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In this paper, the problem of a magnetic vortex motion in a field of extended linear inhomogeneity is solved
theoretically. The motion parameters are calculated by the method of collective variables (Thiel’s equation) with
the vortex effective mass and the third-order gyrovector. On the basis of the equation of motion, the influence of
the core mass and the third-order gyrovector on the character of the vortex motion as a quasiparticle is analyzed.
Using the method of magnetostatic charges, analytical expressions are obtained for the effective potentials where
the vortex core is located: (a) near the edge of the magnet or at the boundary of different magnetic phases, (b)
near the linear inhomogeneity of local anisotropy (bidirectional and unidirectional). The solution of the equation
of motion made it possible to obtain the trajectories of the core in various physical situations. In addition, the
paper discusses the features of the Hall effect for vortices/skyrmions, which are provided by the inertial prop-
erties and a third-order gyrovector. It is shown that when the core of a linear inhomogeneity crosses a unidi-
rectional anisotropy or the boundary of magnetic phases, a curvature of the trajectory is observed, which is
similar to the refraction of light at the boundary of optically dissimilar environment. It is important to note that
the introduction of the mass and gyroscopic effect of the third order in the equation of motion showed that the
motion of the vortex, even in a homogeneous potential, is not translational. In this case, the trajectory is an
overlay of cycloids of different rotation frequencies (analytical expressions are obtained for the frequencies). It is
shown that, the introduction of the mass and the gyroscopic term of the third order, the motion of the vortex core
cannot be considered translational at least during the time of the transition mode until the stationary mode of
motion takes place.

1. Introduction

The study of low-dimensional nanoscale magnets is paid much
attention due to the prospects of developing of new-generation spin-
tronics devices based on them (information carriers, sensors, logic ele-
ments, etc.). Various technological solutions for non-volatile memory
devices are actively discussed in the literature. In the latter case, the
main idea is bitwise information encoding on magnetic inhomogeneities
of a special type, i. e. magnetic vortices and/or skyrmions. The logical
“zero” or “one” can be set by the states of both the polarity and the
chirality of the vortex magnetization [1-7].

One of the main difficulties in the development of working samples
of devices is related to the reliability of the motion control of vortex
structures in a magnet under the influence of fields, spin-polarized
currents [8-10], gradient mechanical stresses [11,12] etc. The trajec-
tory of such objects, even in simple models, can be extremely complex
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and often defies analytical description. Vortex formations move along
intricate trajectories and exhibit unusual properties in the proximity of
the defects in the magnetic structure. In such cases, computer modeling
of the magnetization dynamics is useful [8,13-17].

In analytical calculations of the dynamic characteristics of the vortex
magnetic structure, the method of collective variables in the hard vortex
model proved to be productive. The backbone of the model is to neglect
the distortion of the distribution function of the vortex magnetization in
the process of its movement when approaching the inhomogeneity of the
magnet or its edge. As shown in [18,19], such an approach is quite
justified if the distance from the vortex core to the disturbing in-
homogeneity significantly exceeds the size of the core, i.e. the central
part of the vortex. The core of the vortex is a region with linear di-
mensions of the order of several nanometers, where the competition
mainly of the exchange energy and the demagnetizing energy results in a
strongly inhomogeneous distribution of magnetization with its exit from
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the plane of the magnet.

In this case, the coordinate and the velocity of the center (the core) of
the vortex are used as parameters that characterize the state of the
vortex, and the distribution of magnetization inside the vortex is
considered to be almost unchanged [20,21]. Subsequently, this
approach was very successfully developed by many authors (see for
example [22-26]). Within the approach, following the method proposed
in [27] and developed in [28], the authors of the mentioned works
obtained the equation of a magnetic vortex motion from Heisenberg
model Hamiltonian as a quasiparticle in the form of:

Gy X V+V+G X v+ Dv+ VW =0. )

Here the G and Gs coefficients are gyrovectors of the first and third
order, respectively; [20,26,28], v is the core velocity; W is the potential
energy possessed by the vortex, D and 7i are the tensors of effective
coefficients of friction force and the effective mass of the vortex,
respectively. The points above the vectors mean time differentiation.
The x and y axes of the Cartesian coordinate system lie in the plane of the
magnet. In a thin film (tape), gyrovectors have nonzero components
only when they are perpendicular to the surface (z-components)

[20,28]:
Ms [ [0m, 0p Om, Op
=—e— [ | ————— —|dxdydz,
¢ e“rg/v{dx dy dy dx) TP
(2)
_ Ms [ [om. dp Om, dp i
G; = —e, . // { & & dy d dxdydz,

Where tan(p) = my/m,,m,,m, and m, are the components of the unit
magnetization vector, e, is a unit vector of z-axis which is perpendicular
to the plane of the magnet, y, is the gyromagnetic ratio, and M is the
saturation magnetization. For the tensors components of a homogeneous
isotropic environment [20,28]:

R D, 0 O
b=|o0o b, 0

0 0 D,

aMs [ [0m, om, OJ¢ dp

D,=D,= ———[ |— —+— —|dxdydz,
’ » Ve /V{dx dy+dy dx Tayaz 3

Ho 00
B={0 p, 0

0 0 .

