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Bound states in the continuum (BICs) have been demonstrated as a powerful tool for trapping acoustic
fields in an acoustic resonator. It has been widely recognized that symmetry-protected (SP) BICs result
from symmetry incompatibility of some eigenmodes of a resonator with propagating modes of waveg-
uides. The most typical example of SP BIC is the odd eigenmode of the resonator with the eigenfrequency
embedded into the propagating band of even propagating eigenmodes of the waveguide. In this work, we
consider a more sophisticated case of an acoustic cuboid resonator that is opened by the attachment of two
cylindrical waveguides. We show that BICs can be sustained in an open acoustic resonator with reduced
symmetry. For symmetrical positions of waveguides, the eigenmodes of the cuboid can also be classified
as SP BICs and show different stability against the shifts of waveguides from the positions of symmetry of
the cuboid. We fabricate a series of coupled waveguide resonators and experimentally verify the existence
of these BICs by identifying the vanished linewidth of Fano resonance in transmission spectra. Besides,
we also show that evanescent modes of waveguides play a role in the formation of BICs in a nonax-
isymmetric waveguide-resonator system by tuning the angle θ between two waveguides. Consequently,
the eigenmodes remain SP BICs for θ = 0° and θ = 180° but convert into accidental BICs at θ ≈ 85°or
θ ≈ 275°. Such accidental BICs are also experimentally verified. Our results enrich the understanding of
SP BICs and accidental BICs, and provide alternative methods of routing acoustic waves and designing
acoustic devices requiring fine spectrum features, such as filters and sensors.

DOI: 10.1103/PhysRevApplied.19.054001

I. INTRODUCTION

Bound states in the continuum (BICs) have emerged as
a hot research topic in physics because they provide an
alternative platform of achieving high-Q resonances [1–3].
The concept of BICs originated from quantum mechan-
ics and then generalized to acoustics as trapped acoustic
modes [4–12], which enable sound trapping in an open
acoustic resonator [13–20]. The BICs, regardless of their
wave physics, can be classified by physical mechanisms.
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It has been well established that symmetry-protected (SP)
BIC results from symmetry incompatibility of the eigen-
modes of a closed resonator with propagating modes of
the waveguide. Bolsterli et al. treated a special quantum
mechanical case in which discrete states occur in the con-
tinuum in separable potentials [21]. Similarly, in integrable
resonators, a symmetry incompatibility decouples the sep-
arated eigenmodes from the propagating modes of the
waveguides [22,23]. A similar physics is also revealed in
acoustic and microwave waveguides with rigid obstacles
placed symmetrically [6,7,24]. Another related scenario is
the accidental BICs despite the absence of symmetry argu-
ments. These BICs happen when the coupling between the
cavity eigenmode and the mode of the continuum acciden-
tally turns to zero for distortion of the eigenmode. They
were demonstrated in an open Sinai billiard [25] or in a
coupled waveguide-resonator system by proper attachment
of waveguides [20].
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Acoustic integrable resonators, such as cylindrical or
rectangular ones with separable eigenmodes, grant the
spectacular case of BICs because of unique propagat-
ing waves in attached waveguides. This wave is constant
over the cross section of waveguide ψ(z) = ψ0eikzz, and is
defined by only wave number kz =ω/v, where ω is the fre-
quency of wave and v is the velocity of sound in air. Then,
as long as the waveguide is attached symmetrically to the
nodal line of the resonator’s eigenmode, the coupling of
the mode with the continuum turns out to be zero. The most
obvious examples of SP BICs occur in a system of a rect-
angular two-dimensional resonator with attached waveg-
uides, which preserve the mirror symmetry C2v [2]. In a
previous study, Huang et al. reported a general framework
for constructing BICs in coupled waveguided-resonator
systems [20], where two waveguides are attached at arbi-
trary positions of the resonator. Remarkably, the authors
found that SP BICs, accidental BICs and general Friedrich-
Wintgen BICs can be supported in such a two-port sys-
tem with either mirror symmetry or inverse symmetry.
The transition from two-dimensional systems to three-
dimensional (3D) open systems considerably enriches the
complexity of BICs, which goes far beyond what we have
considered in the previous study because two cylindri-
cal waveguides can be placed at arbitrary positions of a
cuboid or cylinder resonator. For example, there are SP
BICs based on symmetry incompatibility of continua of
waveguides with eigenmodes of closed resonator if the
axisymmetric cylindrical resonator is attached coaxially
with two cylindrical waveguides [10,13]. The case of open
systems with broken axial symmetry supports a number
of FW BICs [10,13] and seems not to leave room for SP
BICs. However, the arbitrary positions of attached waveg-
uides allow for exploring BICs that may not be covered in
the previous work.

