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Abstract
Second harmonic generation versus strength and direction of the applied static magnetic field
was measured for a thin permalloy (Ni80Fe20) film in a microstrip line at a driving frequency of
1 GHz and maximum input power of ∼110 mW. The measurements revealed two peaks in the
double frequency signal—in the low static field (∼10 Oe) and the high one (∼45 Oe). To
explain these findings, a macrospin model of a thin magnetic film with in-plane uniaxial
magnetic anisotropy was considered. A perturbation expansion of the Landau–Lifshitz–Gilbert
equation provided an explanation of the experimental data. The analysis of the model revealed
that the low-field peak was caused by the longitudinal second-order magnetization component
and the high-field peak by the transversal one. It was also shown that the uniaxial magnetic
anisotropy of the film and the dependence of the magnetic damping parameter on the applied
field play an important role in the process of the second harmonic generation. The results
obtained give insights into some peculiarities of the nonlinear magnetization dynamics that are
important in the development of magnetic film-based devices in the field of microwave signal
processing and manipulation.

Keywords: ferromagnetic resonance, frequency doubling, nonlinear dynamics,
thin magnetic film, second harmonic

(Some figures may appear in colour only in the online journal)

1. Introduction

Nonlinear dynamics in magnetic materials is a topic of intens-
ive experimental and theoretical research due to its great
importance from both the fundamental and application view-
points [1–4]. There are a large variety of nonlinear effects that
emerge at high input powers, including instability processes
associated with the parametric excitation of spin waves [5–7],
foldover effects [8], auto-oscillations [9], and others [10–12].
However, even in the case of the relatively low amplitude
of rf driving field, the magnetization precession nevertheless

∗
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demonstrates some nonlinear responses, themost prominent of
which is the emergence of the magnetization components that
oscillate at double the frequency of the driving field. This phe-
nomenon was extensively investigated in ferrites since the late
1950s [13–17]. It was first found that in the standard config-
uration, when the driving field was perpendicular to the static
magnetic field, the second harmonic signal was caused by the
longitudinal (i.e. along the equilibrium magnetization) com-
ponent of the dynamic magnetization, with generation effi-
ciency determined by the ellipticity of the precession orbit
[18]. Later it was also shown that another, transverse double
frequency component could be excited by an ‘oblique’ driv-
ing field, which longitudinal component made a modulating
contribution [19, 20].
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In recent years, the focus of studies has shifted from fer-
rites towards thin metallic magnetic films and nanostruc-
tures, owing to their ability to be readily incorporated in
on-wafer devices, with an additional opportunity to control
their functionality using spin transport. Studies on the nonlin-
ear behavior of permalloy films using coplanar or microstrip
waveguides have demonstrated the possibility of input sig-
nal frequency multiplying [21], mixing [22, 23], and paramet-
ric amplification [24]. Moreover, more recently it has been
shown that second-order nonlinear effects play a vital role in
spin wave propagation properties of thin film-based micron-
sized structures [25–28]. Specifically, experiments revealed
that spin wave propagated in permalloy microstrips efficiently
generated another wave at the double frequency [25, 26].
It was suggested and later confirmed with micromagnetic
simulations [28] that this second wave originated from the
dynamic demagnetizing field generated at the stripe edges by
the second-order longitudinal magnetization component. This
emphasizes the importance of a detailed understanding of the
nonlinear processes in thin magnetic films and, particularly,
the second-order effects.

In this paper, we experimentally and theoretically invest-
igate the processes of the second harmonic generation in a
thin permalloy film placed inside a microstrip transmission
line. The focus of the paper is on how the generation effi-
ciency depends on the applied static magnetic field. For this,
we measure the power of double frequency signal as a func-
tion of the strength and direction of the static field and compare
the experimental data with the results of the Landau–Lifshitz–
Gilbert equation solution obtained using a perturbation theory
in a macrospin approximation.

2. Experimental details

2.1. Sample preparation

For all measurements of the second harmonic generation
presented below, we used the same permalloy (NiFe) thin-film
sample. The film was produced by dc magnetron sputtering
fromNi80Fe20 wt% target at a base pressure of 2.2× 10−6 Torr
and argon pressure of 1.5 × 10−3 Torr. The film was depos-
ited on a heated quartz glass 5 × 3 × 0.5 mm3 size sub-
strate preliminary covered by SiO layer 500 nm in thickness to
improve the homogeneity of the film. During the deposition, a
static magnetic field of about 200 Oe was applied in the film
plane to induce the uniaxial magnetic anisotropy with the easy
axis (EA) of magnetization oriented along the long side of the
sample. The thickness of the film was about 100 nm (measure-
ment error is 5%), and its compositionwas close to the nominal
composition of the target (the difference is less than 1 wt%),
which was confirmed by an x-ray fluorescence analysis.