Mg [ [0m, 0p Om, d¢p

=p, =— [ |—— = — —— — | dxdydz. 4
Hox = Py yg/V{dx & di dy lydz @

The values of the D,, and y,, components do not matter, since there is no
motion of the core along the z axis in a thin magnet.

In most theoretical works, the authors do not pay attention to the
first two terms of the left part (1). Often this is really justified. But in
some physical situations, these terms result in interesting effects. For
example, in [28-31] it is shown that the inertia in the vortex is
responsible for the complex trajectory of the vortex in a two-
dimensional potential, which is an overlap of cycloids. But it should
be noted that often the mass was taken into account simultaneously with
the neglect of energy dissipation during the motion of the core, at least in
analytical estimates. At the same time, the dissipative term in (1) can
have a noticeable effect on the character of the trajectory [32-34].

Special interest is currently focused on the study of the behavior of
vortex magnetic objects near inhomogeneities of the magnetic structure.
Inhomogeneities can be surface ones [35], fluctuations in the parame-
ters of magnetic anisotropy [36,37] and external fields [38], boundaries
between magnetic phases in composite magnets [39] etc. Indeed, in real
materials, the cores of vortices (or skyrmions) are in the effective po-
tential created not only by the edge of the magnets, but also by magnetic
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defects [40-42]. Often this potential is given by model functions, which
is justified in most cases [43-45].

The influence of the potential of point defects in the magnetic
structure can lead to interesting manifestations of the vortex structure
properties. Depending on the nature of the defect, the core can be either
captured by the defect field or scattered on it. The motion of the core
may look as if the potential of a point defect has axial symmetry, but in
fact it is not symmetric [46]. Moreover, the dissipation can significantly
affect the nature of movement and equilibrium states. Interesting phe-
nomena have been predicted in the computer simulation of linear de-
fects, where the effects of refraction of the trajectory (like refraction of
light) and acceleration of the vortex core are found (see, for example, the
cycles of the authors’ works [16,47]). But these studies did not include
the core inertia and the third-order gyrovector. A particularly interesting
and complex problem is the description of the motion of vortex cores in
the field of multiple random defects, but due to the cumbersome nature
of the equations, the authors still resort to preliminary study by nu-
merical methods (see, for example, [48]).

In this paper, we present the analysis of Eq. (1) with the first two
terms on the left side and the dissipative term (we discuss their role in
the formation of the trajectory). The potential where the magnetic
vortex moves is created by an extended linear defect. It is important to
note that, as it is shown in [49], it is not necessary to limit the equation
of motion (1) only to the inertial term, since in general the terms with ziv
mass and Gs x V gyrovector have the same order of smallness.

2. Effective potential of linear defects

Some cases of extended linear inhomogeneities of the magnetic
characteristics of a planar magnet will be considered. We assume that
the thickness of the h film (tape) is so small that the change in the
magnetization in the direction perpendicular to the plane (along the z
axis) can be ignored.

At the same time, the film thickness allows the vortex state to be
realized in the xy [19] plane. We think that the magnet is isotropic in the
xy plane and the position of the core is so far from the boundaries of the
magnet that its displacement does not lead to any noticeable change in
the magnetic energy, i.e., away from the defects, the core is considered
to be in an indifferent equilibrium. In this case, the configuration of the
magnetization in the vortex is determined only by the competition of the
exchange energy and the demagnetizing energy. For estimation, the
hard vortex model is used.

2.1. Linear boundary between phases with different magnetic parameters

Further we consider the model of a magnet divided into two mag-
netic phases by an extended rectilinear boundary. The phases are
characterized by slightly different saturation magnetization. They are
Mg, and Mg, respectively. The differences between Mg; and Mgy must
not be great for the hard vortex model to be fair.

An example of the configuration of such a magnet in the form of a
tape with a vortex domain wall is shown in the Fig. 1. The magnetization
in both phases of the tape is in the plane of the magnet, except for the
central region of the vortex, i.e., the core. At the interface of the phases,
which is indicated by a bold segment, magnetostatic charges arise, their
interaction provides a change in the potential energy of the magnetic
subsystem. The existence of magnetostatic charges is due to the differ-
ence between Mg, and Ms,. The charge density is given by the function
o(y). Depending on the direction of the magnetization in the sections of
the “skirt” of the vortex crossing the boundary, the ¢(y) function can
take either a positive or a negative value.

Fig. 2 shows the geometry of the problem of calculating the energy of
a magnetic vortex depending on the distance from the core to the linear
inhomogeneity. The following notation is introduced: § is a character-
istic size of the vortex, ds; and ds, are elementary sites, the interaction
between them will be calculated.
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Fig. 1. The model of interaction between the magnetization of a vortex (vortex domain wall) and inhomogeneity in the form of a jump in magnetic parameters.

Core of Vortex

Fig. 2. The mechanism of magnetostatic charges occurrence at the interface.