In the present paper, we consider an open nonaxisym-
metric system, as shown in Fig. 1. Two waveguides are
attached to a cuboid or cylindrical resonator while one
cylindrical waveguide is shifted relative to the center line
of resonators. We show that there is a large room for exis-
tence of SP BIC owing to reduced symmetry, which is
useful for practice because of their robustness. Moreover,
as the waveguides smoothly shift relative to the resonator,
we reveal a series of accidental BICs at definite posi-
tions of waveguide. We show that eigenmodes of a cuboid
become the SP BICs for proper attachment of waveg-
uides that preserve mirror symmetry of the total system.
We find that these SP BICs have different stability against
the perturbation. We experimentally demonstrate these SP
BICs by fabricating a series of coupled waveguide-cuboid-
resonator systems with 3D printers and measuring their
reflection and transmission spectra. The appearance of
BICs is verified by the collapse of Fano resonances in
the reflection and transmission spectra. We also verify
accidental BICs in such a coupled waveguide-resonator

(a) (b)

FIG. 1. Schematic illustration of a coupled (a) waveguide-
cuboid and (b) cylinder resonator system.

system, where one cylindrical waveguide is rotated with
respect to the other. Our results may promote the under-
standing of SP BICs and accidental BICs. They may pave
the way for promising applications in enhanced acoustic
emission, sensors, filters, etc.

II. RESULTS AND DISCUSSION

A. BICs in coupled waveguide-resonator systems

We consider a coupled waveguide-resonator system as
shown in Fig. 1, where two waveguides are attached to
two sides of a cuboid or cylinder resonator. Note that two
cylindrical waveguides do not share the same axis, and the
structural symmetry of the whole system is no longer main-
tained. We calculate the eigenmodes and eigenfrequencies
of resonators, which become complex after attachment of
waveguides by use of effective non-Hermitian Hamilto-
nian complementing commercial software COMSOL Mul-
tiphysics based on the finite-element method [14]. The
complex eigenfrequencies can be written as ω = ω0 − iγ ,
where ω0 and γ are the resonant frequency and radiative
decay rate of leaky modes, respectively. Then, the radia-
tive Q factor can be calculated by ratio Q = ω0/2γ . Thus,
searching for BICs in such a system is equivalent to finding
eigenmodes with infinite Q factors.

For the sake of simplicity, we choose the radii of two
cylindrical waveguides as R = 14.5 mm, and the dimen-
sions of cuboid resonators are Lx = 60 mm, Ly = 50 mm,
and Lz = 50 mm, respectively. We find a lot of BICs when
the projected planes for both waveguides in the x-o-y plane
obey the mirror symmetry with respect to the x axis. In par-
ticular, we focus on the two simplest examples of SP BICs,
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(a) (b) (c) (d) (e) (f)

(g) (h) (i) (j) (k) (l)

FIG. 2. Schematic illustration
of BICs and QBICs. (a)–(c)
Eigenfield distributions of two
SP BICs and accidental BICs.
(d),(e) Eigenfield distributions of
the corresponding three QBICs.
(g),(i) Eigenfield distributions of
three BICs in x-o-y plane. (j),(l)
Eigenfield distributions of three
QBICs in the x-o-y plane.

which are modes M 121 and M 221 provided that cylindri-
cal waveguides are positioned at mirror symmetry relative
to x/y → −x/−y. The eigenfield distributions of two SP
BICs are shown in Figs. 2(a) and 2(b). Their eigenfield
distributions in the x-o-y plane are shown in Figs. 2(g)
and 2(h).

