ A® - sgn (Z Ay €OS (G, X + G - cOs [Gy + ¢)
®)

The diffraction patterns for the quasiperiodic DG with
the two-dimensional phase modulation are shown in fig-
ure 6. In the case described by (7), the intensity maxima
are obtained if the argument of one of the cosine functions
is 2mq (g is an integer), which allows us to obtain sev-
eral maxima along the corresponding axis (figures 6(a)
and (b)). On the contrary, the phase modulation function
governed by (8) yields the intensity maxima at a specified
coordinate in the {x,y} plane (figure 6(c)). We may pre-
sent (8) as modified (7) with different axes for each addend:
D(x,y) = Do + AD - sgn(},,, amn(COS Xy + COS Y )), Where
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Xmm = Gx + Gy and y,, = G, x — G)y. Thus, in the case
described by (8), the intensity maxima are obtained at the
used to form not only discrete, but also continuous diffrac-
tion. For instance, if we substitute x in the (2) with the radius
vector r as ®(r) = g+ AP -sgn(D ", @mncos (r), where
(G:x)? + (Gry)?; thus we will be able to obtain con-
tinuous ring-shaped diffraction patterns (figure 6(d)). Since
the SLM has a finite pixel size, it cannot generate perfectly
circular patterns; therefore, this ring-shaped diffraction
patterns will most likely be somewhat distorted. In the experi-
ment, we used the RLV values of G| = Gy1 = 0.0785rad- ,urn’l,
G5 = Gy = 0.0561 rad-pum ™', and G} = G} = 0.0436 rad-pum ™.

Since such QPDGs can be created not only by the SLM,
but also by other methods, e.g. mechanical and photolitho-
graphic ones, the limitations imposed on the reciprocal lattice
vectors by the SLM pixel size can be eliminated. In addition,
the intensity distribution over all the maxima can be tailored
by varying the amplitudes a,, in (2). In practice, the Bragg dif-
fraction mode is preferred (beneficial) because of its highest
efficiency. The approach proposed can also be used to struc-
ture a diffraction grating operating in the Bragg mode.

coordinates {4x, +-%#x}. The proposed approach can be

r =

4. Conclusion

In conclusion, we elaborated and experimentally proved the
analytical method, which makes it possible to form a discrete
diffraction pattern consisting of a set of fixed-order diffrac-
tion maxima using a quasiperiodic diffraction grating. This
analytical approach allows one to control a number of dif-
fraction maxima, intensity distribution between them, and
their angular positions by choosing appropriate reciprocal
lattice vectors and their amplitudes. This analytical method
is applicable to both one- and two-dimensional quasiperiodic
gratings. Moreover, using quasiperiodic diffraction gratings,
several diffraction maxima with different wavelengths and
propagation directions can be coupled in a single diffraction
maximum.
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