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A non-coaxial waveguide composed of a cylindrical resonator of radius R and cylindrical wave-
guides with the radii r; and r,, respectively, is considered. The radii satisfy the inequality 7;
< 1y < R. The conversion from the channel with zero orbital angular momentum (OAM) into the
channels with non-zero OAM is achieved by shifting the center lines of the waveguides relative to
the center line of the cylindrical resonator. The center lines of input and output waveguides are
shifted relative to each other by the angle A¢ in order to twist the output acoustic wave. The con-
version efficiency of the input wave with zero OAM into the output wave with non-zero OAM as
dependent on the frequency, length of the resonator, and A¢ is considered, and the domains where
the efficiency can reach almost 100% are found. © 2019 Acoustical Society of America.

https://doi.org/10.1121/1.5139222
(LZ]

I. INTRODUCTION

Vortex waves carrying orbital angular momentum
(OAM) have been widely studied in recent years due to
many possible applications in medicine, micro-robotics, and
biophysics. Distinctive features of such waves are the phase
indetermination and null of field magnitude at the propaga-
tion axis. Another important property is the helical
dislocation of the wavefront: the phase varies as exp (im¢),
where m is an integer called the winding number or topologi-
cal charge. Although the existence of such helical disloca-
tions of a wavefront was first predicted by Berry et al.
(1979) in the wave theory, subsequent studies were mainly
continued in optics. It was shown that the dark central spot
of optical vortices can confine absorptive or reflective
particles (He et al., 1995) or low-index dielectric particles
(Gahagan and Swartzlander, 1996) so optical vortices may
be used for contactless manipulation of small physical or
biological objects—so-called optical tweezers. Since such
beams carry OAM, it is possible to induce a rotation of
trapped particles (Allen et al., 1992; He et al., 1995).

It was shown using the concept of pseudo momentum
that acoustical vortices have the same properties as their
optical counterparts (Thomas and Marchiano, 2003) and
look very promising. In particular, acoustical tweezers
require several orders of magnitude less than that of optical
tweezers to apply the same force on particles. Thus, this fea-
ture limits spurious heating, which can be crucial for cell or
microorganism manipulations. Moreover, acoustical twee-
zers can be used for particle manipulation in opaque media.
All of the above has resulted in significant interest in ways
of generating helical waves. The most common setup of
acoustic vortices generation is an array of individually
addressed transducers providing the appropriate phase and
amplitude of the wave front (Hefner and Marston, 1999;
Marchiano and Thomas, 2005). However, it requires digital
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control of each individual pixel of the transducer array, so
the resulting device is quite expensive and is not amenable
to miniaturization. Gspan et al. (2004) demonstrated the
optoacoustic generation of a helicoidal ultrasonic beam.
They used an absorbing phase plate with a helicoidal profile
which was able to generate an ultrasonic wave upon illumi-
nation with pulsed laser light due to thermal expansion.
There are some techniques based on multi-arm coiling slits
(Jiang et al., 2016b; Wang et al., 2016) or an Archimedes’
spiral diffraction gratings (Baudoin ef al., 2019; Jiménez
et al., 2016) which allow generating acoustic vortices with
required topological charge determined by the number of
spiral arms. Different experimental setups are based on the
ferroelectret film glued onto a tangential-helical substrate
(Ealo et al., 2011) or a transducer with the phase plate
secured to it (Terzi et al., 2017). It is also important to note
various setups based on metamaterials. Naify et al. (2016)
used a leaky-wave antenna to create such vortex waves.
Esfahlani et al. (2017) proposed the metasurface composed
of space-coiled cylindrical unit cells transmitting sound pres-
sure with a controllable phase shift thus transforming an
incident plane wave into the desired helical wavefront. Jiang
et al. (2016a) described an assembled layer consisting of
eight fanlike sections of resonators that could transform an
incident plane wave into an acoustical vortex in the same
way. At last, there is a method based on the inverse filtering
technique revised for surface waves (Riaud ez al., 2015).