To transit from BICs to QBICs, we fix the projected
circle center of the bottom waveguide xc2 = 45.5 mm
and yc2 = 0 mm while the top waveguide has a fixed
xc1 = Lx/2 = 30 mm but varied yc1(yc1 = δy + Ly /2), as
schematically shown in Fig. 3(a). Figures 2(d) and 2(e)

show the eigenfield distributions of two QBICs at
yc1 = 5 mm while Figs. 2(j) and 2(k) display their eigen-
field distributions in the x-o-y plane. The Q factors of
these two QBICs versus yc1 are calculated and shown in
Fig. 3(b). Indeed, the Q factors of both modes show dif-
ferent trends with the increasing δy due to the broken
in-plane symmetry. The Q factor of mode M 221 is several
orders higher than that of mode M 121. If the center of the
top waveguide is moved along the diagonals, the Q fac-
tor of mode M 221 decreases much faster with δx = δy = δxy
increasing compared to that along the y axis, but their

(a) (b)
FIG. 3. (a) Top panel is a schematic
drawing of the projected image of struc-
ture in the x-o-y plane. The bottom
panel is the eigenfield distribution of BIC
modes M 121 and M 221. (b) Q factors of
QBIC M 121 and M 221 versus δy and δxy
when the top waveguide moves along y
axis and diagonal.
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value is still higher than that of mode M 121. Carefully fit-
ting these curves suggests that Q121 ∼ Aδ−2

y , Q221 ∼ Bδ−2
y ,

Q221 ∼ Cδ−4
xy , where A, B, C are the fitted constants. Thus,

we conclude that QBIC M 221 is more stable than QBIC
M 121, suggesting an effective way of achieving high-Q res-
onances. A similar phenomenon can be found for QBIC
M 122 and M 222, as demonstrated in Fig. S1 within the Sup-
plemental Material [30]. Thus, the nature of SP BIC is
preserved as long as in-plane symmetry is preserved (see
Fig. S2 within the Supplemental Material [30]). It is note-
worthy that such SP BICs also exist in a cylinder resonator
shown in Fig. S3 within the Supplemental Material [30].

Next, we consider the case of a cylindrical resonator.
The radii of the waveguides and the cylindrical resonator
are R = 14.5 mm and Rc = 40 mm, respectively. The res-
onator’s height is Lz = 40 mm. Here, the top waveguide
is rotated by θ with respect to the bottom waveguide, as
shown in Figs. 1(b) and 4(a). Except for the SP BICs, such
a system also supports accidental BICs by choosing the
proper rotation angle. One example of accident BICs is
shown in Figs. 2(c) and 2(i). The eigenfield distribution
of a QBIC is shown in Figs. 2(f) and 2(l). This BIC is clas-
sified as an accidental BIC as the whole structure no longer
obeys the project-plane symmetry. Also, the position of
the attached waveguide is not located at the node of the
eigenfield. This type of BIC has been predicted by Lyap-
ina et al. [15]. Here, we revisit how such BICs are formed.
Without loss of generality, we focus on modes M 211A and
M 211B according to mode definition in cylindrical coordi-
nates. Figure 4(b) shows the eigenfield distribution of four

BICs while the top waveguide is rotated by θ . Both the
Q factors and resonant frequencies of modes M 211A and
M 211B are calculated and shown in Figs. 4(c) and 4(d).
Here, it is worth noting that the mode definition in such
a cylinder system differs from that of a cuboid system. The
eigenmodes are denoted as Mmnl, where m is the azimuthal
mode number, n is the radial order number, and l is the
order number in the z axis. For M 211A, it can be clearly seen
that two BICs emerge at θ = 0° and θ = 180°, which corre-
spond to project-plane SP BICs. For M 211B, two BICs are
observed at θ ≈ 85° and θ ≈ 275°. Obviously, the whole
structure does not follow project-plane symmetry. Thus,
we classify these types of BICs as accidental BICs. Shown
in Fig. 4(d) are the resonant frequencies of two modes as a
function of θ . Due to the coupling between the waveguide
and the resonator, their eigenfrequencies exhibit oscilla-
tion as θ varies. More examples of accidental BICs can
be found in Fig. S4 within the Supplemental Material [30].