2.2. Sample characterization

The basic film magnetic properties were determined by local
ferromagnetic resonance (FMR) measurements. For this, we
used the scanning FMR spectrometer based on a microstrip

resonator with a hole in the ground plane [29, 30]. The spectro-
meter allows for measurements of the resonance field angular
dependencies at a fixed pumping frequency from local areas
(about 0.8 mm2) of the film surface with very high accur-
acy. From these data, using a special fitting procedure [31],
we extracted effective saturation magnetization and uniaxial
anisotropy parameters. To study the properties of the sample in
a wide frequency range, we used a shortedmicrostrip line tech-
nique [32]. The Vector Network Analyzer (VNA, R&S ZNB)
was used to measure the reflected power (S11 parameter) of a
signal that was fed to a shorted microstrip line with the invest-
igated sample inside. The measurements were done in the fre-
quency sweep mode for a set of in-plane static magnetic field
values. To increase the signal-to-noise ratio, we applied the
usual procedure of subtracting the background signal from the
total one to isolate the part associated with the absorption by
the magnetic film [33].

2.3. Measurement setup

The investigation of second harmonic generation in the thin
magnetic film was performed on a specially designed setup. A
scheme of the measurement configuration is shown in figure 1.
A pair of calibrated Helmholtz coils was used to apply an in-
plane static magnetic field of up to 100 Oe to the sample. A dc
power was supplied to the coils through a computer-controlled
dc source. The coils were mounted on a platform rotated (0◦–
180◦) by a stepper motor.

The microwave signal was transmitted to and received from
the sample through a microstrip line. The sample was inserted
into the transmission line between the signal line and ground
plane, with magnetic film facing the signal line of width
w = 1 mm. The microstrip line was designed to have charac-
teristic impedance Z0 = 50Ω. The rf signal at the frequency of
1 GHz from the microwave generator passed through a band-
pass filter BPF1 having a passband at the frequency of 1 GHz.
This filter helped to purify the input signal by filtering out
harmonic and non-harmonic components of the signal at the
output of a microwave generator. The second bandpass filter,
BPF2, with passband at the frequency of 2 GHz, was placed at
the output of the transmission line. It protected the input circuit
of a spectrum analyzer from the 1 GHz signal. It also almost
doubled the magnitude of the rf magnetic field by reflecting
the input signal back to the transmission line. The isolator was
used to protect the generator from this reflected signal. After
filtering by BPF2, the rf signal consisting only of the second-
harmonic component reached the spectrum analyzer for meas-
urements of its power. The filters used were of our design and
fabrication [34].

All components of the setup (dc and rf sources, spectrum
analyzer, stepper motor) were controlled by a computer with
our developed MATLAB-based software, allowing us to auto-
mate the measurement process. In particular, this made it pos-
sible to measure the dependencies of second-harmonic gener-
ation on the direction and strength of the static magnetic field
with high accuracy. We note that we chose the frequency of
the input signal to be 1 GHz because, for this frequency, the
FMR field is yet large enough to saturate a thin-film permalloy
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Figure 1. Experimental setup for the second harmonic measurements and the coordinate system. Gen: microwave generator R&S
SMA100B; BPF1 and BPF2: bandpass filters at 1 and 2 GHz; SA: spectrum analyzer R&S FSW. Blue and orange arrows schematically
show the signals propagating at frequencies of 1 and 2 GHz. Schematic side view of the sample is shown in the upper left corner.

sample. At the same time, the magnetic susceptibility is still
high, allowing for the accurate detection of second-order non-
linear effects without the need for increasing the input power.

3. Theoretical model of a thin magnetic film

For a theoretical analysis of the experimental data, we will use
a macrospin model of a thin magnetic film and calculate its
magnetization dynamics using a perturbation theory [35, 36].
The free energy density of a thin magnetic film with an in-
plane uniaxial anisotropy in an external magnetic field H can
be expressed as

F=−MH+
1
2
MN effM, (1)

where Neff = N + Nk is an effective demagnetizing tensor.
Here,N is a tensor that is associatedwith the shape of a sample,
and Nk is a tensor that describes the uniaxial magnetic aniso-
tropy. For the geometry in figures 1 and 2, N has only one
nonzero component Nyy = 4π, while tensor Nk is determined
as

Nk =−Hk

M

 n2x 0 nxnz
0 0 0
nxnz 0 n2z

 , (2)

where nx, ny, nz are the components of a unit vector n that
coincides with the EA of magnetization, and M is the length
of the magnetization vector M.

Figure 2. The nonlinear dynamics of magnetization in a thin
magnetic film.

The dynamics of the magnetization M is described by the
Landau–Lifshitz–Gilbert equation

∂M
∂t

=−γM×Heff +
α

M
M× ∂M

∂t
, (3)

where the effective magnetic field acting on the magnetization
is determined as Heff =−∂F/∂M=H−N effM.