The interaction energy of elementary sites can be written as:

aw, = o o0ob2) e )
Ar |y, — |

The surface density of magnetostatic charges is determined by the
perpendicular magnetization components at the phase boundary: o(y) =

My (%, 7) (Ms1 —Ms)y//X* + y2, My (x,y) = /1 —mZ(x,y) is a projec-
tion of the unit magnetization vector on the xy plane (see Fig. 2). Then
for energy (5) we can write:

_Ho P2 (x, y1 )y (x, y2) (M) — M)’y

aw,,
4
TR e )

dy,dy,. (6)

The linear size of the vortex core 5y ~ \/A/Ms (A is an exchange con-
stant) is of the ~ 10 nm, order, which is much smaller than the size of a
”skirt” of the § vortex. It means that m, = 0 can be considered almost on
the entire area of the vortex wall (this condition is not met for certain
types of skyrmions). In addition, it can be assumed approximately that
the vortex has a relatively sharp boundary, i.e., the magnetization is
almost uniform outside of it. It is natural to think that the error

_ AdWa  py s
fe (P) = 74ﬁ_h (Ms) — M)

associated with this approximation is small in the case when the vortex
core is located relatively close to the inhomogeneity, and, on the con-
trary, can have a value at distances to the defect comparable to é.

For the total potential energy, we write:

W, = Z—;hzé(MSI — M) 1(p). %)

where p = x/8,1(p) is a dimensionless integral defined by the expression:

1 V1R ViR Y.Ys
1(p) :E/ / dy,dY,, p<1,
VIS0 4+ V) (0P + V) (- 1)
0, pzl.
(€)]

where Y = y/é. It is difficult to calculate analytically the expression (8)
but the result is well approximated by a function of the form (see Fig. 3):

I(p) = 3.4(21") — 1). (C)]
Together with (7) for the x-component of the vortex interaction force
with inhomogeneity at p < 1, we can write:

2dl(p)
dp

Ho, o 2 2(1-p)
~ 1.7=h" (Mg, — M. ),
dx o (M, 52)"e

(10)

2.2. The linear inhomogeneity of the magnetic anisotropy

Next, we consider the effective interaction of a magnetic vortex core
with a rectilinear anisotropic inhomogeneity in the form of a thin

Fig. 3. The result of numerical calculation of the integral (8) (circles) in
comparison with the fitting function (9) (a solid curve).
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filament with the direction of the light axis different from the rest of the
magnet. As the distance between the core and the filament changes, the
energy of the magnetic system changes, as well. This variation is due to a
change in the magnetic anisotropy energy of the magnetization parts on
the defect. The calculation of this energy is carried out by summing the
anisotropy energy of small sections, which the linear inhomogeneity is
divided into (see 4).
The anisotropy energy of the elementary volume is written as:

dW, = —K(ml)’aV. a1

where K is the magnetic anisotropy constant of the defect, m and 1 are
the unit vectors of the magnetization direction and the light anisotropy
axis, respectively, dV = hbdy is the elementary volume, and b is the
thickness of the inhomogeneity. For the calculations simplicity, but
without loss of a general view, it can be considered that the anisotropy
axis (LAA) of the filamentary defect is located in the plane formed by the
filament itself and normal to the surface of the magnet. The direction of
the LAA is given by the a angle, which is measured in this plane from the
filament. The scalar product of vectors can be represented as:

ml = m.l, +myl, +m.l, = q\/1 — m2cos (5) cos <a) -&-p‘mZ ‘sin (a)A (12)

Where ¢ is the angle between the magnetization of the elementary vol-
ume and the filament (see Fig. 4), ¢ = £1 is the vortex chirality, the sign
which is determined by the direction of the magnetization twist:
clockwise or anticlockwise, p = +1 is the polarity of the core magneti-
zation. The sign of polarity is positive when the direction of magneti-
zation in the center of the core coincides with the direction of the e, unit
vector and vice versa.
For the total anisotropy energy, we have:

Core of Vortex b

|

/) /
_/// // / .
— /
7 /
| - /
_— -
X

>

Fig. 4. The model of the vortex interaction with an anisotropic linear defect.
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52 —x2
W, = —Khb / (ml)*dy

= 7Khb/7\/—z {qw/l 7m§cos<§)cos(a) +p’m;‘sin(a)} dy.

& —x

13)

Using the dimensionless parameters introduced earlier, and taking into
account that cos(£) = x//x2 +y2, we get:

2

[ o
W, = — Khbs [N 1
[M fH)CoS(Ol) oy +17‘m~ sm(a) 14)

For the final calculation of the integral, it is necessary to have a func-
tional dependence of the magnetization distribution in the m,(x,y)
vortex. Various model dependences based on the solution of the static
Landau-Lipschitz equation are proposed in the literature. But with all
the diversity, it is important that these functions are localized in a small
region of space of the core size order. It allows to make an approximate
expression for (14) if the vortex core does not creep over the filamentous
inhomogeneity. In this case, the z-component of the magnetization can
be considered small |m,|<1. Then for a # 7/2 and p <1 it can be
written:

VI-® gy

_ 2
N =rEache 2Khbscos® (a)1, (p), (15)

W, = — Khbép*cos* (a) /
where
L.(p) = parctan

<\/T_p3> . (16)

In this case, the equilibrium distance between the core and the p,,

filament is determined by the simple condition ddVZﬂ = 0. The numerical

calculation shows p,, =~ £0.652. It means that the vortex can potentially

be captured by a filamentous defect and held at the p,, distance.
When a ~ 7/2 or the core is located close to the defect, the second

term in square brackets of expression (14). plays the main role. Often,

them,(p,Y) = pexp( - g 7;’;) ansats is chosen as the function that sets
0

the magnetization profile. In this case, the energy takes the form:

2

1-p?
W, = — Khbssin*(a / m?(p,Y)dY
@ [ o)
_ . 2 2 g V2P
= 2Khb5()sm (a)exp( (50/5)2> Ert( PE ) a7z

The minimum of the function is realized at p,, = 0, which also means
that the core can be captured, but the equilibrium will be achieved when
the center of the vortex is located directly on the inhomogeneity. The
form of dependence of the Wy(p,a) dimensionless part in the general
case according to the results of numerical calculations is shown in Fig. 5.

