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Abstract—The frequencies of lattice vibrations in the RFe3(BO3)4 (R = Pr, Nd, Tb, Dy, or Ho) crystals in the
high-temperature R32 phase and their temperature dependence have been calculated using the quasi-har-
monic approximation. It has been found that, at the boundary point Λ of the Brillouin zone, the frequency
of the unstable vibration mode the structural phase transition R32 → P3121 is related to strong changes with
temperature in the TbFe3(BO3)4, DyFe3(BO3)4, and HoFe3(BO3)4 crystals. With increasing temperature, the
frequency of the soft mode stabilizes and takes a real value. No significant changes in the phonon spectra,
including the boundary point Λ, with increasing temperature for the PrFe3(BO3)4 and NdFe3(BO3)4 crystals
have been observed.
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1. INTRODUCTION
The crystal structure of the RFe3(BO3)4 com-

pounds (R is the rare-earth ion) with symmetry
sp. gr. R32 and one molecule in the unit cell belongs to
the structural type of the natural mineral huntite [1].
Upon temperature variation, the RFe3(BO3)4 crystals
with R = Eu–Er, Y undergo an extraordinary struc-
tural phase transition of the type of displacement from
the phase with symmetry sp. gr. R32 to the phase with
sp. gr. P3121 [2, 3]. The extraordinary character of this
phase transition is that, during it, the point symmetry
(sp. gr. D3) of the crystal does not change and only the
translational symmetry changes and the cell volume
increases by a factor of 3. Depending on the rare earth
ion, the transition temperature changes in a very wide
(from 88 to 450 K) range [2]. In the crystals with R =
La–Sm, the structural transition was not experimen-
tally observed. It is important that, at the phase transi-
tion, the point symmetry of the local environment of
the rare-earth ion changes: the point group D3 is in the
R32 phase and the point group C2 is in the P3121
phase. This fact can apparently be reflected on the dif-
ference of the magnetic, magnetoelastic, and magne-
toelectric properties of the compounds with groups
R32 and P3121 at low temperatures.

The anomaly in the temperature behavior of spe-
cific heat in the RFe3(BO3)4 crystals corresponding to
the structural phase transition was observed in [2]. In

[3], the GdFe3(BO3)4 crystal lattice dynamics was
studied by Raman spectroscopy. Below the tempera-
ture of the structural phase transition, the soft mode
was restored from the low-frequency region to fre-
quencies of 50–60 cm–1 (6–8 meV). The similar
Raman spectroscopy data were obtained for other
crystals in this family experiencing the phase transi-
tion R32 → P3121 [4]. In [5], the changes in the IR
spectra during the phase transition were recorded.

Previously [6], we calculated the phonon spectrum
of a HoFe3(BO3)4 crystal in the high-temperature
phase with symmetry sp. gr. R32 (the calculation was
made using the nonempirical model of polarizable
ions). In the vicinity of the boundary point Λ (qΛ =
1/3(b1 – 2b2 + b3), where b1, b2, and b3 are the vectors
of the reciprocal lattice) of the Brillouin zone, the
anomalous softening of one of the transverse acoustic
modes was found. It was shown that the distortion in
the R32 phase of holmium ferroborate relative to the
eigenvector of such a mode yields sp. gr. P3121 with
three molecules in the unit cell, which corresponds to
the experimentally observed structure below the tem-
perature of the transition in this crystal.

In [7], the crystal lattice dynamics in the
TbFe3(BO3)4 crystal was studied using inelastic neu-
tron scattering in the temperature range of 180 K < T <
350 K, including a structural transition temperature of
192 K. A significant yet incomplete softening of the
2019
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Fig. 1. (a) Dependence of free energy on the volume at temperatures from 0 to 1000 K. Closed circles show the minimum volumes
for each curve. (b) Temperature dependence of the unit cell volume. (c) Temperature dependence of the thermal expansion coef-
ficient.
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Fig. 2. Brillouin zone for the rhombohedral lattice. Gray
arrows show the directions along which the dispersion
curves were calculated.
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transverse acoustic branch of the vibrations in the
vicinity of the zone point Λ was experimentally
obtained.

In [8], the crystal lattice dynamics of the
RFe3(BO3)4 (R = Pr, Nd, Sm, Gd, Tb, Dy, or Ho)
compounds in the high-symmetry phase (symmetry
sp. gr. R32) was calculated. The significant changes in
the spectra of the compounds with different rare-earth
ions were obtained only in the vicinity of the boundary
point Λ of the Brillouin zone for acoustic branches of
the vibrations. The acoustic mode frequency softening
at the point Λ was found in all the compounds under
study, including those without structural phase transi-
tion. It was found that this frequency depends on the
rare-earth ion type and decreases from the compound
with Pr to the compound with Ho down to imaginary
values.