In the present paper, we propose an essentially different
method based on a single hollow cylindrical acoustic resona-
tor with radius R and two attached cylindrical waveguides
with different radii 7; < r, < R, as depicted in Fig. 1.

We assume that one of the waveguides, say the output
one, can move along the resonator axis to change the resona-
tor length, and rotate around the resonator axis by the angle
A¢. It is easy to realize such a system in a realistic acoustic
or electromagnetic experiment using the piston-like hollow
stem waveguides tightly fit to the interior boundaries of a
cylindrical cavity (Lyapina et al., 2015).

© 2019 Acoustical Society of America 1
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FIG. 1. (Color online) Cylindrical resonator of radius R and variable length
L with two attached cylindrical waveguides of different radii r; and r, where
r1 <1y <R. The whole waveguide system is non-axisymmetric and the
waveguides are misaligned by an azimuthal angle difference A¢. The
dashed line is the resonator axis.

In the cylindrical waveguides, propagating modes are
classified by azimuthal index p (OAM) and radial index ¢
as shown in Fig. 2, while eigenmodes of a closed cylindri-
cal resonator are specified by azimuthal index m, radial
index n, and axial index /. If the waveguides were identical
and the whole system was coaxial, there would be transmis-
sion from the channel p, ¢ onto the same channel. The
angular momentum preserves in the coaxial system, so the
input wave with p =0 cannot excite the resonator modes
with m # 0, and hence the output wave also has zero OAM.
Thus, it is first necessary to break the axial symmetry of the
system, for example, by shifting the waveguides’ axes rela-
tive to the resonator centerline. The next step is to increase
the output waveguide radius relative to the radius of the
input waveguide, so that the output acoustic wave can prop-
agate not only in the channel with p =0, but also in chan-
nels with |p| > 0, which carry the OAM. And finally, the
most important step is to violate the mirror symmetry of the
system by rotation of the output waveguide by the angle A¢.
As a result, transmittances from the basic channel p = 0,
g=1 onto channels p=1,g=1 and p=—-1,g=1
become non-equivalent up to the fact that the conversion
onto the channel p = 1, ¢ = 1 substantially exceeds the con-
version onto other channels, generating the output wave
with angular momentum, i.e., vortical wave. In order to
optimize such a generation, we vary two parameters of the
system: the resonator length and the rotation angle of output
waveguide Ad¢.

The aim of the present paper is studying the conversion
efficiency of the input wave with zero OAM into the output

(a) (b)
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wave with non-zero OAM as dependent on the frequency,
the resonator length and A¢.

Neglecting viscosity, we consider acoustic wave trans-
mission described by the linear Helmholtz equation, so there
are no flows involved into the process.

Il. PROPAGATING MODES IN WAVEGUIDES

In what follows, the model of sound hard boundaries is
used, and all the quantities in the model are dimensionless
and measured in terms of the input waveguide’s radius r;.
The dimensionless frequency is expressed through dimen-
sional one as follows: w = @ry /sy, where @ is the dimen-
sional frequency and s, is the sound velocity in the chosen
media. Then, the propagating modes in the Cth cylindrical
waveguide are the solutions of the Helmholtz equation and
described by Lyapina et al. (2018)

1 . .
l//[(;i) (pv o, Z) = l#[(;g) (p) —F—=CXp (lpOC + lk/(;(c;)z)a
T
Tk pg
Wi (p)
\/E <1u0qp> o
JO ) pP= Oa
redo(og) re
2
2 2 5 'upq JP(’“pqp)’ p:1)2)3)"'7
Hpg —P ’ij(ﬂpq) rc

)]

where p, o are the polar coordinates in the xOy-plane in the
waveguides reference system, J is the cylindrical Bessel
function of the first kind, u,, is the gth root of equation
[T, (1pep)]/(dp)|,—,. = 0 imposed by the Neumann bound-
ary condition on the walls of sound hard cylindrical wave-
guide, C enumerates input and output waveguides

c / !
ki(rq) =\ - 'ugq/'%’

ri = 1. Profiles of the propagating modes /,,,(p) cos(p) are
depicted in Fig. 2.