The asymmetry of the potential energy with respect to the position of
the vortex near the inhomogeneity is paid attention. According to the
expression (14) it can be concluded that the value of the subintegral
expression depends on the sign of the 7z = gp product, which was not
observed for the energy considered in paragraph (a) of this section.

The dependence of the potential energy on the sign of 77 allows to
consider that vortices with different values of the product of polarity and
chirality in the field of such a defect will move along different trajec-
tories. The sign of the gp product for the interaction energy of the core
with inhomogeneity does not matter only in the a = 0,7/2 limiting
cases.



V.A. Orlov et al.

Ny

P

Journal of Magnetism and Magnetic Materials 533 (2021) 167999

Fig. 5. The dimensionless part of the dependence of the interaction energy of the vortex with the filamentous inhomogeneity of the anisotropy on the distance
between the core and the defect and on the LAA angle (Fig. (a)). Figure (b) is the dependence on the distance between the core and the inhomogeneity for some
values of the a angle in the range of small p in the vicinity of the defect. The constructions are made for the case §,/6 = 0.01, gp = 1.

The case when the inhomogeneity of magnetic anisotropy has not
bidirectional, but unidirectional symmetry is of great interest. Such a
phenomenon can be observed, for example, at the junction of ferro-and
antiferromagnetic phases. The energy of the core in the field of such
inhomogeneity is represented as:

522

W, = 7Khb/ mldy
2
Vi 1 —m?
= — Khbs cos(a)y/——= + -|sin(a@) [ dY. 18
| oot s +plmdinge) (s

In the a ~ 7/2 or |m,| ~ 1 limiting case, the expression for energy (18)
takes the form:

V 1-p?

— pKhbsin(a) / “ |m.
2

—\/1-p’

W, dy

2 Vel L)

(60/8)° 80/6

Q

= — pKhb&y+/msin(a)exp ( - (19)

In the a—0 or |m,|—0 limiting case, the energy takes the form:

Q

W, = — qKhbbcos

s
a _ Pt
VARV A D &
/1 — p?

= — gKhbécos(a)pln Trvizp, .
1—4/1=p2

Fig. 6 shows the shape of the potential generated by a linear

(20)

inhomogeneity with uniaxial unidirectional anisotropy.

In this case, unlike bidirectional anisotropy, the behavior of the core
will be affected not by the product of the p and q parameters, but by the
values of each of them separately. Indeed, vortices with different com-
binations of {p,q}:{1,1},{1,-1},{-1,1} and { -1, —1}, will have
different potential energies in the field of inhomogeneity, therefore, they
will move under the action of different forces and along different tra-
jectories. In future it will allow devices to organize the sorting of vortex
flows (skyrmions) based on different polarities and chiralities (skyrmion
Hall effect).

In conclusion of this section, we note that the energies considered in
both point (a) and point (b) in a small neighborhood near the equilib-
rium position of the core are approximated by quadratic functions of the
x coordinate. This circumstance makes it possible to make simple
analytical calculations of the nature of the core motion based on the
linear equation of motion at least for small amplitudes of the core
displacement.

3. Vortex motion in the linear defect potential

Further we consider the features of the trajectory of the magnetic
vortex core in the potential created by linear inhomogeneity, with and
without the various terms in the left part of Eq. (1). The general thing in
this case is the dependence of the potential energy of the core on only
one spatial x coordinate. First of all, the preliminary transformations of
the equation of motion are performed and it is rewritten in projections
on the Cartesian coordinate system.

b)

Fig. 6. The dimensionless part of the dependence of the interaction energy of the vortex with the filamentous inhomogeneity of unidirectional anisotropy on the
distance between the core and the defect and on the LAA angle (Fig. (a)). Fig. (b) is the dependence on the distance between the core and the inhomogeneity for some
values of the a angle. The constructions are made for the §,/6 = 0.01, ¢ =p =1 case.
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G; x V = —e,Gs3V, + €,G3i,,

G x v=—e.Gvy +¢,Gv,,

UV = e v, + e,uvy, @n
Dv = e,Dv, + e,Dv,,

VW = —e,f; — e,

where f, = -2 f, = 7%" — x- and y are components of the force acting

on the core, e, and e, are unit vectors of the Cartesian coordinate system.
Together with (21), the equation of motion can be represented as:

—Gay + iy — Gy + Dvy — f, = 0, @2)

G3V, + pvy + Gy, + Dvy, — f, = 0.
Further some interesting and practically significant special cases of the
solution of the system (22) are given.