B. Physical mechanism of BICs

We apply the previously developed effective non-
Hermitian Hamiltonian method to explain why the above
BICs are formed. To make our conclusion as general as
possible, we assume the radius of the cylindrical waveg-
uide as R = 1, the other dimensions are measured in terms
of R. The resonator length is Lz. The z coordinates of the
bottom and top surfaces of the cylindrical resonator are
z = 0 and z = Lz, respectively.

(a) (c)

(b) (d)

FIG. 4. (a) Schematic drawing
of the projected image of the
structure in the x-o-y plane. (b)
Eigenfield distribution of four
BIC modes. BIC1 and BIC3 cor-
respond to SP BICs, BIC2 and
BIC4 correspond to accidental
BICs. (c) Q factors of M 211A and
M 211B as a function of θ . (d) Res-
onant frequencies of M 221A and
M 211B as a function of θ .

054001-4



BOUND STATES IN THE CONTINUUM. . . PHYS. REV. APPLIED 19, 054001 (2023)

1. SP BIC in cuboids

To consider SP BICs in the coupled waveguide-
resonator system, we present the solutions of the eigen-
value problem in each subsystem. The first two eigen-
modes of cuboid according to Eq. (A1) in Appendix A
have the following form:

ψ211 = C211 cos
(
πx
Lx

)
,ψ121 = C121 cos

(
πy
Ly

)
,

ψ221 = C221 cos
(
πx
Lx

)
cos

(
πy
Ly

)
. (1)

Here all dimensional sizes of the resonator are measured in
terms of waveguide radius R. In what follows, we consider
only the BICs embedded into the first propagating channel
with real k01 described by function

C01J0(μ01r)eik01z = C01eik01z. (2)

Here k01 = ν is the wave vector, J 0(x) is the zero order of
the Bessel function of the first kind, J0(μ01r) = J0(0) =
1(μ01 = 0), C01 = 1/

√
πk01 is the normalization constant,

and normalized frequency is above the first propagation
cutoff frequency ν > μ01 = 0 but below the second cutoff
frequency ν < μ11 = 1.84.

If the waveguide is positioned at the center of the cuboid
side x0 = (Lx/2), y0 = (Ly/2), obviously the coupling of
the eigenmodes of cuboid with the first continuum equals
zero to qualify them as SP BICs. The coupling of the eigen-
modes with waveguide shifted from the center by vector
δ = (δx, δy) can be evaluated analytically as presented in
Appendix A. In particular, we have

W121;01 ≈ ω121δy , W221;01 ≈ ω221δxδy , (3)

where

ω121 = J1

(
π

Ly

) √
2Ly

πk01LxLz
,

ω221 =
√

L2
x + L2

y

LxLyLz
J1

⎛
⎝ π√

L2
x + L2

y

⎞
⎠ .

We perform analysis of BICs based on the effective Hamil-
tonian, which in general has the following form [14,15]:

Heff = HB − i
∑

C=L,R

∑
pq

kpqWc,pqW+
C,pq, (4)

where the matrix Wc,pq is the columns of matrix elements
Wmnl,pq for the bottom z = 0 and top z = Lz waveguides
for each continuum pq. The eigenvalues of the non-
Hermitian effective Hamiltonian are complex, whose real
parts indicate the position of resonances and imaginary

parts correspond to the half-width of resonances. The ratio
between real parts and imaginary parts gives the Q fac-
tor. If only keeping the first open channel of waveguides
p = 0, q = 1, we have approximately the resonant width of
the SP QBIC M121 . The Q factor Q121 ≈ (ω2

121/2γ121) ∼
δ−2

y . For the case of the SP QBIC M221, we obtain that
Q221 ≈ (ω2

221/2γ221) ∼ δ−2
x δ−2

y ∼ δ−4
xy (δx = δy = δxy) for

diagonal displacement as shown in Fig. 3. This perfectly
explains why the Q factor is linearly proportional to δ−2

y for
displacement along y axis and δ−4

xy for displacement along
diagonal δx = δy = δxy .

