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a b s t r a c t 

The mechanisms of coupling between the lattice modes of a two-dimensional (2D) array consisting of 

Al nanoparticles and the localized modes of individual Al nanoparticles have been studied in detail. The 

results were obtained employing the finite-difference time-domain method (FDTD) and the generalized 

Mie theory. It was shown that interactions of single particles with 2D lattice modes significantly change 

the extinction spectra depending on the particle radius and the lattice period. The Rayleigh anomalies of 

higher orders contribute to formation of hybrid modes resulting in increase of the extinction efficiency in 

short wavelength range of the spectrum. It was shown that high intensity magnetic modes are excited in 

aluminum nanoparticles arrays. The patterns of spatial electromagnetic field distribution at the frequen- 

cies of hybrid modes have been studied. We note that comprehensive understanding the mode coupling 

mechanisms in arrays paves the way for engineering different types of modern photonic devices with 

controllable optical properties. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

It is generally known that emergence of electromagnetic modes

f different orders is possible in the process of interaction of op-

ical radiation with single isolated nanoparticles as well as with

heir groups. For spherical particles the first-order modes are

lectro- and magneto-dipole ones [1] . The excitation of higher or-

er modes can be achieved by increase of the particles size and by

he shape of the incident wave front. In the case of an periodic

tructures (e.g. nanoparticle lattices) the interaction of the local

odes of each individual particle with the collective resonances

as mentioned in early works by Rayleigh [2] and Wood [3] .

he emergence of these resonances in periodic arrays of plas-

onic nanoparticles has been predicted in Refs [4–6] and exper-

mentally demonstrated in Refs. [7–9] . Later these collective lat-

ice resonances were studied in a wide range of periodic nanos-

ructures with different types of unit cells: single [10,11] or paired

in a stack) [12] nanodisks, the cylinders with the core-shell struc-

ure [13] , dimers [14,15] , and more complicated configurations [16–

0] . 
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Such structures have found wide applications in many areas,

.g. in IR spectroscopy [21] , narrow-band light absorption [22] , sen-

orics [23,24] , lasers [25] and enhanced fluorescence [26,27] , just

o name a few. It is known that silver and gold are the best plas-

onic materials, but in recent years the attention was attracted to

lternative plasmonic materials such as transparent conductive ox-

des (AZO, GZO, ITO) [28] and titanium nitride (TiN) which made it

ossible to obtain high-Q collective modes (up to Q = 10 4 ) in the

elecommunication spectral range [29] . 

Aluminum plasmonics appeared quite recently [30,31] and in-

erest in this material was associated with a high value of the

lasma frequency – much higher than that of silver or gold, which

ade it possible to observe surface plasmon resonances in the ul-

raviolet (UV) spectral range. This feature would find application,

or example, in photocatalysis and for studying of organic and bi-

logical systems that exhibit strong UV absorption [32–34] . The

nterest to aluminum in that respect is aroused also due to its

elative cheapness and availability that opens wide opportunities

or manufacturing and mass production in such promising areas

s color printing [35–37] , photovoltaics [38–41] , thermoplasmon-

cs [42] , holography [43] . The plasmonic properties of Al structures

ere extensively studied in numerous papers: single nanoparticles

ith various shapes [30,44–50] , dimers [51] , heterodimers [52] ,

nd large arrays [10,53] . Surface lattice resonances (SLRs) with ac-
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Fig. 1. Sketch view of the square Al nanoparticles array. 
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tive tuning [54,55] has been shown to cover wide range of frequen-

cies in Al and used for nonlinear optics [56] , lasers [57–59] , tem-

perature sensing [60] , photoluminescence [43,61–63] , light emis-

sion [64] and confinement [65] , quantum electrodynamics [66] ,

sensor on Al metal film holes [67] . The multipoles in single Al

nanoparticle are studied in Ref. [68] . The methods for synthesis can

be found in Ref. [69] , while the methods to decrease the losses in

Al nanoparticles are described in Ref. [70] . 