The differential equation (3) is nonlinear. To find its
approximate solution, we use the perturbation theory. Let
us expand the magnetization to up to a second-order term
to obtain the expressions for calculation of magnetiza-
tion components oscillating at a double frequency of the
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driving field. By considering both the magnetization and
effective magnetic field as the sum of static and dynamic
parts, the solution of equation (3) will be sought in the
form M = M0 + m1(t) + m2(t), H = H0 + h(t), in
the limits m2 ≪ m1 ≪ M0, and h ≪ H0. We note that
in this approximation it is also assumed that the length

of the time-independent (equilibrium) magnetization M0 is
equal to the saturation magnetization Ms of the sample, i.e.
|M0| = |M| = Ms.

In the coordinate system that is related to the equilibrium
magnetization M0, (eθ, ey, eM) (figure 2), the Neff tensor is
transformed to

N eff =− 1
Ms

 Hksin
2(θk− θM) 0 Hk sin2(θk− θM)/2
0 −4πMs 0

Hk sin2(θk− θM)/2 0 Hkcos2(θk− θM)

 , (4)

where θk is the angle of EA orientation, and θM is the angle
of the equilibrium magnetization M0. The effective magnetic
field is given by

Heff =Heff
0 +heff

Heff
0 =H0 −N effM0

heff = h−N effm1 −N effm2, (5)

and equation of motion (3) is

∂(m1 +m2)

∂t
+

α

Ms

∂(m1 +m2)

∂t
× (M0 +m1 +m2)

= γ(Heff
0 +heff)× (M0 +m1 +m2). (6)

In the zero-order approximation, by neglecting dynamic com-
ponents m1(t), m2(t), and h(t), we get the condition for the
determination of equilibrium magnetization

M0 ×Heff
0 = 0. (7)

In the first-order approximation, retaining the first-order terms
m1(t) and h(t), we obtain the linearized equation

∂m1

∂t
+

α

Ms

∂m1

∂t
×M0 + γ(N effm1)×M0 + γm1

×Heff
0 = γMsG, (8)

where G= (1/Ms)[h×M0] is an effective vector of linear
excitation.

In the second-order approximation, taking into account
equations (7) and (8), we obtain the equation for calculation
of the second-order dynamic magnetization m2(t)

∂m2

∂t
+

α

Ms

∂m2

∂t
×M0 + γ(N effm2)×M0 + γm2

×Heff
0 = γMsF, (9)

where F= (1/Ms)
{
h×m1 +m1 × (N effm1)

}
is an effective

vector of nonlinear excitation. It is important to note that the
differential equations (8) and (9) are of the same form, thus for

the solution of equation (9) we can use the results of solution
of equation (8) with the substitution of vectorG by the corres-
ponding components of vector F.

In the appendix, we provide the derivation of the full
expressions for the first- and second-order magnetization com-
ponents (complex amplitudes), which are quite lengthy. How-
ever, their analysis shows that only a small number of terms
give the most significant contribution, while others can be
safely neglected as their values at least one order of magnitude
smaller. This is because of the shape anisotropy of the thin-film
sample, which results in almost zero out-of-plane components
of magnetization.

4. Results and discussion

4.1. Magnetic characteristics of the sample

From the measurements with the scanning FMR spec-
trometer at a fixed pumping frequency of 2.5 GHz, we
determined the following magnetic characteristics of the
investigated sample: the effective saturation magnetization
Ms = 872 ± 3 emu cm−3, the uniaxial anisotropy field
Hk = 3 ± 0.6 Oe, the angle of EA orientation (figure 1)
θk = −0.5 ± 1.5◦, and the full width at half maximum field-
sweep FMR linewidth∆H= 17± 0.74 Oe. These values were
obtained by averaging locally measured parameters over the
whole film surface, while the values with the ‘plus-minus’ sign
next to them show the standard deviation of the parameter. The
results indicate that the film is quite homogeneous. The largest
deviations from the mean values were observed at the edges of
the sample; these effects were investigated in detail in our pre-
vious paper [37].

Using the VNA-FMR setup, we measured the absorption
spectra of the sample in a broad range of fields (H0 = 0–
120 Oe) and frequencies (f = 0.1–4 GHz) when the in-plane
static magnetic field H0 was applied along the EA of the
film (figure 3). The map shows a usual f FMR(H0) dependence
of the FMR without any additional oscillation modes. From
these spectra, we extracted the dependence of the field-swept
linewidth∆H on the driving frequency (figure 4(a)).
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Figure 3. Absorption spectra map obtained with VNA-FMR
showing field dependence of the FMR frequency.