2. Accidental BICs at θ ≈ 85° and θ ≈ 275° in a
cylindrical resonator

Note that SP BICs also exist in the cylindrical resonator
with the angle between two cylindrical waveguides being
θ = 0° or θ = 180°. It can be easily derived WL

111;0q = 0
and WR

111;0q = 0 by considering the projected plane’s sym-
metry, suggesting the nature of such a BIC as SP BICs
[20] though the whole system’s symmetry is no longer pre-
served for θ =π . This is reasonable because the integrals
only happen at the projected interface. By applying the
same procedure to the cuboid resonator in Fig. 1(a), we can
also derive WL

121;0q = WR
121;0q = 0 and WL

221;0q = WR
111;0q =

0. The only difference is the eigenfunction of closed cuboid
resonator taking different forms, which has been studied in
detail in Ref. [20].

For θ �= 0◦, 180◦, the situation becomes a bit compli-
cated for a cylindrical resonator. Intuitively, one expects
that for θ = 90◦ the eigenmodes ψ2m,n,l are the SP BICs,
which are orthogonal to the continuum p = 0 as well as
the eigenmodes ψ3m,n,l are SP BICs for θ = 60◦. How-
ever, these cases are not so trivial. Let us consider the case
θ = 90◦, which supports, for example, the lowest order of
the SP BICs

ψ211 = C211 J2(μ21r/R)ei2φ , (5)

where C211 is the normalization constant given in
Appendix B and is not relevant for further consideration.

Figure 5(a) clearly shows that this eigenmode is decou-
pled from the first propagating mode p = 0, q = 1 of both
waveguides provided the angular position of their center
lines are exactly located at the nodal lines of the eigen-
mode positioned at 0° and 90°. The in-plane eigenfield of
BIC at θ = 85° is shown in Fig. 6, where the top waveg-
uide is positioned at θ = 0° the bottom waveguide is to be
shifted by the angle θ = 85°.

To elucidate the origin of this discrepancy, let us con-
sider the effective Hamiltonian given in Eq. (10) with the
account of evanescent mode p = 1, q = 1. Figure 5(b)
illustrates the eigenmode ψ211 is coupled with the
evanescent mode p = 1, q = 1. Similarly, the eigenmode
ψ31l (l = 1, 2, 3) is coupled with the evanescent mode too.
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(a) (b)

(c) (d)

FIG. 5. The pressure fields of eigenmodes with profiles of
continua p = 0, 1 in waveguides attached to the resonator by
θ = 90°.

Following the same approach developed in Refs. [2,26],
we rewrite the effective Hamiltonian as follows:

Heff = H̃R − i
∑

C=L,R

k01WC,01W+
C,01, (6)

where H̃R = HR + V, V ≈ |k11|
∑

C=L,R k01WC,11W+
C,11 is

the Hermitian part of the effective Hamiltonian modified
by the evanescent mode p = 1, q = 1. As numerics show,
the contribution of higher-order evanescent modes is neg-
ligible. It is worth noting that the usual two-level approach
by accounting for only, for example, eigenmodes ψ311 is
not sufficient because the coupling constants are WL,R

311,01 ≈
0.1, l = 1, 2, 3 . . . are equaled by modulus. Moreover, they

FIG. 6. The pressure field of BICs calculated in full basis
given in Eq. (4).

are too small to cause a discrepancy of 5°. Since the con-
tribution of V is small and can be considered by standard
perturbation theory that gives

ψ̃ = ψ211 +
∑
mnl

Vmnl

εmnl − ε211
ψmnl. (7)

Figure 7 shows the coefficients |amnl| = |Vmnl|/(εmnl −
ε211). The pressure field of the perturbed mode ψ̃ is shown
in Fig. 6.