Obviously that practical implementation and engineering of de-

vices based on periodic arrays requires the understanding both

how the modes of individual particles in the array interact with

the lattice modes and how to control the hybrid modes. 

The goal of our paper is the studying of interaction of local

modes (both electric and magnetic ones) of individual particles

with the collective modes of nanoparticle periodic arrays. It covers

the optical properties of hybrid modes for different nanoparticle

radii and lattice periods investigated by analytically accurate gener-

alized Mie theory and commercial FDTD package (Finite-Difference

Time-Domain Method). This makes it possible to determine the

contribution of each partial hybrid mode to the extinction spectra

and to control the extinction spectra of the structure as a whole. 

2. Computational model 

2.1. The array structure 

Schematic representation of the structure used in our simula-

tions is shown in Fig. 1 : regular square 2D array of aluminum

nanospheres with radius R and period h along x and y axis, re-

spectively, is immersed in the dielectric media with permittivity

ε m 

= 2 . 25 (optical glass) and we used tabulated values of dielec-

tric constants ε of aluminum [71] in simulations. 

2.2. Definition of the extinction 

In this paper we consider the extinction spectra of both sin-

gle nanoparticles and periodic arrays (finite and infinite) using

generalized Mie theory and Finite-Difference Time-Domain (FDTD)

method. Importantly, that the definitions of scattering, extinction

and transmission cross-sections either for finite or infinite periodic

structures are different. 

In the case of infinite structures the following definition of ex-

tinction, scattering, and transmission is commonly used. Namely,

the transmission cross-section is determined by the power of the

electromagnetic field (relative to the intensity of the incident radi-

ation) that passed through the periodic structure and the sum of

scattering and absorption cross-sections corresponds to the resid-

ual power of the electromagnetic field. 

The case of finite structures is different in comparison with

the one of infinite structures and there is the following definition.

Note, that electromagnetic field outside the particles ( E, H ) can be

considered as the sum of incident and scattered ones. So, the scat-

tered field can be considered as the difference between full ( E, H )
nd incident fields. 

E sca = E − E i , 

H sca = H − H i . 
(1)

ere E i and H i are the components of incident electromagnetic

eld which define the electromagnetic field in the interparticle

edium in the absence of the particles. In this case the scattering

ross-section is determined by the power of the fields ( E sca , H sca ). 

It is clear that for correct comparison of finite and infinite

tructures spectra one should choose either one or another ap-

roach mentioned above and apply it to the both types of struc-

ures. 

The first definition is not generally applicable to finite struc-

ures without introducing additional conventions (for example, in-

roducing a structure plane for a single particle by analogy with

he plane of the array). 

The second definition can be applied to the both — infinite and

nite structures. Therefore, it was chosen as the definition of ex-

inction in all our simulations. However, for infinite structures, this

ethod has an important feature which should be taken into ac-

ount: the extinction efficiency can exceed an unity that gives in-

orrect impressions of either incorrect definition, or a violation of

he energy conservation law. It is clear that the amplitude of the

ar-field ( E, H ) will not exceed the amplitude of the incident field,

ut we should note that the fields ( E, H ) and ( E i , H i ) may have dif-

erent phases. This means that the interference effects can lead to

he dominance of the scattering field in Eq. (1) over the incident

eld resulting in rising of the extinction efficiency. As mentioned

n the paper by V. A. Markel [72] , only the absorbed energy is de-

ned in terms of a physical energy flux, that is, a flux that actually

xists in space. The scattered energy is defined in terms of the flux

hat is created by the scattered field alone. The extinction power is

efined in terms of a peculiar flux that is created by the interfer-

nce between the incident and the scattered fields. 

.3. Finite-difference time-domain method 

To calculate extinction spectra of infinite nanosphere arrays

ommercial FDTD package was employed [73] . Total field scattered

eld ( TFSF ) radiation source (see [74] ) was applied to separate the

ncident electromagnetic field ( E i , H i ) which is defined as the elec-

romagnetic field in the interparticle medium in the absence of the

articles and the scattered electromagnetic field ( E sca , H sca ) that

ade it possible to find extinction and scattering cross-sections

 σ ext , σ sca ). 