As follows from the classical theory of FMR [35], the
linewidth should linearly depend on the frequency

∆H = 4πfFMRα/γ, (10)

where α is the damping parameter, γ = 1.76× 107 rad s−1, Oe
is the gyromagnetic ratio, and f FMR is the FMR frequency. In
figure 4(a), the red line shows the dependence (10) fitted to the
experimental data for f > 1 GHz, with α = 0.009. However,
at lower frequencies, the experimental data for ∆H(f ) devi-
ates from the linear dependence and tends to a value of about
5.5 Oe at f ≈ 0. It has been suggested that this behavior is
caused by magnetic inhomogeneities in the film [38], and par-
ticularly by magnetization ripple observed in nanocrystalline
samples [39–42]. By using experimental dependencies∆H(f),
f FMR(H0), and equation (10), we can obtain the dependence of
the (effective) damping parameter α on the applied field H0

(figure 4(b)). Here, the red line corresponds to the value of α
calculated from the linear fit. Figure 4(b) demonstrates that in
the low-field (LF) region, α can be 1.5 times higher than its
base (high-field) value. This is an important fact that we will
use in an analysis of the second-harmonic generation in later
sections of this paper.

4.2. Second harmonic generation measurements

Figure 5(a) demonstrates the map of the second harmonic gen-
eration. These data were obtained by measuring the output
power P2 at f 2 = 2 GHz by the spectrum analyzer while rotat-
ing the Helmholtz coils in the range of angles θH from 0◦ to
180◦ with 2◦ step and varying the static field strengthH0 from
1 to 60 Oe with 1 Oe step (0.5 Oe near peaks). The power of
the input signal at f 1 = 1 GHz was P1 = 54 mW. The observed
mirror symmetry in the angular dependence with the sym-
metry axis at θH = 90◦ is due to the geometry of the measure-
ment configuration (figure 1). Figure 5(a) indicates that along

Figure 4. (a) FMR linewidth∆H versus pumping frequency f.
(b) The dependence of the damping parameter α on the applied field
H0, extracted from (a).

the field axis, there are two peaks of second harmonic gener-
ation: the first one is observed at H0 = 9.5 Oe and θH = 48◦,
which will be denoted as the LF peak, and the second one is
at H0 = 45.5 Oe and θH = 42◦ (the high-field (HF) peak).
Figure 5(b) shows the dependence P2(H0) obtained using the
same data as in figure 5(a). This is a cross-section of the map
in figure 5(a) where each P2 value was picked for an optimal
angle θH at which for a given value ofH0 the power P2 is max-
imum. Although the HF peak is much lower than the LF (the
LF/HF power ratio is 106) and on a linear scale the HF peak
vanishes (see inset in figure 5(b)), it is clearly distinguished
on a logarithmic scale. Comparing the parameters of the LF
peak and the f FMR(H0) dependence in figure 3, it is apparent
that this maximum of the second harmonic generation is asso-
ciated with the FMR. However, the linear model of FMR does
not show any peculiarities at higher than FMR fields, where
the HF peak is observed.

We alsomeasured the second harmonic power at LF andHF
peaks by varying the input power in a range of 0.02–108 mW.
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Figure 5. (a) Map of the second harmonic generation showing the
power P2 at a double frequency f 2 = 2 GHz (in log scale) as a
function of the direction θH and strength H0 of the static magnetic
field. The input power at f 1 = 1 GHz was P1 = 54 mW. (b) The
P2(H0) dependence, plotted using the same data as in (a) for optimal
values of θH at which for a given value of H0 the power P2 is
maximum. The inset shows the same dependence on a linear scale.

These data are plotted in figure 6 but for the values P1/2
2 (P1/2

1 ),
because amplitudes of rf magnetic field and magnetization are
proportional to the square root of the power (this will be dis-
cussed in more detail later in this paper). The experimental
data indicate a quadratic dependence of the second harmonic
generation on the input rf power for both peaks. However,
a closer look reveals that the LF peak starts to deviate from
the quadratic dependence near the end of the input power
range. We believe that this is caused by the onset of Suhl
spin wave instability processes [7]. At the same time, no devi-
ation is observed for the HF peak. This might be related to the
fact that to instability processes occur, the conditions of spin
wave existence determined by the dispersion relation must be
met. This is the case for the LF peak, but for the HF peak
there are no available spin wave modes in this frequency-field
region.

Figure 6. The dependencies of the second harmonic generation on
the input signal for the LF and HF peaks. Left and bottom axes are
the square roots of the input P1 and output P2 powers; right and top
axes are amplitudes of rf magnetic field and magnetization.

4.3. Theoretical analysis of second-order magnetization
components

To explain the experimentally observed dependencies of the
second harmonic generation, we will use a macrospin model
of a thin magnetic film, which was described in section 3. An
intuitive picture of the origin of a double frequency magnetiz-
ation component is presented in figure 2. Excited by a linearly
polarized microwave magnetic field h, the magnetization vec-
tor M will process in an elliptical orbit in the (eθ, ey) plane.
In the case of a thin magnetic film, this ellipticity is greatly
enhanced due to large demagnetizing factors preventing mag-
netization escape from the film plane. Since the length of the
magnetization vectorMmust not change, a longitudinal com-
ponent mM2 appears, which oscillates in time at a double fre-
quency of the driving field. As we will show below, another
component, mθ2, can contribute to the resulting second har-
monic signal.

