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Abstract—The periodic motion of the interacting vortex domain walls in a pair of nanostripes has been theo-
retically investigated. As a model, two parallel nanostripes with magnetization inhomogeneities in the form
of magnetic vortices have been examined. The magnetic subsystems of the stripes are magnetostatically cou-
pled. The quasi-elastic coupling between vortices ensures the existence of normal modes of the periodic mag-
netization motion. The frequencies of these modes have been calculated. It is shown that not any combination
of the vortex topological charge leads to the resonant behavior of magnetization in ac fields. The effect of the
static component of a magnetic field on the frequency of the periodic motion of vortex domain walls is dis-
cussed.
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1. INTRODUCTION
The attention to low-dimensional objects, includ-

ing nanowires and nanostripes, is caused not only by
the prospects for designing various spintronic devices
[1–3], but also by the possibility of solving many fun-
damental problems of magnetism. The magnetization
switching processes have been in focus. At the same
time, an analytical description of the magnetic proper-
ties of nanostripes faces great computational difficul-
ties related to the complex magnetization structure
and specific features of the behavior in ac fields.
Therefore, the evolution of the domain structure of
nanostripes under the action of an ac magnetic field
evokes particular interest.

Depending on the stripe geometry, i.e., the ratio
between linear sizes, and the magnetic characteristics,
various types of domain walls (DWs) have been imple-
mented, including the conventional Neel-type trans-
verse walls (TWs), vortex wall (VWs), and their com-
plex combinations [4–11]. Different types of DWs in
stripes have been intensively studied both theoretically
(for example, [10, 12]) and experimentally (for exam-
ple, [13, 14]). Certainly, the motion of walls with such
complex configurations is characterized by extraordi-
nary effects and evokes the interest of researchers. In
particular, several modes of motion of the walls with a
vortex structure under the action of a static field (or
spin-polarized current), depending on its value, have
been discovered and studied fairly well [15–20]. Inter-
estingly, the presence of a vortex structure causes the
cyclic motion of a wall with a shift (drift).

In arrays of closely adjacent wires (stripes), the
mutual effect of their magnetic subsystems cannot be
excluded. There is a significant coupling between
topological inhomogeneities of magnetization, which
affects the magnetization switching [21, 22]. The aim
of this study was to describe the cyclic motion of vortex
walls in a pair of magnetostatically coupled nanos-
tripes under the action of an ac magnetic field applied
in the stripe plane. In addition, we discuss the effect of
a dc magnetic field applied perpendicular to the stripe
plane.

The formalism in describing the behavior of mag-
netic vortices as topological inhomogeneities in ac
fields is fairly well developed (see, for example, [23–
30] and references therein). The analytical calcula-
tions are based on the representation of the Landau–
Lifshitz equation through collective variables [30–32].
The role of such variables is played by the velocity and
coordinates of the magnetic vortex center (core). The
core is a region with a strongly inhomogeneous mag-
netization perpendicular to the magnet surface. In a
magnetic field, the core behaves like a quasiparticle.
The core forms as a result of the competition between
the exchange and magnetostatic energy.

The vortex magnetization state is conventionally
specified by two parameters: the core polarity p = ±1
and the core chirality q = ±1. The polarity sign is spec-
ified conditionally: along or opposite to the stripe sur-
face normal. The chirality sign is also conventional;
the magnetization rotates clockwise or counterclock-
wise. It is often convenient to use the topological
361
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Fig. 1. Model of a pair of parallel nanostripes.
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charge πT = pq to specify the vortex magnetic state.

The character of the core motion in nanomagnets is
such as if the core quasiparticle is affected by the gyro-
scopic force FG = G × v [30]. Here, G is the gyrovector
and v is the core velocity. The gyrovector is expressed
as |G| = πT(2πMSb/γ)(1 – ph), where b is the magnet
thickness, γ is the gyromagnetic ratio, MS is the satu-
ration magnetization, and h = H/(μ0MS) is the dimen-
sionless field applied perpendicular to the magnetic
plane (along or against the magnetization at the core
center) [26, 32]. The vortex wall in wires and stripes is
also affected by this force.

2. EFFECTIVE ENERGY OF A VORTEX 
DOMAIN WALL IN THE STRIPE

To solve the equation of motion of the magnetiza-
tion, it is necessary to obtain a functional dependence
of the potential energy of the stripe magnetic subsys-
tem on generalized parameters. A rigorous analytical
dependence of the energy on the vortex core coordi-
nates is difficult to obtain. In such systems, the energy
of interacting vortex walls can be, at best, approxi-
mated by a system of interacting dipoles or quadru-
poles. In this approximation, the energy is expressed
through complex integrals (see, for example, [12]),
but, near the equilibrium, the energy is quadratic in
the wall coordinates [16]. Often, practically important
results are obtained by computer simulation [6, 16, 17,
33–35].