The eigenfuctions of the closed cylindrical resonator are
given

2)

Yot (1, ¢, 2) = l,bmn(r)\/;exp (im¢p) @y (z), 3)

where
-
K

(¢)

(d)

FIG. 2. (Color online) Profiles of propagating modes in the cylindrical waveguide. (a) In channel 1 with cut-off frequency @ = 0 and indices p = 0,4 = 1; (b)
in channels 2 and 3 with cut-off frequency w = 1.8412 and indices p = *1,¢g = 1; (c) in channels 4 and 5 with cut-off frequency w = 3.0542 and indices
p = *2,q = 1; (d) in channel 6 with cut-off frequency w = 3.8317 and indices p = =0,¢q = 2.
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[=1,2,3,..., ¢, p are the polar coordinates in the xOy-plane
in the resonator reference system. The corresponding eigen-
frequencies are

2
602 _ ann + 7'52(1— 1)
mnl — R2 L2 ’

®)

where (i, is the n-th root of the equation [dJ,(u,,")]/
(dr)), g = 0.

lll. CONVERSION FROM THE FIRST CHANNEL INTO
HIGHER CHANNELS

Let us inject the wave with zero OAM p =0 and with
the frequency obeyed the condition py, < w < p;; into the
input waveguide with the less radius ; = 1, i.e., in the first
channel according to the classification in Fig. 2. If the radius
of the output waveguide r, is large enough, ie., puj;
> o > iy, /12, the output waveguide supports three propaga-
tion channels p =0,g =1 and p = £1,¢g = 1. In order to
allow the channel conversion, we have to break the system
axial symmetry. The simplest way is to attach both wave-
guides in a non-axisymmetric way with center lines of the
waveguides shifted by a distance r(, relative to the center line
of the resonator. Moreover, we assume that the waveguide
center lines are shifted relative to each other by azimuthal
angle A¢ as sketched in Fig. 1. In order to calculate the
transmittance, we use the method of the effective non-
Hermitian Hamiltonian based on the Feshbach method of
projection of the total Hilbert space onto the discrete sub-
space of the closed resonator eigenmodes [Eq. (3)] (Dittes,
2000; Feshbach, 1958, 1962; Rotter, 1991; Sadreev and
Rotter, 2003). We also refer the reader to the papers
(Lyapina et al., 2018; Maksimov et al., 2015) where the
method was applied to the acoustic transmission through
waveguides. The effective non-Hermitian Hamiltonian then
takes the following form:

B =Hy 1 32 STHOWOWS
C=L,R pgq

(6)

where Hp is the Hamiltonian of the closed resonator, WIS?
stands for the coupling matrices between the resonator
eigenmodes mn [Eq. (3)] and the pg eigenmodes of the scat-
tering channels [Eq. (1)]. For each waveguide, we have the
following coupling matrices given by overlapping integrals
(Lyapina et al., 2018; Maksimov et al., 2015):
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where Q¢ are interfaces positioned at zc = 0, L. The integra-
tion is performed over the circular cross-section of the attached
waveguides as shown in Fig. 3. One can link the polar coordi-
nates of the resonator with those of the left waveguide
rsin¢g = psina,rcos¢ =rog+ pcosa. If the radii of the
waveguides were equal, the coupling matrix elements for input
and output waveguides would be related by only the phase A¢:
WE g (Ap) = (1) el0=mAPWL | (Lyapina et al., 2018).
However, in the present case of different waveguides radii, the
coupling matrices differ by both phase and strength.

The transmittance of sound waves from the pg propaga-
tion channel of the input waveguide through the resonator
into the p'¢’ channel of the output waveguide is given by the
equation (Maksimov et al., 2015)

- /(L) (R L) R)*
tpq;p’q’ =2 k](”I) kl(”]) Z Z Wr(nnl;qum”[?m/”/l/Wr(p1’;)1’[’;1)’q’7

mnl m'n'll
(®)

where

1

G=— .
@? — Hegr

©)

The numerical results are presented in Fig. 4. For brev-
ity, we noted 7oy = tor;01, to1 = for;115 to—1 = fo1;—11- One can
see that the maxima of the transmittance follow the eigenfre-
quencies of the closed resonator shown by solid lines. This is
the feature of three-dimensional systems resulting from the