The main component of the first-order magnetization can
be expressed as ṁθ1 = χθhθ, where χθ is θ-component of

6
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Figure 7. The amplitudes of second-order magnetization
components versus static field H0, calculated for a driving field
frequency of 1 GHz and amplitude of 0.55 Oe.

the magnetic susceptibility tensor, and the overdot denotes
that ṁθ1 is the complex amplitude (see the appendix,
equation (A6)). The first-order magnetization has the fre-
quency of the driving field ω1. It depends linearly on the driv-
ing field and has maximum amplitude in the conditions of the
FMR and when h is perpendicular to the equilibrium magnet-
izationM0.

The second-order magnetization has the double frequency
of the driving field, ω2 = 2ω1. The main contributing com-
ponents of the second-order magnetization are ṁM2 and
ṁθ2. The amplitude of the longitudinal component ṁM2

can be approximately expressed as |ṁM2| ≈ (1/4Ms)
∣∣ṁ2

θ1

∣∣=
(1/4Ms)

∣∣χ2
θh

2
θ

∣∣ (see equation (A11)). It gives the largest con-
tribution tom2 and reaches a maximum at the same conditions
as ṁθ1. This is illustrated in figure 7, where we plotted the
dependencies of the second-order magnetization components
amplitudes on the applied field H0 at a fixed driving fre-
quency f 1 = ω1/2π = 1 GHz. Material parameters Ms and
Hk corresponded to the experimentally determined values
872 emu cm−3 and 3 Oe, the damping parameter α = 0.009
was constant, θk = 0◦, θH = 45◦, and h = 0.55 Oe. The
maximum of |ṁM2| (figure 7(c)) corresponds to the LF peak
observed in the experiment.

The behavior of the transverse component ṁθ2 is a
bit more complicated. After some simplifications, we can
write the amplitude of ṁθ2 as |ṁθ2| ≈ |(1/D2)CχθhθhM|,
where the coefficient C can be approximated as a constant
(see equation (A11)), and D2 depends on H0 and ω2 (see
equation (A4)). As shown in figure 7(a), the part |χθhθhM| of
|ṁθ2| has maximum in the FMR, as all the components ana-
lyzed before. However, |1/D2| reaches a maximum at half the
frequency of FMR, or in the case of fixed frequency, for the
corresponding to that condition applied field H0. As a result,
|ṁθ2| exhibits two peaks on the H0 dependence (figure 7(b)).
While the first peak coincides with |ṁM2| maximum and does
not contribute much to the resulting output signal, it is the
second peak that of most interest because it explains the
experimentally observed HF peak. The projection of m2 on

the ‘sensitive’ direction (the x-axis) of the microstrip line,
which produces the resulting second-harmonic output signal,
is determined as

|ṁx2|= |ṁθ2|cosθM + |ṁM2|sinθM. (11)

Its dependence on the applied field H0 is shown in
figure 7(d).

We should also note that the second-order components
depend quadratically on the driving field amplitude. However,
while ṁM2 depends only on a transverse field hθ, ṁθ2 is a func-
tion of product of transverse hθ and longitudinal hM compon-
ents meaning that ṁθ2 can be excited only by an ‘oblique’
microwave field.

4.4. Comparison to experiment

To compare the theory and experiment, it is necessary to
express the amplitudes of the microwave field h and magnet-
ization component |ṁx2| as functions of the input and output
powers. An rf magnetic field produced by a microstrip line of
width w can be approximately expressed as

h= dh

√
P1

4Z0w2
, (12)

where dh is an ‘amplification’ coefficient arising due to the
reflection of the input signal from the BPF2 filter (figure 1).
From additional measurements, we estimated the coefficient
dh to be 1.9.

The magnetic flux produced by the magnetization m2 that
winds around the signal line in the SI system of units can
be written as [43] Φ= 0.5dmµ0m2(t)ltF, where l and tF are
the length and thickness of a magnetic film, and µ0 is the
magnetic constant. The dm coefficient accounts for losses of
various types, including non-zero spacing, skin effect, etc.
In this paper, we consider this coefficient as a fitting para-
meter. The time-averaged power could be calculated as ⟨P⟩=
1
T

T́

0
P(t)dt= 1

T

T́

0

U(t)2

Z0
dt, where U(t) = − dΦ/dt is the voltage

induced in the microstrip line, and T = 2π/ω2. Thus, we have

⟨P⟩= (0.5µ0dmltF)
2

Z0

ω2

2π

2π/ω2ˆ

0

(
dm2

dt

)2

dt. (13)