C. Experimental demonstration of BICs

After gaining a solid understanding of these BICs, we
move to demonstrate projected plane SP BICs experi-
mentally. We fabricate a series of coupled waveguide-
cuboid-resonators with 3D printing. Figure 8(a) shows the
photograph of two typical fabricated samples. The relevant
parameters are d = 29 mm, Lx = 60 mm, Ly = Lz = 50 mm.
The attached position of the bottom waveguide is fixed
with xc = 45.5 mm and yc = 0 mm. The top waveguide
is attached at the center of the top surface and is moved
along either y axis or diagonal, as schematically shown
in Fig. 8(b). According to the simulation results, there are

FIG. 7. Coefficients of the perturbation theory expansion.
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(a) (b) (c)

(d)

(g) (h) (i)

(e)
(f)

FIG. 8. (a) Photograph of 3D-printed samples. (b) Schematic drawing of projected image in the xoy-plane. (c) Eigenfield distribution
of four BICs supported by this structure. (d),(e) Simulated and measured transmission spectra mapping for samples with top waveguide
moving along the y axis. (f) Retrieved Q factor of four QBICs at different yc. (g),(h) Simulated and measured transmission spectra
mapping for samples with top waveguide moving along diagonal. (f) Retrieved Q factor of four QBICs at different yc(xc = yc).

four BICs below the cutoff frequency of the waveguide,
whose eigenfields are shown in Fig. 8(c). The Q factors of
these BICs versus yc have been studied and presented in
Fig. 3 and Fig. S1 within the Supplemental Material [30].
We first measure the reflection and transmission spectra of
fabricated samples with the top waveguide moving along
the y axis. It is clearly seen that four QBICs are shown in
the forms of Fano resonance in transmission (or reflection
spectra) spectra in Fig. 8(d) [Fig. S5(a) within the Sup-
plemental Material [30]]. The QBIC2 and QBIC4 have
narrower resonant linewidth than the other two QBICs.
QBIC4 is almost invisible for yc< 6 mm. When yc is
reduced to 0 mm, all four Fano resonances are vanished,
indicating the emergence of BICs. To make a compari-
son, we also calculate the transmission (reflection) spectra
mapping in Fig. 8(e) [Fig. S5(b) within the Supplemen-
tal Material [30]]. Good agreement can be found between
simulation and experiments. Indeed, one can barely see
QBIC2 and QBIC4 even at larger yc due to their larger Q

factors. However, QBIC1 and QBIC3 are clearly observed
even at yc< 2 mm. We apply the standard Fano fitting
procedure to retrieve the measured Q factors of the sys-
tem [27,28], which are shown in Fig. 8(f). Indeed, QBIC1
and QBIC3 have a relatively smaller Q factor compared
to QBIC2 and QBIC4. This is the direct evidence that
BIC2 and BIC4 are more stable than BIC1 and BIC3 if the
in-plane symmetry is broken along the y axis. This also
matches their eigenfield distributions shown in Fig. 8(c),
where BIC2 and BIC4 have symmetries with respect to
both x and y axes. To further study the stability of dif-
ferent BICs, we introduce symmetry breaking by moving
the top waveguide along the diagonal. Figure 8(g) shows
the experimentally measured transmission spectra map-
ping while the reflection spectra mapping is presented in
Fig. S5(c) within the Supplemental Material [30]. Indeed,
QBIC2 and QBIC4 become visible. However, QBIC2 and
QBIC4 still have a larger Q factor than QBIC1 and QBIC3
for the same yc(xc = yc). To make a fair comparison,
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numerical simulations on both transmission and reflection
spectra mapping are performed and shown in Figs. 8(h)
and Fig. S5(d) within the Supplemental Material [30],
respectively. One can find an excellent agreement between
experiments and simulations. The only difference is that
the measured Q factors are lower than the calculated ones
due to the thermal viscous losses. However, the Q factors
of QBIC2 and QBIC4 are still larger than those of QBIC1
and QBIC3. Thus, these BIC2 and BIC4 may be viewed as
ideal candidates for realizing high-Q acoustic resonances.

