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Abstract

The Monte Carlo method has been used to calculate the trapped magnetic field in superconducting plates with holes. The
mechanism of flux pinning on the holes is implemented with special subprocesses added to the algorithm: vortex capture
and emission, both occurring on the hole boundaries. Secondary peaks related to the holes emerge on the calculated profiles
of the trapped magnetic field. It has been found that these peaks disappear in plates with sufficiently strong pinning or when
the computational mesh is coarse (the case corresponding to a low resolution of probes in experiments). The dependence of

the trapped field on the hole radius has been analyzed.
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1 Introduction

The nondissipative mode of current flow in a high-temperature
superconductor (HTS) at a given external field H and tem-
perature T is limited by the value of the critical current
density j.. High critical currents can be achieved in HTSs
by introducing additional defects acting as pinning centers
for the magnetic flux.

The typical methods of creating pinning centers include
the introduction of nanoparticles [1-3] or various impu-
rities [4—6] in HTS and irradiation [7, 8]. Also, creating
artificial perforations is an advanced method of improving
the transport characteristics of superconductors [9-11]. In
work [9], through-holes were formed in a superconducting
layer by means of femto- and picosecond laser pulses. Such
defects have a diameter of about several micrometers and
their size is much greater than the size of a vortex. However,
collective pinning of Abrikosov vortices can be effectively
implemented on the boundary of the superconducting and
non-superconducting regions.
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To define the optimal conditions for flux pinning on arti-
ficial holes, investigations of a large number of samples with
different configurations and sizes of holes are required. For
this task, numerical modeling being a very powerful method
is convenient. It provides an opportunity of varying the size,
configuration, and the number of different structural inho-
mogeneities of the sample in wide ranges and allows one to
separate their influence on j. from that of numerous other
factors. Likewise, simulations allow one to analyze the dif-
ferences in performance of various defects and vary their
effective depth a (the characteristic energy of vortex-defect
interaction) and concentration. Substantial attempts to deter-
mine the optimal configuration of holes by means of compu-
tations were made in paper [12], where the Bean model was
used to calculate the magnetization and current distributions.
The configurations providing maximum trapped flux were
also calculated. In work [13], the finite element method was
used for similar purposes.

In this paper, we consider the effect of perforations in an
HTS on the trapped field by means of the Monte Carlo (MC)
method. Previously, a method based on the MC algorithm
capable of modeling the vortex lattice in a superconduc-
tor was developed. In works [14-16], the dynamics of the
Abrikosov vortex system were simulated in an HTS with
defects in the form of holes (antidots) and the resulting criti-
cal current was calculated. A qualitative explanation of the
nonmonotonic dependence of the critical current on the hole
size (observed in real experiments) was proposed. The calcu-
lations showed that the drop in j, with the increasing antidot
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size could be explained by the processes of creation of vor-
tices on the antidot boundaries and their movement towards
the sample center, accompanied by energy dissipation.

This paper is organized as follows. The method for cal-
culating the magnetic flux distribution in a superconduc-
tor with holes is described in the “Model” section. The
“Results” section includes the calculated magnetic flux pro-
files, epy analysis of the occurrence of secondary peaks, and
the dependence of the magnitude of trapped flux on the hole
size. The “Discussion” section is devoted to the comparison
of simulations with experimental observations.

2 Model

The magnetic flux profiles can be calculated by simulating
the vortex lattice interacting with holes and other inhomo-
geneities (pinning centers) in a superconductor. The calcula-
tions were performed for a model layered HTS with holes
by means of the continuum-space MC method, with the
processes of vortex movement, creation, and annihilation in
a layered HTS with holes taken into account [15, 16] (see
Appendix 1). In our simulations, samples are magnetized in
the following way. An external field of the order of several
Tesla is applied, after which a configuration of vortices cor-
responding to this field is calculated. Then, the external field
is removed, and the calculation, during which the vortices
exit the sample, takes the same number of MC algorithm
steps as it did when the field was nonzero. During this time,
the massive avalanche-like relaxation of vortices ceases and
the remaining vortices form the trapped magnetic flux.

To calculate the spatial profile of the trapped magnetic
flux, we divide the sample into cells of size £ <dx <4, so that
there are approximately 100 cells along each side. Here, & is
the coherence length, A is the London penetration depth. The
magnetic field in the center of each cell is calculated as a
sum of the fields generated by all vortices spaced no further
than 54 away (this is the distance beyond which the vortex-
vortex interactions can be neglected). The magnetic field of
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tance from the vortex center to the point at which the field
is determined. This procedure is done for an instant vortex
configuration at the end of each calculation. Then, the con-
tributions from each vortex are summed over the area cor-
responding to that of a measuring probe used in experiments.
Each point of the calculated profile thus corresponds to the
position of the probe center.