The array was illuminated from the top by the plane wave with

ormal incidence along x axis and polarization along y axis. Ab-

orption Q abs has been calculated using a set of monitors surround-

ng NP. The scattering efficiency Q sca has been calculated as the

um of two monitors placed outside TFSF region before and af-

er the structure. The extinction efficiency (eq. 7) we define as

 ext = Q abs + Q sca . Periodic boundary conditions have been applied

t the lateral boundaries of the simulation box, while perfectly

atched layer (PML) boundary conditions were used on the re-

aining top and bottom sides. An adaptive mesh has been used

o reproduce accurately the nanosphere shape. 

.4. Generalized Mie theory 

The generalized Mie theory [75] allows to calculate the extinc-

ion, scattering, and absorption spectra of spherical nanoparticles

ystem. The incident and scattering coefficients are given by the
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Fig. 2. Extinction efficiency decomposed in a set of spherical multipoles for single aluminum nanospheres of different radii R and wavelengths of incident light. 
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quations 

 

j 
mn = 

(m 

j ) 2 j n (m 

j x j ) 
(
x j j n (x j ) 

)′ − j n (x j ) 
(
m 

j x j j n (m 

j x j ) 
)′ 

(m 

j ) 2 j n (m 

j x j ) 
(
x j h 

(1) 
n (x j ) 

)′ − h 

(1) 
n (x j ) 

(
m 

j x j j n (m 

j x j ) 
)′ p 

j 
mn , 

 

j 
mn = 

j n (m 

j x j ) 
(
x j j n (x j ) 

)′ − j n (x j ) 
(
m 

j x j j n (m 

j x j ) 
)′ 

j n (m 

j x j ) 
(
x j h 

(1) 
n (x j ) 

)′ − h 

(1) 
n (x j ) 

(
m 

j x j j n (m 

j x j ) 
)′ q 

j 
mn . 

(2) 

ere the superscript j indicates the particle number, a 
j 
mn and b 

j 
mn 

re scattering coefficients, p 
j 
mn and q 

j 
mn are incident coefficients,

 

j is relative refractive index of the j -th particle, x j = kR j is the

ize parameter, k is the wave number in surrounding medium, R j 

s radius of the particle, j n and h (1) 
n are spherical Bessel and Hankel

unctions of the first kind. The field at the j -th particle is the sum

f the external field and fields scattered by the other particles in

he system: 

p j mn = p j, j 
mn −

∑ N 
l=1 
l � = j 

∑ ∞ 

ν=1 

∑ ν
μ= −ν

(
a l μνA 

μν
mn (l, j) + b l μνB 

μν
mn (l, j) 

)
, 

 

j 
mn = q j, j 

mn −
∑ N 

l=1 
l � = j 

∑ ∞ 

ν=1 

∑ ν
μ= −ν

(
a l μνB 

μν
mn (l, j) + b l μνA 

μν
mn (l, j) 

)
. 

(3) 

ere p 
j, j 
mn , q 

j, j 
mn are external field decomposition coeffi-

ients, A 

μν
mn (l, j) , B 

μν
mn (l, j) are the translation coefficient [76] .

quations (2) , (3) are the system of n linear algebraic equations.

he solution of this system provides one with coefficients a 
j 
mn ,

 

j 
mn , p 

j 
mn , q 

j 
mn . 

Extinction and scattering cross-sections of n -th mode are de-

ned as follows: 

C ext ) n = 

4 π

k 2 
n (n + 1)(2 n + 2) 

∑ N 
j=1 

∑ n 
m = −n 

(n − m )! 

(n + m )! 
Re (p j, j∗

mn a 
j 
mn + q j, j∗

mn b 
j 
mn ) ,

C sca ) n = 

4 π

k 2 
n (n + 1)(2 n + 2) 

∑ N 
j=1 

∑ n 
m = −n 

(n − m )! 

(n + m )! 

(| a j mn | 2 + | b j mn | 2 
)
. 