Let us write an empirical expression for the poten-
tial energy as a function of the core coordinate WM(r).
We investigate a model consisting of two parallel ferro-
magnetic stripes with thickness b and width L (b  L).
The spacing between stripes is d. The stripe length is
much greater than the width and thickness. The
coordinate system and model used are shown in Fig. 1.
The magnetization distribution in nanostripes in the
presence of a domain structure results from the
competition of several types of energy, including
exchange, demagnetization, anisotropy, etc. In gen-
eral, a domain wall can include areas with the con-
ventional Neel magnetization switching and a vortex
part [36, 37].

An example of the characteristic magnetization
distribution is shown in Fig. 2. In the figure, the arrow
lengths are proportional to the projection of the mag-
netization unit vector onto the xy plane. The parame-
ter s = ±1 conditionally denotes the magnetization
configuration of neighboring domains, i.e., the direc-
tion toward the vortex or opposite. Note that the con-
cept of a configuration of the magnetic field of a mag-
netostatic charge on the lateral stripe surface as of a
quadrupole (composite charge/dipole/quadrupole
systems) is not quite correct. The charge localization
region on the side surfaces is fairly large (as compared
with the stripe width L). It can be seen that the surface
charge density σ on the side surface is noticeably dif-
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ferent in absolute value in the regions with positive and
negative signs. The areas with the higher density are
marked in Fig. 2 with double signs “++” and “––”
and the areas with the lower density, with single signs
“+” and “–”. The observations of the field distribu-
tion in real stripes also revealed this property [13].

The conservative forces acting on the core occur
according to the following mechanism. At the shift of
the vortex core, the surface charge density distribution
on the side surfaces of the stripes changes. This leads
to the change in the intrinsic energy of the stripes and
their magnetostatic interaction WM. Consequently, the
effective forces acting on the vortex cores in stripes 1
and 2, as quasiparticles, can be written in the form
Fα(r1, r2) = –gradα(WM(r1, r2)) (subscript α is the
stripe number and r1 and r2 are the radius vectors of
the vortex centers). In estimations, the hard vortex
model was approved. It consists in ignoring the change
in the magnetization distribution profile at the minor
change in the core coordinate [38–44]. In the frame-
work of this model, for the energy of a magnetic sub-
system of a pair of stripes, we obtain

(1)

In the right-hand side of Eq. (1), the first term (x1,
y1) describes the intrinsic energy of stripe 1. The quan-
tity (x2, y2) is the intrinsic energy of stripe 2 and
Wint(x1, y1, x2, y2) is the term describing the interaction
between magnetic subsystems of the stripes. At small
shifts from the equilibrium position, the total energy
can be presented in the form

(2)

Here, χ is the rigidity of the magnetic subsystem of
isolated stripes; Δx = x2 – x1 – (  – ); Δy = y2 –
y1 – (  – ); y1, y2, x1, and x2 are the vortex core
coordinates; , , , and  are the vortex core
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Fig. 2. Example of the magnetization distribution in a vortex wall at different combinations of parameters q and s. The distribu-
tions are built for the case of δw = L and δc = 0.2δw.
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coordinates in the equilibrium positions; and w0 is the
constant determined by the magnetic characteristics of
a system. The functions f(Δx) and f(Δy) should mono-
tonically decrease with an increase in the absolute val-
ues |Δx| and |Δy|, respectively.

This expression for the system energy was chosen
for the following reasons. The energy of the magneto-
static interaction between charges on the side surfaces
of an isolated stripe only depends on the coordinate y,
since the charge distribution (and, hence, the energy)
only changes when the core is shifted in the transverse
direction. The third term is responsible for the energy
of interaction between charges on the surfaces of dif-
ferent stripes. This energy depends on the difference
between the vortex center coordinates, along both the
y and x axis. It is important that the effective stiffness
of the core coupling along the y axis depends on the
distance between them along the x axis, and vice versa.
Therefore, the functions f must decrease and depend
on the arguments Δx and Δy in even powers. At small
shifts, the functions f can be expanded in a series in
powers of the arguments and, accurate to the second
order, presented in the form

(3)

Here, κx and κy are the core coupling stiffnesses at the
shift along the x and y axis, respectively.

A particular case of Eq. (2) for uncoupled stripes is
in satisfactory agreement with the results reported in
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[6, 15, 16, 45]. In further calculations, we use this
expression under the assumption of small core shifts,.