Since m2(t) = (ṁ2 · eiω2t+ ṁ∗
2 · e−iω2t)/2, the integral with

m2 in equation (13) is simply πω2|ṁ2|2. Therefore, the amp-
litude of the second-order component |ṁx2| can be estimated
from the output power P2 as

|ṁx2|=
2
√
2P2Z0

dmω2µ0ltF
. (14)

Note that expressions (12) and (14) were obtained in the SI
system of units. To convert to the cgs units used in this paper,
the h value from equation (12) should be multiplied by 4π/103,
and |ṁx2| of equation (14) by 10−3.
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We then calculated the theoretical dependencies of |ṁx2|
(using equation (11)) on the direction and strength of the
applied static field and the amplitude of the microwave driv-
ing field. As in the previous section, we used the parameters
Ms = 872 emu cm−3, Hk = 3 Oe, θk = 0◦, and the driving
frequency f 1 = ω1/2π = 1 GHz. However, here we also con-
sidered the field dependence of the damping parameter α(H0)
determined experimentally (figure 4(b)). The amplitude of the
driving field h used in the calculations was determined from
equation (12), where the experimental input powers were sub-
stituted. The experimental values of the second-order magnet-
ization |ṁx2|were calculated from equation (14). By fitting the
experimental dependencies of |ṁx2|(h) simultaneously for the
LF and HF peaks to the theoretical ones (figure 6), we determ-
ined that the loss parameter dm of equation (14) had a reason-
able value of 0.62.

Now, finally, we can compare the theoretical and experi-
mental maps of |ṁx2|(θH, H0). They are presented in figure 8.
The experimental one was obtained from the data in figure 5(a)
using equation (14). The theoretical map was calculated for
h= 0.4 Oe determined from equation (12), with P1 = 54 mW.
The plots demonstrate almost perfect agreement. The theory
reproduces all the features of the experiment, including the
positions of the LF and HF peaks, their linewidths, and mag-
nitudes. This is clearly seen in figure 9(a), where the depend-
encies of the second-order magnetization |ṁx2| on the static
field H0 are shown, with circle symbols corresponding to the
experiment and lines to the theory. Similar to figure 5(b), these
dependencies are the cross-sections of the maps in figure 8
(shown there with white lines), where each |ṁx2| value was
picked for an optimal angle θoptH at which for a given value of
H0, the amplitude |ṁx2| is maximum.

In figure 9(a), we plotted the theoretical dependencies
obtained for the field-depended damping parameter α(H0)
(solid line) and the constant α = 0.009 (dashed line). One
can see that the consideration of α(H0) is necessary to repro-
duce the experiment accurately in the LF region due to the
additional contribution to the FMR linewidth associated with
magnetic inhomogeneities in the sample. The use of constant
α leads to the overestimation of the |ṁx2| LF peak of 27%.
However, even with this correction, there is still a discrep-
ancy between the positions of the calculated and experimental
LF peaks, about 1 Oe. Although this discrepancy is small, it
is larger than the measurement error that we estimate to be
0.5 Oe or so. The origin of the divergence might be related
to the higher-order components of magnetization that we did
not account for in calculations. As figure 9(a) indicates, by
accounting for both components ṁM2 and ṁθ2, the uniaxial
anisotropy, and field dependence of the damping parameter,
we have achieved a remarkable agreement of the theoretically
calculated second-order magnetization |ṁx2| with the experi-
mental one, including the ratio of LF to HF peak (experiment
10.3, theory 10.5), without the need of including some addi-
tional mechanisms of absorption, as it was done, for example,
in [21].

Figure 9(b) demonstrates the optimal angle θoptH at which
|ṁx2| is maximum as a function of the static field H0. There is

Figure 8. The experimental and theoretical maps showing the
amplitude of the second-order magnetization |ṁx2| as a function of
the direction θH and strength H0 of the static magnetic field. The
input power at f 1 = 1 GHz was 54 mW that corresponded to the rf
magnetic field of 0.4 Oe. White lines show |ṁx2| for optimal angles
of field direction θoptH at which for a given value of H0, |ṁx2| is
maximum.

also a fairly good agreement between theory and experiment,
although one can see that the theoretical curve is shifted from
the experimental one to the lower angles by about 5◦; the origin
of this shift is unclear.