The trapped field profiles were calculated for the following
parameters: £ =4 nm, A=360 nm, and d=0.27 nm, which are
close to the ones known for HTS (such as Bi-2212, YBCO) at
77 K. Here, d is the thickness of a superconducting layer. Due
to certain limitations of CPU speed and memory, the sample

a single vortex equals B(r) =

K, ( % ) where r is the dis-
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size and the external magnetic field in the calculations were
limited to values of the order of 10 pm and 0.3 T, respectively.

3 Results

Samples with a regular square lattice of 4, 9, and 16 holes were
modeled. Beside the flux trapping on holes, strong (¢=10 eV),
medium (@=3.33 eV), and weak (=1 eV) pinning of vorti-
ces on nanosized defects is treated. The depth of the potential
well near the hole boundary, a,,, is set to 40 eV, which is much
higher than a. We use a sample notation that contains informa-
tion on the number of holes and pinning strength (Table 1). For
example, #4 m denotes the sample with 4 holes and medium
(m) pinning.

The resulting trapped field profiles for samples #9w, #9 m,
and #9 s are presented in Fig. 1. For weak and medium pin-
ning, the secondary peaks of the trapped fields are clearly
observed. These peaks correspond to the position of holes. It
can be clearly seen that the peaks smear out with increasing
pinning strength. As it is expected, the trapped field in the
sample center and the trapped flux are higher for the case of
stronger pinning.

As it happens in experiments, the size of the measuring
probe is crucial for the resulting shape of trapped field profiles.
The probe size is simulated by changing the size of the mesh
imposed on the sample. Figure 2 shows how the secondary
peaks smear out, blend in with the background, and dissolve
as the probe size increases.

The trapped flux @ is expected to vary with the hole size
[12]. Figure 3 shows the trapped flux versus the radius of holes
Ry, for #4w, #4 s, #9w, and #9 s. @ is almost independent of R,
in the samples with strong pinning (#4 s, #9 s). The cases of
weak pinning (samples #4w, #Ow) demonstrate an increase in
@ with R, A heuristic formula, which is based on the critical
state model [17] (see Appendix 2), is suggested to describe the
®(R,,) dependence for all cases:

# = 1)(2) - (5= 2)(2)]

where p, =A; N\ R,, R is a half-wide of the sample, N, is the
number of holes, and A, and &, are positive coefficients,
Ay <1, k, > 1. The coefficient A, depends on the arrangement

o = ﬂMOiCR3 [l
ey

Table 1 Notation of the simulated samples

Pinning strength 4 holes 9 holes 16 holes
Weak a=1eV #4w #9w #16w
Medium ax=3.33 eV #4m #9m #16 m
Strong a=10 eV #4 s #9 s #16 s
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Fig. 1 Trapped magnetic field for #9 s a, #9 m (3D graph) b, #9w c.
The hole radius equals 300 nm. The probe size equals the mesh step

of the holes; the coefficient &, determines the excess trapped
flux in the holes. This formula accounts for the competition
of the excess flux trapping in the holes [16] and the perturba-
tion of current paths [12]. These competing effects provide
the positive and negative slopes on the ®(R)) dependence.
The maximum locates at p,/R = (2k,—2)/(3k,—2).

The data resulting from the MC calculations are satis-
factorily fitted by Eq. (1) with j, = 1.1:10'° A m~2 for strong
pinning (#4 s, #9 s) and j.= 3.3-10° A m~2 for weak pin-
ning (#4w, #9w) (Fig. 3). For each curve, the coefficients
A,=0.39 and k, =(2.2-10' A m™2)/j, are used. The behavior
of the fitted ®(R,) dependences shows that it may be pos-
sible to optimize the total trapped flux by tuning the sizes,
numbers, and positions of holes.

4 Discussion

Let us consider some experimental data on the trapped field
in perforated superconductors. Most of experimental investi-
gations of the trapped field in HTS are carried out on macro-
scopic samples with the typical sizes of about 5-40 mm and
applied magnetic fields exceed 1 T [18-21]. Given such con-
ditions, the MC calculations would require large computer
resources and take too long. However, there is a qualitative
agreement between the experimental data and the obtained
computational results for smaller samples.

The trapped field profiles usually have a conical shape
for samples with various aspect ratios [22]. The existence
of shape distortions and secondary peaks on the trapped
field profiles indicates that the sample has sufficiently large
defects [23, 24], e.g., holes [25-29] and pores [30, 31]. Such
defects trap the magnetic flux quite effectively.