3. CYCLIC MOTION OF A VORTEX WALL

Let us now consider the behavior of a vortex core in
an ac magnetic field applied in the stripe plane. To
describe the dynamic behavior of magnetic vortices, it
is efficient to use the Thiele equation [31]. The system
of Thiele equations as applied to the vortex walls has
the form

(4)

Here, Gα =  –  is the gyrovector (k is the
unit vector along the z axis, and G0 = ), v is
the core velocity, MS is the saturation magnetization, γ
is the gyromagnetic ratio, b is the ribbon thickness,
and D is the effective viscous friction coefficient. The
subscripts indicate the stripe a vortex belongs to. The
third term in the left-hand side of Eq. (4) is responsi-
ble for the conservative forces acting on the vortex core
as a quasiparticle. Such forces include the restoring
force, force of interaction with the vortex core of the
neighboring stripe, and effective force acting on the
core due to the interaction between the vortex magne-
tization and an external magnetic field. Thus, Wα =
WM(r1, r2) + . Here,  is the Zeeman energy of
a vortex domain wall in the stripe with number α.
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Then, with regard to (2), for generalized forces act-
ing on the vortex cores, we may write (i and j are the
unit vectors along the x and y axis, respectively)

(5)

The force  acting on the core, due to the presence
of an ac magnetic field, is perpendicular to the direc-
tion of this field and lies in the stripe plane. A specific
direction of this force is determined by the vortex chi-
rality qα [46, 47]. Note that the dc magnetic field
applied perpendicular to the stripe plane determines
the parameters Gα, κx, κy, and χ.

In the projection onto the system of coordinates
(local for each stripe), system (4) takes the form

(6)

Here,  and  are the x and y projections of the
forces  acting on the vortex cores. Let the ac field
be changing in accordance with the law  =

 + , where ω is the cyclic fre-
quency of the field variation and F0 is the field ampli-
tude.

We choose the trial solutions of system (6) in the
form

(7)

Here, i is the imaginary unit and  is the phase dif-
ference between the law of variation in the force 
and the law of variation in the coordinates x and y,
respectively. Then, substituting the trial solutions to
Eq. (6), in the steady-state regime we obtain

(8)

The solution of this system allows us to determine the
complex amplitudes

(9)
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Here, we made the designations

(10)

and

(11)

(12)

where ωΓ = D/G0 is the dimensionless quantity, Ω =
χ/G0, ωx = κx/G0, and ωy = κy/G0.

The phase difference between the laws of variation
in the driving force and vortex core motion is deter-
mined as

(13)

The factor  takes into account the core rotation
direction.
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Table 1. Set of eigenfrequencies ωs of the system calculated using Eq. (14) at different combinations of the vortex wall chi-
ralities and polarities

No. Combination of pα and qα{p1, p2, q1, q2} Collective mode frequency ωs

1 {1, 1, ±1, ±1}

2 {1, 1, ±1, }

3 {±1, , 1, 1}, {±1, , –1, –1}

4 {±1, , 1, –1}, {±1, , –1, 1}

5 {–1, –1, ±1, ±1}

6 {–1, –1, ±1, }
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In the particular case of a negligible damping
(ωΓ = 0), the eigenfrequencies of the modes can be
easily determined from the condition |Z| = 0. As a
result, we have

(14)

The distribution of polarities, chiralities, and frequen-
cies is given in Table 1. Since both stripes in a pair have
the same size and magnetic characteristics, the G0, D,
and χ values of the stripes are the same. This leads to
the frequency degeneracy of the states. In particular,
each of the states with numbers 1, 2, 5, and 6 from
Table 1 is doubly degenerate and states 3 and 4 are
quadrupely degenerate. Thus, we have six eigenfre-
quencies.

In zero perpendicular dc field (h = 0), we obtain
from Eq. (14) for the resonance frequencies:

(15)

The states with certain combinations of the chirality,
but opposite polarities do not differ in the absence of
field h. Consequently, at ωΓ → 0, the degree of degen-
eracy increases. As a result, the sets of states {1, 4, 5}
and, separately, {2, 3, 6} in Table 1 become indistin-
guishable. Note that in zero dc field h, it is not the dif-
ference between the polarities and chiralities that is
important, but the difference between their product
pq, i.e., topological charges , which is reflected in
formula (15) indicating that, at h = 0, there are only
two different frequencies, ωs =  and ωs =
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. Talbi et al. [48] theoretically investi-
gated the dynamics of two interacting vortices within a
single stripe and obtained a result for the frequency of
collective motion of vortices, which is a particular case
of formula (15).

The energy absorbed by a pair of stripes can be esti-
mated by the formula

(16)
The dependence of the absorbed (dimensionless)
power on the frequency of an external ac field applied
along the y axis is shown in Fig. 3 and, along the x axis,
in Fig. 4. These plots need our comments.