The behavior of the optimum angle θoptH (H0) can be
explained by considering two main contributing mechanisms.
The first one arises from the geometry of the measurement
setup, as the microstrip line is the source of the driving rf field,
and at the same time, the detector of the magnetic flux. For the
LF peak, as follows from equation (11), we can write |ṁx2| ≈
|ṁM2|sinθM ∼

∣∣χ2
θh

2
θ

∣∣sinθM, with hθ = hcosθM. Thus, we
obtain the condition for the determination of the ‘geo-
metrical’ optimal orientation of the equilibrium magnetiz-
ation ∂(cos2θM sinθM)/∂θM = 0, which gives θM = 35.3◦.
Because of the uniaxial anisotropy, θM does not equal θH but
approaches it with the increase of the filed strength. Apart from
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Figure 9. (a) The amplitude of the second-order magnetization
|ṁx2| versus static field H0, for optimal angles of field direction θoptH
at which for a given value of H0, |ṁx2| is maximum. (b) Optimal
angle θoptH versus static field H0.

the geometry, another impact to the optimal angle depend-
ence θoptH (H0) is from the magnetic susceptibility χ with the
maximum in the FMR. For a given value of the static field
H0 the FMR occurs at a specific angle θH and corresponding
θM, which is not necessarily equal to the geometrical optimal
value 35.3◦. Therefore, the optimal angle of the second har-
monic generation θoptH is determined by the balance between
the geometry and the FMR conditions. This is illustrated in
figure 10, where we plot the dependence of the susceptibil-
ity tensor component |χθ | on the static field direction θH and
strength H0. On top of this map, the black solid line shows
the calculated optimal angle of the equilibrium magnetiza-
tion θoptM (H0) that corresponds to the theoretical dependence
θoptH (H0) (white line), while dashed line indicates the geomet-
rical optimal angle θM = 35.3◦. The maximum of the LF peak
occurs for the particular field H0 = 10.7 Oe, when θM in
the FMR equals to the ‘geometrical’ optimum 35.3◦, which
is achieved at θH = 43.8◦. The similar argumentation can be
applied for the HF region as well.

Figure 10. The map showing the susceptibility tensor component
|χθ | as a function of the static field direction θH and strength H0. On
top of the map: the black line shows the calculated optimal angle of
the equilibrium magnetization θoptM (H0) that corresponds to the
theoretical dependence θoptH (H0) (white line), and dashed line
indicates the geometrical optimal angle θM = 35.3◦.

5. Summary and conclusions

In summary, the second harmonic generation in a thin mag-
netic film has been examined experimentally and theoretically.
The studies were carried out on a sample of a thin Ni80Fe20
film for the relatively low powers (0.02–108 mW) of the input
signal at 1 GHz. Studies have shown that the magnetic per-
meability of the film at a frequency of 1 GHz was high enough
to ensure efficient generation of the second harmonic. At the
same time, it was also demonstrated that the uniaxial magnetic
anisotropy and the field dependence of the damping parameter
played a significant role in the generation process. At relat-
ively low frequencies, the magnetic anisotropy field becomes
comparable to the FMR field and cannot be neglected when
analyzing the second harmonic generation, as is usually done
for signals of higher frequencies [21, 23]. In addition, at these
low frequencies, it becomes critical to consider the nonlinear
dependence of the magnetic damping parameter on the applied
field, which is caused bymagnetic inhomogeneities in the film.

The detailed measurements for various strength and dir-
ections of the applied magnetic field revealed two peaks of
second harmonic generation, in the low field (9.5 Oe) and
the high one (45.5 Oe). To explain these findings, we have
considered a macrospin model of a thin magnetic film with
in-plane uniaxial magnetic anisotropy. The Landau–Lifshitz–
Gilbert equation was analytically solved for this model in the
frame of a perturbation approach, where the dynamic magnet-
ization was expanded in first- and second-order terms. The
analysis of the solution showed that the longitudinal com-
ponent of the second-order magnetization is responsible for
the LF peak, which field position coincided with the field of
FMR. The HF peak is due to the transverse component of
the second-order magnetization that can be excited only by
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an ‘oblique’ microwave field. The theoretical analysis also
demonstrated that the optimal direction of the applied field,
at which the second harmonic generation was maximum, was
depended on both the measurement geometry and the FMR
conditions.

Considering themeasured field dependence of themagnetic
damping parameter, uniaxial anisotropy, and both compon-
ents of the second-order magnetization we have obtained an
excellent agreement between the theoretical and experimental
results. Understanding the optimal conditions for maximum
efficiency of second harmonic generation is pivotal for devel-
oping frequency multiplying devices. Such devices, based on
ferrites, demonstrated competitive conversion factor at high
input powers [15, 17], although in the case of thin metal-
lic magnetic films in coplanar or microstrip waveguides con-
version factor was actually quite low [21, 23]. However, it
can be significantly increased if instead of the waveguide the
microstrip resonator will be used [34]. As a final note, from
the analysis of the second harmonic generation power depend-
ence, we have suggested that there were spin wave instabil-
ity processes for the LF peak but not for the HF one, which
is possibly related to the conditions of spin waves excitation.
This effect was discussed some time ago for ferrites [20, 35],
but there are no such studies for thin metallic magnetic films,
whichmakes it an interesting problem to be addressed in future
research.
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Appendix. Expressions for the dynamic
magnetization components

Solution to the zero-order approximation

Solving equation (7), in the notation of figure 1 we obtain

H0 sin(θH − θM)+
1
2
Hk sin2(θk− θM) = 0. (A1)

Numerical calculation of equation (A1) makes it possible to
find the angle θM of the orientation of equilibrium magnetiza-
tionM0.