The distortions of trapped field profiles are a typical man-
ifestation of holes [25-29]. However, prominent secondary
peaks were rarely observed for perforated samples. In work
[25], such peaks occurred at points that coincided with the
positions of 1.1-mm holes. Nonetheless, similar samples
with smaller holes (with a diameter of 0.7 mm) [25, 27] did
not demonstrate any secondary peaks on the trapped field
profiles. We suggest that magnetic flux concentrations were
not reliably established for small holes in these papers due
to the insufficient resolution and/or a relatively large size
of the used Hall probes. The disappearance of secondary
peaks in the case of large probe sizes (modeled by using
coarser meshes in our computations) was demonstrated in
the previous section.

A perforated superconductor may be considered as a
model of an HTS foam, a peculiar special case of an inho-
mogeneous superconductor [32, 33]. Numerous pores in the
foam act not only as pinning centers, but also as channels
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Fig.2 Trapped magnetic field
for #16 m. The hole radius
equals 300 nm. The probe size
is04uma, l umb, 1.6 pmc
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Fig.3 The trapped flux versus the radius of holes. The points are the
results of the MC calculations. The lines are computed by means of

Eq. (1)

for the coolant flow, which significantly reduces the cost of
cooling. Currently, much attention is paid to the magnetic
properties of the foams, such as the flux trapping ability.
Apparent secondary peaks on the trapped field profiles were
observed for a YBCO foam with 1-mm pores in papers [30,
31]. These secondary peaks are associated with groups of
pores, instead of a single pore [30].

Thus, the peculiarities of the trapped field profiles, which
are inherent in perforated and porous superconductors, can
be reproduced by means of MC calculations in much smaller
samples. As our previous computations of the magnetiza-
tion processes and critical current have shown, the results
obtained for micron-sized samples can be extrapolated to
samples with the size of a few millimeters.

The state-of-art technologies can produce perforated HTS
films with the sizes of a few micrometers [9]. However, it
is problematic to measure the trapped field profiles of such
films because the Hall probes are of larger sizes. The scan-
ning magnetic microscopy [34], on the other hand, could be
interesting to be applied for this task.

The ability to control and adjust the trapped field profiles
by varying the number, size, and position of holes or pores in
the superconductor pave a new way towards different appli-
cations of superconducting trapped field magnets, e.g., in
spacecrafts [35].

5 Conclusion

The trapped magnetic flux has been calculated for perfo-
rated square plates by means of the Monte Carlo method.
Secondary peaks have been found to emerge on the mag-
netic profiles at points corresponding to the positions of

holes. To provide the excess flux trapping, the energy
potential of the holes should be much deeper than that of
the ordinary intrinsic pinning centers. Moreover, the probe
resolution should be sufficiently high to register the second-
ary peaks.

The computed dependencies of the trapped flux on the
hole radius are fitted by Eq. (1) accounting for the excess
flux trapping in the holes and the perturbation of current
paths caused by the holes. The trapped flux increases with
each added perforation until an optimal density of holes is
reached. A further increase in the number of perforations
leads to a decrease in the trapped flux. In this case, a choice
should be made between the excess trapped flux and the effi-
ciency of cooling due to a better coolant circulation through
the system of holes or open pores.

Appendix 1 Monte Carlo Simulations
of the Vortex System

During the calculations, the total energy G of the system is
minimized. For a system of quasi-two-dimensional vortices
(pancakes) in the presence of pinning centers, G has the
following form:

G= Z{NZE + Z Uin—pla.ne(rij) + Z Up(rip)
z i<j i.N,
(AD)

image (Meissner) ’
+ZUsurf<ri’rj ) +2Usurf }
ij i

@] Tij
Uin—plane(rij) = deo <7> P (A2)

2 ;- (image)
(Do |r’ ’j

8722 0 2 ’

Usurf(ri’:jimage) =-

(A3)

where £ =®’d [In(A/€) +0.52]/(4nA)? is the self-energy of
a vortex, ®y=rhc/e is the magnetic flux quantum, £ and A
are the coherence length and magnetic penetration depth,
N, is the number of pancakes in the z-plane, r; and r;, are
the absolute values of the position vectors connecting two
vortices and a vortex with a pinning center, respectively, d
is the thickness of a superconducting layer, and K is the
MacDonald function (the modified Bessel function of the
second kind). The second term in (A1) describes the pair
interaction of vortices inside a superconducting plane, the
third one is the interaction of vortices with pinning centers,
the fourth is the interaction of a vortex with its reflection
with respect to the boundary, and the fifth is the interac-
tion with the Meissner current (the superconductor is in an
external magnetic field H).