(4) 
The total cross section is the sum of cross-sections of all modes:

 ext = 

∞ ∑ 

n =1 

(C ext ) n , C sca = 

∞ ∑ 

n =1 

(C sca ) n . (5)

he absorption cross-section is 

 abs = C ext − C sca . (6) 

he efficiency of extinction in this paper is understood as the ra-

io of the extinction coefficient to the area of the unit cell of the

eriodic structure: 

 ext = 

C ext 

h 

2 
, (7) 

here h is a lattice period. 

. Results 

.1. Optical properties of a single aluminum sphere 

Fig 2 a shows the extinction spectra of a single aluminum par-

icle depending on its radius. It is seen that the increase of the

article radius results in increase of the number of resonances in

he extinction spectrum, herewith their position is shifted to the

ong-wavelength range. Fig 2 b-g shows the decomposed extinc-

ion spectra of the single nanoparticles for different radii. As we

an see each mode is located in different region in ( R, λ) space,

owever they can overlap. 

We should note that an increase in the particle radius leads to

 sequential excitation of electric and magnetic modes. For exam-

le only electric dipole and quadrupole modes are excited in small

articles. Octupole modes are excited in particles with radius over

0 nm. Besides that, the contribution of magnetic modes to ex-

inction is much lower than the contribution of electric modes.

n addition, these modes are excited in particles with radius over

0 nm. At the same time, as the order of multipole decomposi-

ion increases, both the electric and magnetic modes are excited at

horter wavelengths. 

For comparison, the dipole extinction components of conven-

ional plasmonic materials (Ag, Au) are shown in Fig. 3 . One can



4 A.E. Ershov, V.S. Gerasimov and R.G. Bikbaev et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 248 (2020) 106961 

Fig. 3. The first order spherical multipoles components of extinction efficiency for 

single Ag and Au spherical nanoparticles of different radii R and wavelengths of 

incident light. 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Extinction efficiency of the Al nanoparticle array with different period h . The 

nanoparticle radius is R = 60 nm (left) and R = 110 nm (right), respectively. 
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see in Figs 2 that extinction efficiency of magnetic dipole is two

times lower than a one of corresponding electric dipole. However

in Ag and Au the difference is more significant, by factor 5 and 7,

respectively (see Fig. 3 ). 

It is important to note that magnetic dipole modes in Ag and Au

exist in particles with R > 100 nm, while in Al NPs the modes can

be excited already at R > 80 nm. In this regard Aluminum seems to

be more attractive in comparison with the conventional plasmonic

materials, since the electric and magnetic modes can simultane-

ously be excited in particles of relatively smaller radius. We argue

that this feature has a potential to be used for mode hybridization

in periodic structures. 
Fig. 5. Extinction spectra of the infinite (left) and 30 × 30 (right) arrays of Al NPs with h

respectively. White dashed line represent the different orders of the Rayleigh anomalies a
.2. Optical properties of a square array of aluminum spheres 

Application of aluminum spherical nanoparticles as structural

lements in 2D periodic arrays leads to a significant change in the

xtinction spectra. This is due to hybridization of the single parti-

le modes with the collective modes of a lattice. Extinction spectra

f periodic structures with different radii of the spherical nanopar-

icles and the periods of the lattice h are shown in Fig. 4 . One

an in these figure that the strong coupling between localized sur-

ace plasmon resonance and Wood-Rayleigh anomalies [2,3] leads

o the emergence of high-quality collective resonances [77,78] with

pectral positions close to the Wood-Rayleigh anomalies. Position

f these anomalies for normal incidence of light for square arrays

an be found with the following equation: 

s,q = h 

√ 

ε m 

s 2 + q 2 
, (8)

here s, q are integers which represent the order of the phase dif-

erence in x and y directions. It should be noted that Eq. (8) de-

cribes the condition of constructive interference for particles

ithin the YOZ plane [79] . Here and after λ is the vacuum wave-

ength. Different orders of the Wood-Rayleigh anomalies with (0,
 = 290 nm for different values of R calculated by FDTD and generalized Mie theory, 