First of all, it is worth noting that, in the discussed
stripe model, the long and vortex walls are distant
from the ends. Therefore, the magnetic energy of an
isolated stripe does not change when the vortex center
shifts along the x axis. Hence, a returning force along
the x axis does not occur. In an isolated stripe, during
the shift of the vortex core along the y axis, the energy
of the magnetic subsystem changes due to redistribu-
tion of magnetic charges on the side surfaces of the
stripe. Consequently, the restoring force acting along
the y axis occurs, regardless of the presence of the sec-
ond stripe. This feature is reflected on the wall motion
in an ac magnetic field.

The state illustrated in Fig. 3 does not exhibit the
resonant properties. Depending on the mutual orien-
tation of the perpendicular dc field h and core polarity
pα, we have the frequency dependences monotonically
descending at different rates. The calculation of the
phase difference between the wall core motion in
stripes 1 and 2 using formulas (13) showed the syn-
chronous rotation (  =  and  = ). At such
combinations of the vortex polarities and chiralities,

ω Ω + ω ω2 4x x y

ω ≈ ω + + +
1 1 2 2
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Fig. 3. Dependence of the absorbed power (dimensionless arb. units) on the ac field frequency. The ac field is applied along the
y axis. The curves are plotted for the parameters ωy = Ω, ωx = ωy, ωΓ = 0.1, and h = 0.1. (a, b) Dash-and-dot curves show the
power for a dc field applied antiparallel to the z axis. (c, d) The cases of a dc field applied parallel and antiparallel the z axis coin-
cide. (c) A set of curves 1–6 at dc fields of h = 0–0.5 with a step Δh = 0.1. Insets: combinations of polarities and chiralities of the
vortex walls {p1, p2, q1, q2} in braces and phases and directions of the vortex core motion. Black dots show the cores and white
dots, the origin of coordinates.
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the interaction between domain walls does not mani-
fest itself, since the conditions Δx = 0 and Δy = 0 are
met at any instant of time. In this case, the equations
of motion contain no projection of the restoring force
along the x axis and the system is not oscillatory.

A similar effect can be observed in the case of an ac
field applied along the y axis (Figs. 4a, 4b). The calcu-
lation of phases for these combinations {p1, p2, q1, q2}
showed that the coordinates x1 and x2 change synchro-
nously with time. This indicates the absence of a
restoring force along the x axis.

The system behaves differently if the vortex center
coordinates x1 and x2 change asynchronously with
time. In this case, the generalized force of the interac-
tion between the cores has a nonzero projection onto
the x axis; i.e., there is a returning factor not only along
the y axis, but also along the x axis. In this case, the
system has the characteristics of a vibrational one and
resonance states exist in an ac field. Such combina-
PHY
tions {p1, p2, q1, q2} are shown in Figs. 3b, 3c, 3d, 4c,
and 4d. The inserts in the plots show the directions
and phases of the vortex core motion at certain
instants of time.

It is interesting to investigate the states with the
same chiralities, but opposite polarities (Figs. 3c and
4c). When an ac field is applied along the y axis, the
resonance peak only arises in the presence of a dc field
perpendicular to the stripe plane. In an ac field applied
along the x axis, the resonance is implemented at any
values of the perpendicular field h. In these states, the
phase shift between the vortex center positions in the
stripes  –  depends on the ac field frequency
and dc field value. This dependence does not exist at
the rest {p1, p2, q1, q2} combinations, when there are
only two possibilities:  –  = 0, π. The behavior
of the core rotation phases in the stripes for the dis-
cussed case is illustrated in Fig. 5.
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Fig. 4. Dependence of the absorbed power (arb. units) on the frequency of an ac field applied along the x axis. The curves are built
for the same parameters as in Fig. 3.
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Fig. 5. Dependence of the coordinate-x phase tangent of the magnetic vortex core in stripe 1 (solid curves) and stripe 2 (dots).
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4. CONCLUSIONS
The analysis and solution of the equations of vortex

motion showed that there are certain combinations of
polarities and chiralities of vortex walls at which their
motion is periodic. By ignoring the damping, a simple
expression was obtained for the resonance frequencies
as functions of the topological charge of the vortices
and value and direction of a dc magnetic field perpen-
dicular to the stripe surface.

The knowledge of the states of coupled vortex walls
at which the resonance or nonresonance behavior in
ac fields is implemented opens the opportunities for
purposeful control of magnetization in arrays of paral-
lel stripes. This is especially important for the develop-
ment of data storage devices.

The field dependence of the frequencies of the
modes of collective motion of vortex walls makes such
systems good candidates for use in various field sen-
sors and other spintronic devices. The existence of
states with the resonance frequency sensitive to the
perpendicular field direction (Fig. 3b) opens up the
possibility of designing sensors that determine not
only value, but also direction of the field.
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