@ Springer



Journal of Superconductivity and Novel Magnetism

Let us consider a superconducting sample in the form of
a rectangular parallelepiped, the base of which has a size
b>> 2, placed in a magnetic field perpendicular to the base
of the parallelepiped. The superconducting layers are thus
also located perpendicular to the magnetic field. Let the
base of the parallelepiped coincide with the xy-plane. In the
z-direction, we introduce periodic boundary conditions to
exclude the effects of demagnetization. In a layered HTS, the
vortex lattice is a three-dimensional system, and it is neces-
sary to consider the interaction of pancakes located in the
same layer and in neighboring layers for a correct descrip-
tion of the system. However, as most of our calculations
show, for a qualitative description of the system, it is accept-
able to neglect the inter-plane interactions and consider only
one layer as an average response of the entire sample. This
is confirmed, in particular, by the coincidence (within the
margin of error) of the magnetization curves calculated in
the framework of a two-dimensional and three-dimensional
model.

The interaction of a vortex with the Meissner current at
the boundary is described by an expression of the form [14]

h(3)
U(Meissner) =d%H cos A

surf 4
T L
cosh | =

-1}, (A4)

where H is the external magnetic field, L, is the character-
istic size that determines the entrance of the vortex into the
sample and the interaction of the vortex with the Meissner
currents for each point of the surface. Ignoring the rounding
near the corners of the square, we can assume that the trajec-
tory of the Meissner currents corresponds to the perimeter
of the sample. Then, for each point x, the characteristic size
L, corresponds to the length of the segment passing through
x and the sample center from one side of the sample to the
other. Using this L, scale allows us to obtain values of the
energy of interaction of vortices with the Meissner currents,
qualitatively consistent with experiments. Thus, the force
acting on the vortex is always directed towards the sample
center.

Since the size of the square-shaped sample is b >> 4, the
interaction of a vortex with the boundary is introduced
as an interaction with the mirror reflections with respect
to the two perpendicular boundaries closest to the vor-
tex (Fig. 4). To satisfy the boundary conditions, a third
reflection of the same sign as the vortex is introduced.
This reflection locates symmetrically relative to the square
vertex (Figure 4).

@ Springer

Fig.4 Interaction of vortex with boundary

The interaction of a vortex with a nanoscale pinning
center is described by:

T

U—a;ex v
P e TP\ T2e )

where r;; is the length of the position vector connecting the
centers of the vortex and the defect, a is the depth of the
potential well of the defect.

The model of a layered HTS with holes was developed in
[16]. A submicron hole capable of capturing magnetic flux
is introduced into the calculations using the following model
approximation. If the radius of the hole is R, <4, then the hole
is described as a circular area that vortices cannot enter. This
can be modeled by introducing an infinitely large energy inside
the hole. Thus, the vortices can be pinned only on the hole
edges. If R, > A, vortices can enter the hole. Near the edge
of the hole, the interaction energy U, of the vortex with the
defect has the form:

(A5)
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U, =« 1 ex <—i A6

PO P\ T2 (A5)
where ry is the distance to the edge of the hole, ;, — the
depth of the potential well near the edge. This approach sim-
ulates the attraction of vortices to the boundary of the hole.
We also assume that the vortices trapped by the hole interact
in the usual way with the other vortices, with the Meissner
current and with their reflection from the sample boundary.
This simulates the shielding current around the hole.

Appendix 2 Shrinking of Circulation Area
by Holes

Holes can trap excess magnetic flux, but they also per-
turb the current paths in the sample. These perturbations
should decrease the full penetration field H,,.

DLet us consider a simple model sample — a cylinder
with a hole along its main axis. The symmetry of the sys-
tem allows us to work with only one variable r, r=0 on the
main axis of the cylinder and r=R on the cylinder’s exter-
nal surface. A positive coefficient k;, is assigned to account
for the excess trapped flux in the hole. Perturbations of the
current paths caused by the hole and the decrease in H,, are
related to the hole radius R,,. The critical state model [17]
for such a sample gives H,=j.(R-R;), where j, is the criti-
cal current density (we neglect the field dependence of j_).
Upon magnetizing the sample up to H> > H,, at first and
then to H=0, one obtains the trapped field into the sample:
B(r)=pyj(R-r) at R, <r <R and B(r) =k,poH, at 0<r <R,
The trapped magnetic flux is determined after integration:

R R,
D= / 2rrpyj (R — r)dr + / 2zrk,poH,dr
0

Rlx

2 3
. 1 R 2(R
- |5- (%) +3(%)
R.\? R
n(%) (0-%)]

To account for additional holes in the sample, we suggest
to replace R, in (B1) by an effective hole radius p,, =A,N,R,,,
where N, is the number of holes and A, is the positive coef-
ficient depending on the hole positions. Equation (1) is the
result of this approximation.
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