Solution to the first-order approximation

We assume that the linearly polarized microwave driving field
is a harmonic signal h(t) = ḣ · eiω1t and, therefore, m1(t) =
ṁ1 · eiω1t. Substituting the variables h(t) and m1(t), and the
effective linear excitation vector Ġ= (1/Ms)[ḣ×M0] into
equation (8), we obtain the following solution

ṁ1 = χ(1)Ġ, (A2)

where in projections on the axes (eθ, ey, eM) (see figure 2)
Ġθ = hy, Ġy =−hθ, ĠM = 0 and a linear magnetic susceptib-
ility tensor

χ(ν) =

 iχ(ν)
a −χ(ν)

θ χ(ν)
13

χ(ν)
y iχ(ν)

a χ(ν)
23

0 0 χ
(ν)
m

 , (A3)

with components

χ(ν)
a = ων

γMs

Dν
, χ(ν)

θ =
γMs

D
ν

(Ωy+ iωνα),

χ
(ν)
13 = i

Ω3

ων
χ(ν)
θ , χ(ν)

y =
γMs

Dν
(Ωθ + iωνα),

χ
(ν)
23 =

γMs

Dν
Ω3, χ(ν)

m =−iγMs

ων
,

Dν =ΩθΩy− (1+α2)ω2
ν + iαων(Ωθ +Ωz). (A4)

In equation (A4) we also introduce the following notation:

Ωθ = γ
(
H0M +(N eff

11 −N eff
33)Ms

)
,

Ωy = γ
(
H0M +(N eff

22 −N eff
33)Ms

)
,

Ω3 = γMsN
eff
13 , (A5)

where H0M is the projection of the H0 vector on the eM axis.
The main linear magnetic response of the film for the case
when hy = 0 (as in the experiment) is expressed by the com-
ponent

ṁθ1 = χ(1)
θ hθ = χθhθ. (A6)

Solution to the second-order approximation

Because the effective vector of nonlinear excitation F included
in the right-hand side of the second-order equation (9) is non-
linear, for its calculation we need to use only the real values
of the dynamic magnetization and microwave field:

h(t) = (ḣ · eiω1t+ ḣ∗ · e−iω1t)/2,
m1(t) = (ṁ1 · eiω1t+ ṁ∗

1 · e−iω1t)/2,
(A7)

where the asterisk denotes complex conjugate. Substituting
expressions (A7) into the effective vector of nonlinear excit-
ation F= (1/Ms)

{
h×m1 +m1 × (N effm1)

}
and separating

only a part F(2)(t) = Ḟ(2) · ei2ω1t that contains the harmonic at
a double frequency ω2 = 2ω1, we obtain
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Ḟ(2) =
1

2Ms

(
ḣ× ṁ1 + ṁ1 × (N effṁ1)

)
=

=
1

2Ms


(N eff

13 ṁθ1ṁy1 − ṁy1hM) · eθ+
(ṁθ1hM −N eff

13 ṁ
2
θ1) · ey+

− iω1
γMs

· (ṁ2
y1 + ṁ2

θ1) · eM

 . (A8)

Seeking the solution of equation (9) in the form m2(t) = ṁ2 ·
ei2ω1t for the harmonic componentF(2)(t) of the effective vector
of nonlinear excitation F, we get the following expression for
the amplitudes of second order magnetization

ṁ2 = χ(2)Ḟ(2), (A9)

which in the coordinates (eθ, ey, eM) have the following form

ṁθ2 = iγ
ω2

2D2
(N eff

13 ṁθ1ṁy1 − ṁy1hM)−

− γ
(Ωy+ iω2α)

2D2
(ṁθ1hM −N eff

13ṁ
2
θ1)+

+
ω1

2D2

Ω3

Ms
· (ṁ2

y1 + ṁ2
θ1),

ṁy2 = γ
(Ωθ + iω2α)

2D2
(N eff

13 ṁθ1ṁy1 − ṁy1hM)+

+ iγ
ω2

2D2
(ṁθ1hM −N eff

13 ṁ
2
θ1)−

− i
ω1

2D2

Ω3

Ms
· (ṁ2

y1 + ṁ2
θ1),

ṁM2 =− 1
4Ms

· (ṁ2
y1 + ṁ2

θ1). (A10)

In the case of a sufficiently thinmagnetic film, the out-of-plane
magnetization component my1 is close to zero. Therefore, the
main contributions to the oscillations at double frequency are
from the components mθ2 and mM2, which can be approxim-
ately expressed as

ṁθ2 ≈ − C
D2

ṁθ1hM, ṁM2 ≈− 1
4Ms

ṁ2
θ1, (A11)

where C = γ(Ωy + iω2α)/2 varies very slowly with H0 and
can be considered as a constant.
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