In this study, we estimate the temperature effect on
the phonon spectra of the RFe3(BO3)4 (R = Pr, Nd,
Tb, Dy, or Ho) crystals by calculating the lattice
dynamics in the harmonic approximation, but using
the lattice parameters and atomic coordinates corre-
sponding to a specified temperature. To do that, the
temperature dependence of the unit cell volume and
thermal expansion coefficient were calculated in the
quasi-harmonic approximation [9].
PHY
2. CALCULATION TECHNIQUE

The calculation was made using the density func-
tional theory with the Perdew–Burke–Ernzerhof
exchange-correlation functionals with the generalized
SICS OF THE SOLID STATE  Vol. 61  No. 11  2019
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Table 1. Unit cell volume and parameters at different tem-
peratures for the investigated compounds in the R32 phase

Crystal T, K a, Å α, deg V, Å3

PrFe3(BO3)4 0 6.152 103.78 208.59
200 6.154 103.77 208.81
300 6.157 103.75 209.22
500 6.163 103.71 210.02

1000 6.185 103.57 212.81
HoFe3(BO3)4 0 6.097 103.90 202.59

200 6.097 103.88 202.81
300 6.101 103.87 203.13
500 6.108 103.83 203.97

1000 6.131 103.71 206.70
TbFe3(BO3)4 0 6.107 103.89 203.68

200 6.109 103.87 203.89
300 6.111 103.86 204.22
500 6.118 103.82 205.07

1000 6.141 103.69 207.80
NdFe3(BO3)4 0 6.143 103.80 207.56

200 6.144 103.79 207.78
300 6.147 103.78 208.11
500 6.154 103.74 208.98

1000 6.176 103.60 211.76
DyFe3(BO3)4 0 6.101 103.89 203.09

200 6.103 103.88 203.31
300 6.106 103.87 203.63
500 6.113 103.82 204.48

1000 6.135 103.71 207.20
gradient approximation (PBE–GGA) implemented
in the VASP package [10, 11]. The number of plane
waves was limited by an energy of 600 eV. The 7 × 7 ×
7 Monkhorst–Pack mesh [12] was used. In the calcu-
lation, we used the GGA + U method in the Dudarev
approximation [13] for iron with U = 4 eV. To calculate
the vibration frequencies, a 2 × 2 × 2 supercell was
built and force constants were calculated by the
method of small displacements implemented in
PHONOPY [14]. The Helmholtz free energy calcula-
tion in the quasi-harmonic approximation was also
made using the PHONOPY software [9].

3. RESULTS AND DISCUSSION

We calculated the equilibrium lattice parameters
and atomic coordinates of the PrFe3(BO3)4 crystal in
the R32 phase with disregard of temperature. The
Helmholtz free energy and its temperature depen-
dence were calculated for twelve different unit cell vol-
umes using formula (1) (we used the cell volume larger
and smaller than the equilibrium value; for each fixed
volume, the lattice parameters and atomic coordinates
corresponding to the minimum internal energy were
calculated), where Estatic is the total internal energy of
the crystal; q and ν are the wave vector and branch
number, respectively; ωq, ν is the oscillation frequency;
and T is the temperature. The dependences of the free
energy on the volume corresponding to specific tem-
peratures were plotted (the curves were calculated with
a step of 10 K); some of them are shown in Fig. 1a. At
each temperature, the cell volume corresponding to
the minimum free energy was determined, which
made it possible to plot the temperature dependence
of the unit cell volume (Fig. 1b) and calculate the ther-
mal expansion coefficient (Fig. 1c)

(1)

Taking into account the proximity of the structural
and chemical properties of rare-earth ferroborates and
the impossibility of using imaginary values of the crys-
tal lattice vibration frequency in calculating the free
energy (in the PrFe3(BO3)4 crystal, there are no imag-
inary modes) for the NdFe3(BO3)4, TbFe3(BO3)4,
DyFe3(BO3)4, and HoFe3(BO3)4 crystals, in further
calculations the thermal expansion coefficient was
taken equal to the thermal expansion coefficient cal-
culated for PrFe3(BO3)4. This allowed us to calculate
the temperature dependence of the unit cell volume
for all the investigated compounds.

For each of the investigated crystals in the R32
phase, the lattice dynamics was calculated using the
lattice parameters and atomic coordinates corre-
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sponding to temperatures of 0, 200, 300, 500, and
1000 K (Table 1).