nd white dots line represent the position of corresponding mode resonance. 
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Fig. 6. Extinction efficiency decomposed in a set of spherical multipoles for square array consisting of Al NPs of different radii R and wavelengths of incidence light (a,b,c) 

are for the electrical field component while (d,e,f) are for magnetic field component. The array period is 290 nm. White dash lines represents the Rayleigh anomalies and 

white dots lines correspond to the electric field resonance condition in Eq. (2) when denominator of a j mn is equal to zero. 
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Fig. 7. Reflectance and transmittance of the Al nanoparticle array with different 

radii R . The array period is h = 290 nm. 
1), ( ± 1, 0) and ( ± 1, ± 1) are shown in Fig. 4 . Note, SLR in

uch structures can be tuned within the whole visible spectrum. 

.3. Finite size effects 

Let us turn to the dependence of extinction spectra on the par-

icle radius. Fig. 5 shows the extinction spectra of an infinite lattice

ith a period of h = 290 nm from aluminum nanospheres calcu-

ated by the FDTD method. To analyze the complex spectral pat-

ern, we will use the generalized Mie theory, which will allow

s to obtain the decomposition of extinction spectra by modes of

pherical particles. 

Note, that the generalized Mie theory allows us to calculate the

ptical properties of structures consisting of a finite number of par-

icles. In this case, the extinction spectra of the 2D lattice can be

odified by finite size effects (see [80] ). Therefore, we have carried

ut comparative calculations of extinction spectra of an infinite pe-

iodic lattice and a lattice consisting of 30 ×30 particles. The calcu-

ation results are shown in Fig. 5 . 

The figure shows that the use of an array of particles 30 ×30

ith a high degree accurately reproduces the spectral characteris-

ics of the infinite lattice. It is important to note that good agree-

ent is observed both for the wavelengths of the modes of 2D

attice and their amplitudes. Thus, we can use the generalized Mie

heory to decompose the modes of a 2D lattice over spherical mul-

ipoles with minimal impact of the finite size effects on them. The

esults of the expansions are shown in Fig. 6 . 

White dots lines correspond to the electric field resonance con-

ition in Eq. (2) when denominator of a 
j 
mn is equal to zero. We

ote that this equation is performed only for complex frequency. In

his case the real part of frequency defines the position of the res-

nance while the imaginary part defines its line width. The spec-

ral decomposition pattern is the result of the interaction of local

esonances of single particles with the Rayleigh anomalies of the

eriodic array. For example, the electric field mode E n =1 is excited

n the particles with the radius over 40 nm, while E is excited
n =2 
n the particles over 80 nm. Note that the excitation of E n =3 is pos-

ible only in particles with minimum radius of about 120 nm. 

An interesting fact is that the resonances of a single particle hy-

ridize with the higher-order Rayleigh anomalies, which leads to

 local increase in the extinction efficiency near the wavelengths

orresponding to the position of the Rayleigh anomalies. A sim-

lar pattern is observed for the modes E n =2 and E n =3 , while for

he mode E n =3 there is no increase in the extinction efficiency in

he vicinity of the second Rayleigh anomaly with a wavelength of

00 nm. This behavior can be explained by the extinction efficien-

ies of single particle ( Fig. 2 ). So for the E n =1 mode, the Rayleigh

nomaly crosses only the edge of the resonance region, while for

 and E it crosses the range with high extinction efficiency. 
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Fig. 8. The configuration of electric (a,c) and magnetic (b,d) fields at 435 and 480 nm, respectively for R = 60 nm and h = 290 nm. 