N

e/

FIG. 3. (Color online) Integration area in the coupling matrix [Eq. (7)]
shown by filled areas. r and r, are the radii of the attached input and output
waveguides. The center line of the waveguides is shifted relative to the cen-
ter line of the resonator by a distance ro. ©; and Qg are integration areas
which define the coupling matrix elements [Eq. (7)].
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FIG. 4. (Color online) Channel transmittances of a cylindrical resonator with radius R = 3 vs frequency w and length of the resonator L. The center lines of the
waveguides with radius r; = 1 (input) and r, = 1.4 (output) are shifted relative to the center line of the resonator by distance ryp = 1.5, A¢ = 0. Solid lines
show the eigenfrequencies of the closed resonator.

FIG. 6. (Color online) The conversion efficiency [Eq. (10)] vs length of the resonator L and angle of rotation of the input waveguide for (a) > = 2 and (b)
o =3.1442.
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FIG. 7. (Color online) Patterns of scattering functions (the pressure field) at (a) w?> = 3.3135,L = 2.817,A¢ = 0, (b) @®> = 2,L = 4.996, A¢ = n/3, and (c)

o? =3.1442,L = 2.6613, Adp = 0.557.

weak coupling between the waveguides and the resonator
(Lyapina et al., 2018). There is a conversion from the chan-
nel p=0,g=1 onto the channels p=*1,g=1. The
transmission coefficients from the first channel with p =0
into channels p = *1 are equal to A¢ = 0, 7 to result in the
output wave with zero OAM and zero vorticity. However, as
soon as A¢ # 0, transmittances into the channels *m
become different, i.e., |fo;| # |fo—1].

IV. TWISTING OF OUTPUT WAVE

The key result is that the transmission from the channel
p =0,g =1 into the channel with the positive OAM p =1
differs from the transmission into the channel with the nega-
tive p=—1 as soon as A¢ # 0,n as shown in Fig. 5.
Therefore, in order the output wave to be vortical, it is neces-
sary to find the resonator length and angle A¢ at which 7y
= 0 and 7, significantly exceed fy_; or vice versa.

We introduce the angular orbital momentum of the out-
put wave as the mean azimuthal index

ZP|t01;pq|2

p_ Pd
Z |f01;pq|2

pa

The value P reflects the conversion efficiency of the input
wave with zero OAM into the output wave with non-zero
OAM. The conversion efficiency [Eq. (10)] versus A¢ and L
is shown in Fig. 6 for two selected values of frequency. One
can see that for certain resonator lengths and rotation angles,
the efficiency can reach almost 100%. Examples of the
twisted output wave are shown in Fig. 7.

(@) !1 (b) ll
0 Lo
'_1 -1

FIG. 8. (Color online) Phase dislocations in terms of 7 in the output wave-
guide with radius r, for different topological charges: p=1 and p =2.

(10)
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It is also possible to generate acoustical vortices with
the topological charge exceeding one. For that, it is neces-
sary to increase the frequency of the input wave and adjust
the system parameters L and A¢. The examples of phase dis-
locations in the output waveguide are shown in Fig. 8 for
two topological charges, one and two.

V. SUMMARY AND DISCUSSION

Generation of vortical acoustic fields by a single cylin-
drical resonator is based on several basic principles. First of
all, the waveguides must be connected to the resonator ends
in a non-coaxial way, which allows a wave with zero OAM
to excite the resonator modes with nonzero OAM. Next,
there must be the conversion from the input channel with
p =0 into the output channels with p # 0, which is achieved
by increasing the output waveguide radius relative to the
radius of input waveguide. Finally, the waveguides’ axes
must be shifted relative to each other by a certain angle A¢.
This removes the degeneracy of the resonator eigenmodes
along with the azimuthal index and gives rise to the rotation
of the acoustic field. The numerical calculations show that
the conversion efficiency can reach almost 100% for certain
resonator length and waveguides’ angular shift A¢.
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