The significant changes in the total phonon spectra
of the compounds under study with increasing tem-
perature were observed only in the vicinity of the point
Λ. The obtained partial phonon spectra with frequen-
cies below 25 meV for the directions Γ → Λ → F and
Γ → Q → Λ → Z (the Brillouin zone and these direc-
tions are shown in Fig. 2) are presented in Fig. 3 for the
PrFe3(BO3)4 and NdFe3(BO3)4 crystals and in Fig. 4
for the TbFe3(BO3)4, DyFe3(BO3)4, and HoFe3(BO3)4
crystals.

The phonon spectra of the PrFe3(BO3)4 and
NdFe3(BO3)4 crystals calculated at different tempera-
tures appeared very similar. It can be seen in Fig. 3
that, with increasing temperature, no significant
changes in the vicinity of the point Λ occur, but the
deflection of the acoustic branch remains and is espe-
cially pronounced in the Γ → Q → Λ → Z direction
(Figs. 3b, 3d). It is well-known that the structural
9
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Fig. 3. Phonon spectra for (a, b) the PrFe3(BO3)4 and (c, d) NdFe3(BO3)4 crystals at temperatures of 0 (black solid line),
200 (gray dotted line), 300 (gray dashed line), 500 (gray dash-and-dot line), and 1000 K (gray solid line).

�5

0

5

10

15

20

25

"
�

, m
eV

"
�

, m
eV

"
�

, m
eV

"
�

, m
eV

F� �� �
–5

0

5

10

15

20

25

FQ

F� �� � FQ
–5

0

5

10

15

20

25

–5

0

5

10

15

20

25

(a) (b)

(c) (d)



CALCULATING THE LATTICE DYNAMICS 2023
Fig. 4. Phonon spectra for (a, b) the TbFe3(BO3)4, (c, d) DyFe3(BO3)4, and (e, f) HoFe3(BO3)4 crystals at temperatures of
0 (black solid line), 200 (gray dotted line), 300 (gray dashed line), 500 (gray dash-and-dot line), and 1000 K (gray solid line).
Imaginary modes are shown by negative values.
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Fig. 4. (Contd.)
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Fig. 5. Calculated dispersion dependences of the acoustic
mode at temperatures of 0 (black solid line), 200 (gray dot-
ted line), 300 (gray dashed line), 500 (gray dash-and-dot
line), and 1000 K (gray solid line) and dependences
obtained experimentally in [12] at temperatures of
198 (black dotted line), 250 (black dashed line), and 350 K
(black dash-and-dot line). Imaginary modes are shown by
negative values.
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phase transition R32 → P3121 is not observed in these
compounds.

A quite opposite picture is observed in the
TbFe3(BO3)4, DyFe3(BO3)4, and HoFe3(BO3)4 crys-
tals. As the temperature increases, the imaginary
mode at the point Λ stabilizes and takes a real value in
each crystal. In this case, in all the three crystals at a
temperature of 1000 K, the frequency of the unstable
mode takes similar values (3–4 meV) and, at 0 K, the
absolute value of the unstable mode changes more
strongly from one compound to another.

Figure 5 shows the dispersion dependences of the
unstable acoustic mode for the TbFe3(BO3)4 crystal in
the Γ → Λ direction calculated in this study at tem-
peratures from 0 to 1000 K and obtained experimen-
tally from the inelastic neutron scattering spectra at
temperatures of 198, 250, and 350 K in [7]. One can
see that the calculated data are qualitatively consistent
with the experiment.

The structural phase transition R32 → P3121 in the
TbFe3(BO3)4, DyFe3(BO3)4, and HoFe3(BO3)4 crys-
tals occurs at temperatures of 192, 282, and 369 K,
respectively. In this study, we obtained using the
quasi-harmonic approximation that the soft mode
takes real values in TbFe3(BO3)4 at a temperature of
about 300 K, in DyFe3(BO3)4 between 500 and
SICS OF THE SOLID STATE  Vol. 61  No. 11  2019
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1000 K, and in HoFe3(BO3)4 between 500 and 1000 K.
Certainly, this approach does not allow us to make a
quantitative comparison with the experimental tem-
peratures of the phase transitions in the crystals under
study. The behavior of the low mode at the point Λ
with increasing temperature in ferroborates with dif-
ferent types of a rare-earth ion are qualitatively consis-
tent with the experimental dependence of the struc-
tural phase transition temperature on the type of a
rare-earth ion.

Based on the results obtained for the PrFe3(BO3)4
and NdFe3(BO3)4 crystals, we may conclude that the
deflection of the acoustic branch at the point Λ does
not speak about the structural instability, at least in the
framework of the approach used. Summarizing the
obtained data on the behavior of the low-lying mode at
the point Λ with increasing temperature, we can state
that, at high temperatures, the deflection of the acous-
tic branch at the point Λ remains in all ferroborates
with a huntite structure.
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