Fig. 9. The configuration of electric (a,d) and magnetic (b,c) fields at 439 and 463 nm, respectively for R = 110 nm and h = 290 nm. 
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Fig. 7 shows the transmittance and reflectance spectra of the

array structure calculated by the FDTD method. One can see that

the structure reflects radiation only in the spectral range of the

hybrid resonance modes. Thus, tuning of the spectra can be effi-

ciently performed by variation of the lattice period and nanopar-

ticle sizes. Importantly, that for small particles ( R < 40 nm) the

transmittance of the structure is about 100%. But for large parti-

cles ( R > 120 nm) the structure is not transparent in whole spec-

tral range. Note, that the reflection is measured by monitor located

before the source of a plane wave, while the transmission mea-

sured by monitor located inside TFSF after the structure. In this
ase the transmission monitor detects the total field. In addition,

e note an important methodological aspect. The coupled dipole

pproximation (CDA) [81] is a popular method in computational

lectrodynamics being widely used for studying of periodical struc-

ures due to its simplicity and ability to simulate the structures

onsisting of large number of particles. Note, that for the struc-

ures considered in this paper this method can be applied only

o the particles with small radius. This is due to the fact that in

his case only electro- and magneto-dipole modes are excited in

he nanoparticles. But in practice an increase of the nanoparticle

ize results in an abrupt growth of the contribution of higher or-
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er modes. Fig. 6 shows that these modes are limited, on one side,

y the Rayleigh anomaly, and, on another side, by the resonance

ondition in Eq. (2) . In this way, the Mie theory allows one to find

he limits of the CDA method applicability, which can be useful in

he study of structures with a large number of particles. 

. Resonant field configuration 

Now let us turn to the field configurations that correspond

o the extinction maxima. For R = 60 nm the maximum extinc-

ion is achieved at the wavelength 435 nm and 480 nm while for

 = 110 nm at 439 nm and 463 nm (see Fig. 5 ). The correspond-

ng field pattern for individual particle in the lattice are shown in

igs. 8 and 9 . 

As can be seen that at the wavelength of 480 nm the configura-

ion of the electric and magnetic fields corresponds to the electric

ipole. While at a wavelength of 435 nm the field configuration re-

emble the combination of an electric quadrupole and a magnetic

ipole. Note that the electric dipole is excited in the plane of inci-

ent wave, and the quadrupole is in the plane of light polarization.

 more complex configuration of the electric field is observed at a

avelength of 439 nm. It is seen in Fig. 9 that in this case the third

rder mode is formed and it has three pairs of antisymmetric poles

hile modes of the second order are formed at the wavelength of

63 nm Fig. 9 d. Note that both at the wavelength of 439 nm and

t the wavelength of 463 nm, the configuration of magnetic fields

esembles the magnetic dipole. 

For particles with a radius of 110 nm and a wavelength of inci-

ent light of 448 nm, magnetic modes of only the first order can

e excited in such media, while a change in the wavelength up to

58 nm leads to the excitation of magnetic modes of the second

rder. The obtained field distributions are in full agreement with

he results of the decomposition of the extinction spectra received

y the generalized Mie theory. Thus, the variation of the lattice

arameters and the wavelength of the incident light makes it pos-

ible to control the modes of 2D periodic lattices. 

. Conclusion 

To conclude, the extinction spectra of the single aluminium

anoparticles and nanoparticle arrays vs the particle radius have

een investigated. It was shown that for single nanoparticles an

ncrease of their radius leads to a sequential excitation and decay

f electric and magnetic modes. We note that the modes of a sin-

le particle do not interact with each other. 

However, the different scenario is observed for the nanoparti-

le array. In this case the different orders of the particle modes

nteract with each other and with the Rayleigh anomalies that re-

ults in formation of hybrid modes. The spectral manifestations of

ybrid modes are the formation of narrow lines in the extinction

pectra and the corresponding hybrid configurations of the electro-

agnetic field. 

The feature here is that the each mode of both electric and

agnetic fields interact with the Rayleigh anomalies of different

rders. As the result we observe the increased extinction efficiency

n the vicinity of the Rayleigh anomalies. This effect can be used

o control the spectral position of the extinction maximum. 

Thus, obtaining the physical insight into the nature of the mode

oupling in the Al nanoparticle arrays paves a way for efficient

ontrol of their optical response in various photonic applications,

rimarily in the short-wavelength spectral range, which can not be

asily achieved with other alternative strategies. 
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