3.1. The case of a homogeneous magnet without external influences

In this case, the forces are equal to zero: f, = f, = 0 in the system of
Egs. (22). The type of equations suggests that trial solutions should be
found in the form:

vy = vorexp( — (iw + A)t),
{ vy = ivgeexp( — (io + A)t). (23)

Where i=+/—1 is an imaginary unit. After the solutions (23) are
substituted into Egs. (22), a system of algebraic equations for complex
velocity amplitudes is obtained:

{VOX(,t(in)JrD) — vy (iGs (i + 2)* +iG) = 0, 24)

vor (Gs (i + 2)* + G) — voy (ip(iw + 2) — iD) = 0.

After is equated to zero the determinant of the matrix constructed on the
Vx, Vy coefficients, the equation for » and 4 is obtained:

1 Q 22
i =4Q (1 —[1+4 2 +47 |, (25)
12 b 3( Q, Q§>

Q Q
A= —1—4ty

N 2\/§ Q3

[

Q2 A
1+4=L 16— | . 26
( Q}) 65 26)

Here the notation is introduced: A = D/u,Q; = G/u, Q3 = u/Gs.
In the case of weak damping (D—0) for the trajectory parameters, we
obtain:

27)
4N /]
3

Q Q
I ) <1+4 ‘) +—13
2 (1+4(Q1/%))

Q

In the general case, the solution of the motion equation is represented by

a superposition of modes with the vf)l),vg2> corresponding fractions:

{ ve = vexp( — (iwy + A)1) + vPexp( — (i + A)1), 28)

vy = ivVexp( — (iwy + A)t) + ivPexp( — (iws + A)t).

In fact, we have a frequency doublet with the Aw = 01 —w; = 2|w1 2]
splitting value.

In the limit at D—0, the expression for harmonic frequencies (25)
takes the form:
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e Q
(»1_2_7{11+ 1+4Q—J, 29)

which has been presented and discussed earlier in [28,49]. In the
particular case of G3—0 (Q3— ), the expressions for the frequencies of
modes (25) take the form:

G
W, = +Q; = ip. (30)

A spectrum similar to (30) has been obtained and discussed by various
authors in models with the presence of a potential restoring force
[22,25,29,30,50,51] and was observed experimentally (see [52-54] for
example). It is remarkable that even without returning forces (homo-
geneous potential), the trajectory is not rectilinear and has a quasi-
periodic character. This circumstance gives a potential opportunity to
determine some characteristics of the vortex structure in the ferromag-
netic resonance experiment.

Analytical calculations of the G3 and p coefficients included in the (1)
equation have been obtained in [25]: G3 = §/(4aMsy®) (the value of §
can be interpreted as the characteristic linear size of the vortex),
u ~ h/y?. The expressions for the G and D parameters are well known
and are used for the case of the exponential distribution of the z —
magnetization component in a vortex in a thin magnet (see for example

[55-571): G = 2aMsh/y, D = agaMsh (2 +1In (%) )/}/, where a4 is the

damping parameter of the ferromagnetic material. Numerical estimates
of the coefficients for popular magnetic materials are in the ranges:
u~10722 -1072*kg, G ~ 10712 —10~*Js/m? [30,58,59], G3 ~
107%6Js%/m? [60]. The data show that the values of the Q;, Q3 param-
eters, and therefore w;, are on the order of ten gigahertz, which
significantly exceeds the frequency of the gyrotropic mode, which is
hundreds of megahertz.

In addition, the inertial term in the equation of motion allowed to
interpret the results of experimental measurement of the skyrmion mass
[61] and its role in the magnetization dynamics [62].

3.2. Magnetic vortex in a potential varying according to a linear law

In this section, the motion of the vortex core in a potential that sat-
isfies the condition VW = const # 0 is considered. It means the core
moves under the action of projections of fy, and f, forces, which do not
depend on coordinates and time. This situation can be realized in planar
magnets in the case of vortex motion caused by the spin-polarized cur-
rents (see for example [12]), mechanical stress gradients and/or
anisotropy fields [11,12,36], magnetic fields [16], etc.

The equations of motion when there are constant forces take a simple
form after replacing the variables according to the scheme:

f().xD +f()yG
G*+D*’
nyD 7fOxG

W oD

Ve = Uy +

(31)

y
With such substitution, the system of Egs. (22) takes the form:

{ —Gsiiy + pity — Guy, + Du, =0,  Gsii, + pity, + Gu, + Du, = 0. (32)

The solution of this system does not differ from the procedure which has
already been described in the previous paragraph. The expressions for
harmonic frequencies and the damping parameter do not differ from
expressions (25) and (26),respectively, but the trajectories have features
due to the drift with constant speed projections given by additions in the
right-hand parts of expressions (31):
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JoD + fo,G
GZ + DZ ’

JoD — fo.G
G? + D?

v = vilexp( — (iwy + A)t) + v exp( — (iwy + A)1) +

v, = iilexp( — (imy + A)1) + iviexp( — (iwy + A)1) +

(33)

It should be noted that the nature of the core explains its trend to drift in
a direction perpendicular to the applied force and makes oscillations.
But not in the case of noticeable dissipation. Indeed, the last terms in the
right-hand sides of expressions (33) indicate the uniform drift along both
the x and y axes, even if only one of the force components (fo, or fo,) is
present. Drift in the strictly perpendicular direction of the applied con-
stant force is possible only at D = 0 (D<G). When there is a noticeable
dissipation, the drift displacement of the core occurs at an acute angle to
the direction of the applied force. After a stationary motion is estab-
lished (in a time >>1/4), the core moves in the direction determined by
the angle measured from the y-axes:

 fuD+foG

7f0yD _fO.rG, (34)

tan(g)

and the angular rates are determined by the expression (25).

An approximate view of the trajectories of the magnetic vortex core
for this case is shown in Fig. 7, which shows how the direction of the
drift motion of the core changes at different values of the A damping
parameter and fy = 0. If D # 0 the sum of the force F = —VW and the
dissipation force Fg; = —Dv is not directed parallel to the y-axis. This
explains the existence of v, # 0. In the stationary regime, after the
damping of oscillations, the direction of drift of the vortex core is set by a
compromise between the forces F, Fy;s and the gyroscopic force G x v.

3.3. Magnetic vortex in the potential of linear inhomogeneity

Further, the motion of the vortex core in the potential created by a
linear defect is considered. The inhomogeneity is located along the y-
axis in the coordinate system chosen by us. In this case, the potential

=)

Fig. 7. The typical trajectories of the vortex core motion under the influence of
a constant force. The curves are constructed under the same initial conditions.
Based on the numerical data on the coefficients of the (1) equation, we estab-
lished the Q;/Q3 = 10 ratio for constructing the curves. Then from (25) and
(26) we can write: 1/Q3 ~ 6.4a4, 12/Q3 ~ £(2.7 + 1.6a3). The arrow shows
the direction of the constant force F = —VW acting on the vortex core. The
curves are constructed at the following values of the damping parameter: 1 —
aq :0,27(1‘1 :001, 37{Zd :0405,47(1d =0.1.
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energy of the core depends only on the x coordinate. If the core shifts
slightly from the equilibrium position, the W(x) ~ xx?/2 quadratic
dependence can be suggested. Where « is the effective stiffness coeffi-
cient of the core-inhomogeneity coupling, which depends on the nature
of the inhomogeneity.

Table 1 shows the values of the « coefficients for the types of in-
homogeneities considered in Section 2 of this article. The coefficients are
obtained by decomposing the energy by degrees of smallness of the core
position deviation from the p, equilibrium to the second-order term.

The peculiarity of the potential created by the jump of magnetic
parameters (point (a) from Section 2) should be noted. At any distance
from the core to the boundary, this inhomogeneity creates a potential
that provides repulsion of the vortex. Therefore, the equilibrium posi-
tion in this case is achievable only if there is an additional force
competing with the force created by the defect. For example, it can be
the F,, force created by the included magnetic field, the currents, etc.
Then, with the expression 10), we get: frx =
1.7%h% (Mg — Mg;)?e21-P) —F,.. Hence, for the equilibrium position of

the core (f, = 0), we get: p, =1 + ln(l.7y0h2(M51 — Msy)?/(nFy) )

The trajectory of the core in this case is described by a system of
equations:

{ —GsVy + pv, — Gvy + Dv, — fo, +kx =0, (35)

G3V, + pvy + Gy + Dvy — fo, = 0.

where fo, and fo, — x and y are the components of the constant force
applied to the core. The nature of the terms of these equations suggests
that the functions should be chosen as trial solutions:

{x(t) = X0 + vout + aexp( — (iw + 1)), 36)

y(t) = Vot + ia},exp( - (iw + ﬂ))

where a, and a, are constant values-complex amplitudes. Indeed, due to
the potential well in the yz section, there is an equilibrium position xo =
pod. Due to the constant components of the f, and f, forces, it is
reasonable to expect drift displacement with the vo, and voyrates. The
terms proportional to the first powers of speed and derivatives of speed
suggest solutions in the form of exponents with both real and imaginary
arguments.

Substituting the trial solutions (36) into the system (35) and
grouping the terms gives the following equations for the parameters of
the trial solutions:

iGsay (i + 2)* + pa,(io + 2)* + iGa, (iw + 2) — Da, (io + 1) + xa, = 0,
—Gsay(iw + 2)’ + ipay(iw + 2)* — Ga,(iw + ) — iDay(iw + 1) =0,

37)
—Gvoy + Dvo, — kxo — fox = 0,
Gvox + Dvy, — fo, = 0, (38)
vor = 0.
From system (38), it follows:

Voy =&

- b (39)
X :ﬁ)xD +ﬁ]yG

0 kD '

After the determinant of the matrix constructed on the coefficients at a,
and a, from (37) is equated to zero, we obtain the equation for fre-
quencies and the damping parameter:

1 Q
@Q5+ (1 +2§‘>Q‘—2AQZ+(LU§+Qf+/\2)gz—wg/\:0. (40)
3 3

The notation is introduced: Q@ = iw + 1,w? = x/u. The general solution
of this equation looks too cumbersome. But to get an idea of the nature of
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Table 1
The potential energy parameters of the vortex and inhomogeneity interaction.
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Inhomogeneity type

The equilibrium position, p,

Effective stiffness coefficient of the core-defect coupling, x

Boundary between phases with different magnetic characteristics
1+1

The linear inhomogeneity of the bi-directional magnetic anisotropy

po ~ £0.652, for a—0 or m;—0

The linear inhomogeneity of the unidirectional magnetic anisotropy

po ~ 0.552, for a—0 or m,—~0

po = 0, for a—>x/2 or my—1

po =0, for a—x/2 or my—1

n 1.7poh* (Ms1 — Msz)* 2F:/8

Fy

N\ 2
0
o (2 N
%Khbsin2 (a)|e <50> + i”bErf <\/$§6>
o o

74231%052(01)
5 2

P khbsi (%) e

6Khbsm(a) e + 5 Erf X

qKhb
5 S

6.2

cos(a)

the vortex core motion (mode frequencies), a simple special case D = 0
(no effective friction) can be considered. In this approximation, after the
trivial solution Q = 0 is eliminated, Eq. (40) takes the form:

1 Q
0t (1420 )Q2 (02 + Q) =0. (41)
Q Qs
The solution to this biquadrate equation is the expression for w:

2

Q2 Q 2

w2_43<1:p 1+4Q;4Z_;§) + . (42)
3

In this case (D—0) we get a frequency doublet. It can be seen from
expression (42) that the frequency of periodic motion resembles the
frequency of the translational mode wo = /x/¢ [30,31,33] with an
addition which gyroscopic effects are responsible for.

The examples of the general solution of Eq. (40) with dissipation are
shown in Fig. 8. Possible ratios between the Q;,Qs3, o parameters are
selected according to the results of numerical modeling from [60]. The
solutions demonstrate the modes with different values of the 1 damping
parameter for different modes. It is important to note that one of the
solutions of Eq. (40) is a real root with a frequency @ = 0 and a damping

parameter, the behavior of which is shown by the /1(31) and /1(32) curves in
Fig. 8b.

The igl)(D) and /1(32) (D) dependences are qualitatively similar to the
ratio A = kD/(D? +G2) obtained for the cases of gyrotropic motion of the
vortex core in nanoparticles without the inertial term and the third-
order gyrotropic term (for example [23,33]). In this case, the return
force has a non-zero component only in the projection on one x-axis,
which results in the possibility of translational damping motion of the
core under certain initial conditions.

Indeed, as it can be concluded from system (37), the square of the
amplitudes ratio of a2 /af, in this mode is a real and negative number,
which means a synchronous change in the x and y core coordinates.
Other modes are gyrotropic modes of motion with a gradual damping of
the amplitude and with the asymptotic arrival of the core in a stationary
state with uniform motion along the inhomogeneity at a certain equi-
librium distance from it, determined by the formula (39). Some imple-
mentations of the core trajectory are shown in Fig. 9. This figure shows
cases of actual core capture by inhomogeneity. It can be implemented,
for example, in the potential created by the inhomogeneity of the local
magnetic anisotropy (see Section 2b). The stable equilibrium position of
the core without external forces will be determined by the expressions
given in Table 1.

4. Discussion of the results

The inclusion of external factors that ensure the existence of constant
forces acting on the core leads to the vortex drift. Moreover, in contrast
to the early calculations of various authors without higher-order terms,
such a movement cannot be considered progressive. The trajectories
have cyclicity features, especially in the initial sections (Fig. 7). In our
case, the trajectory is an overlay of periodic damping motion and uni-
form translational displacement.

The study of magnetic vortex behavior near defects in the magnetic
structure presents a practical interest. Theoretical consideration of the
core motion in the field of linear inhomogeneity of magnetic parameters
allowed us to explain qualitatively some interesting properties of
trajectories.

When the inhomogeneity looks like a flat boundary at the junction of
two magnets with different characteristics, the force field where the core
moves is represented by the approximate formula (7). When crossing the

Fig. 8. Imaginary (fig. a) and real (fig. b) parts of the solution of Eq. (40). The curves are constructed for the case @y = 10'%s71, Q; = w,. The lower indices indicate
the modes numbers. The upper index ”(1) ” indicates the curves constructed for Q3 = wo, the index ”(2)” indicates the curves for Q3 = 0.5w.
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Fig. 9. The trajectories of the magnetic vortex core motion in the field of linear extended inhomogeneity. The position of the minimum energy W is shown by a bold
dashed line, a weak gradient fill means the conditional change in the potential created by the inhomogeneity. Curves 1,2,3 are constructed for the cases A/wy = 0.1,
0.3, 1.0, respectively. The trajectories in figures (a) and (c) are formed under the condition Q3 = wy, figures (b) and (d) are influenced by the condition Q3 = 0.5wo.
The arrows in the corners of the figures show the direction of the constant force F acting on the core. The trajectories are constructed for the case of modes su-

perposition in equal parts and G; = wo.

boundary by means of a jump, all the parameters that characterize the
vortex can change: Gs,u,G,D. It will result in a change of the movement
nature. Let’s think that the external force acting on the core is directed
perpendicular to the boundary (f, = 0). Then it follows from (34) that in
the steady motion, the angle of the core incidence on the boundary is
approximately equal to tan(¢")) = —D(1) /G, The upper index means
the parameters related to the first-class magnet (where the core initially
moves). After the core crosses the boundary between the phases, the
angle changes: tan(¢®) = —D® /G2, This phenomenon resemles the
light refraction at the boundary of environment with different refractive
indices. For the angles ¢, the expression:

() - 5o on(5))

When the core moves to another magnetic phase, the damping param-
eter and the /8, ratio in a general case will change (for example, if the L
phase thicknesses differ). But it should be noted that a change in the /8¢
ratio has a weaker effect than a change in the dissipative properties of
the environment.

The arguments about ¢ angles are valid at a long distance from the
phase boundary and in the case of steady motion. Otherwise, in the field
of linear inhomogeneity, the inertial properties and the gyroscopic force
of the third order are essential. These factors introduce distortions in the

smooth trajectory, causing non-monotonic changes in the components of
the core speed and coordinates (for example, Fig. 9 and numerical
modeling in [63]).

If the core does not cross the boundary, but there is a repulsive force
from it (as in the model discussed in Section 2a or 2b for unidirectional
anisotropy), the motion has an interesting feature. Interaction with the
inhomogeneity causes a change in the component of the core speed
parallel to the boundary. An example of such a movement is shown in
Fig. 10. A similar phenomenon was found in numerical modeling pre-
sented in the articles [12,47] or theoretical work by [51], where a one-
dimensional inhomogeneity was specified by a trigonometric function
for example. In these works, the calculations were carried out without
the higher-order terms. As a result, smooth trajectories without cyclic
features are obtained. In our case, with the G3 x v and uv terms, there is
also a change in both the x- and y-components of the core speed, but it is
not monotonous. The core motion is translational only after the lapse of
the 7 = 1 /A relaxation time.

Special attention should be paid to the core that moves near a
repulsive linear inhomogeneity with the constant external force. We
should refer to the formula (39), which determines the equilibrium
distance to the inhomogeneity where the core is located after the motion
is at a stationary state. It follows from (39) that magnetic vortices (or
skyrmions) with different signs of the 7 = pq value (opposite signs of
the Gparameter) have different equilibrium distances xp. It makes the
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Fig. 10. The example of trajectories obtained as a result of solving the equation of core motion in the field of a repulsive linear defect without external forces. Curves
1,2,3 are obtained at different values of the A/wo = 0.1, 0.05, 0.01 ratio, respectively. In Fig. (a) at the initial moment of time, the core rates are equal and directed
towards the (vo, = 0) defect, in Fig. (b) the rates are also equal and directed parallel to the (vo, = 0) defect. In Fig. (a), the dotted line means the y-coordinates of the

core at regular intervals.

gas from the vortices of two varieties with opposite directions of the
vector G, and hence Gz under the joint action of an external force and
the force created by the inhomogeneity, drift with simultaneous splitting
of the trajectories on the sign of the zr value. In the case of in-
homogeneities of local anisotropy, this effect is supplemented by the fact
that the force acting on the core from the defect side also depends on the
polarity and chirality. Examples of trajectories obtained by solving Eq.
(40) are shown in Fig. 11.

Speaking about the motion of cores in ferromagnetic nanoribbons,
this phenomenon is called the “skyrmion Hall effect”. Modeling the
skyrmion motion in nanoribbons without G3 and zi allowed us to
observe this phenomenon and, of course, the predicted trajectories had
smoothness (translational motion) [7,64-66]. The detection of such
modes is possible indirectly, for example, in experiments on ferromag-
netic resonance.

5. Conclusion

In this paper, we have consider the motions of the magnetic vortex
core based on the ideology of collective variables (Thiel’s equation),
with the dissipative term, the inertial one, and the third-order gyro-
scopic force. Theoretical analysis has shown a variety of scenarios for the
behavior of magnetization near the defect, modeled by an extended
linear inhomogeneity of magnetic parameters.

The solution of the equation of motion allowed us to analyze the
influence of the inertial term and the gyroscopic term of the third order
on the nature of the core motion. The general conclusion about this
influence is presented in the following theses.

1. Even in a homogeneous magnetic medium (without fluctuations in
the magnetic parameters), the nature of the motion of the magnetic
vortex is not translational, but represents some decaying cycloids.

2. The sections of the trajectory of the core corresponding to the
beginning of movement, before the steady-state mode of movement,

e e  w mmmomom

b)

e

X

Fig. 11. The example of a vortex trajectory with opposite sign values of the 7 parameters. Curve 1 is made for zr > 0, curve 2 is made for zr < 0. The trajectories
are constructed for the A/wo = 0.15. relation. The images in figure (a) and (b) differ only in the initial positions of the pair of vortices. The position corresponding to

the minimum potential energy is indicated by a dash-dotted line.
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have a complex oscillatory character. This circumstance should be
noted when designing spintronics devices, which involve controlling
the movement of skyrmions by fields and/or spin-polarized currents.

In addition, the process of vortex transition between magnetic phases
with different parameters has been considered. The analysis showed that
the phenomenon of refraction of the trajectory is observed at the
boundary, the angles of incidence and refraction depend on the ratio of
the damping parameters in magnetics media.

It is shown that vortices with different sign values of the product of
polarity and chirality in the steady-state mode move at different dis-
tances from the linear defect. This effect can exist not only because of the
difference in the potential energies of vortices with different values of
polarities and chiralities (see Section 2), but also because of the sensi-
tivity of the equilibrium distance from the core to the inhomogeneity on
the magnitude of external forces. This will allow the selection of cores in
the skyrmion gas based on the direction of the G and G3 vectors.

As intermediate results, model expressions have been obtained for
the potentials of linear inhomogeneities in the form of the boundary of
different magnetic phases and thin inhomogeneities with bidirectional
and unidirectional magnetic anisotropy that differs from the main
matrix.
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