Next, we move to verify accidental BICs shown in
Fig. 4. Figure 9(a) presents the photoimage of fabricated

coupled waveguide-cylindrical resonators. Figures 9(b)
and 9(c) show the calculated reflection and transmission
spectra mapping as functions of angle and frequency. The
measured reflection and transmission spectra mapping are
plotted in Figs. 9(d) and 9(e). It can be easily found that
simulation and experimental results match well. More-
over, one can observe that a Fano resonance appears at
around 4290 Hz and its resonant linewidth is reduced to
a minimum at 85°, indicating the appearance of BICs. The
retrieved Q factor is shown in Fig. 8(f). Good agreement
between the experiment and theoretical prediction can be
found. The largest Q factor indeed happens at θ = 85°.

(a) (f)

(c)(b)

(d) (e)

FIG. 9. (a) Photograph of 3D-printed samples. (b),(c) Simulated reflection and transmission spectra mapping versus angle and
frequency. (d),(e) Measured reflection and transmission spectra mapping versus angle and frequency. (f) Retrieved Q factor of four
QBICs at different angle θ .
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Note that the measured Q factor is much lower than the
theoretical calculation because of viscosity loss.

III. CONCLUSION

We present a theoretical consideration and experimen-
tal demonstration on project plane SP BICs in a coupled
waveguide-resonator system. Such a BIC can be trans-
formed into QBICs by breaking the project-plane sym-
metry. Besides, we find that these BICs show cardinally
different dependence on the perturbation, suggesting a
viable way of tailoring the Q factor of QBICs. The exis-
tence of such BICs is evidenced by the vanishing resonant
linewidth in reflection and transmission spectra. In addi-
tion, we also confirmed experimentally that such a system
supports another type of BICs by tuning the relative angle
between two waveguides with respect to the resonators.
Our results may generalize the definition of SP BICs
and accidental BICs and find promising applications in
acoustic sources, sensors, and filters.

IV. MATERIALS AND METHODS

A. Simulations

All simulations in this paper are performed with the
commercial software COMSOL Multiphysics. The speed of
sound and air density is 343 m/s and 1.29 kg/m3, respec-
tively. When calculating the eigenmodes and transmis-
sion (or reflection spectrum), we apply perfectly matched
layer boundaries at the two ends of waveguides to mimic
acoustic wave propagation in the infinite space. All other
exterior boundaries are set as acoustically rigid.

B. Experiments

The experimental samples are fabricated by 3D-printing
technology using laser sintering stereolithography (SLA,
140 μm) with a photosensitive resin (UV curable resin),
exhibiting a manufacturing precision of 0.1 mm. The
complex transmission (and reflection) coefficients of the
samples are measured using a Brüel & Kjær type-4206 T
impedance tube with a diameter of 29 mm. A loudspeaker
generates a plane wave, and the amplitude and phase of
local pressure are measured by four 1/4-inch condenser
microphones (Brüel & Kjær type-4187) situated at desig-
nated positions. The complex transmission (and reflection)
coefficients are obtained by the transfer-matrix method.
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APPENDIX A: CASE OF THE CUBOID
RESONATOR

For the closed cuboid resonator (Lx × Ly × Lz), the
eigenfunctions of eigenmodes can be written as

ψmnl(x, y, z) = Cmnl cos
[
π(m − 1)x

Lx

]
cos

[
π(n − 1)y

Ly

]

× cos
[
π(l − 1)z

Lz

]
, m, n, l = 1, 2, 3 . . . ,

(A1)

where

C2
mnl = (2 − δm,1)(2 − δn,1)(2 − δl,1)

LxLyLz
. (A2)

Their corresponding eigenfrequencies are given by

ω2
mnl = c2

0

[
π2(m − 1)2

L2
x

+ π2(n − 1)2

L2
y

+ π2(l − 1)2

L2
z

]
.

(A3)

The propagating modes in the hard cylindrical waveguides
are specified as

ψpq(r,φ, z) = 1√
2πkpq

φpq(r)exp(ipφ + ikpqz), (A4)

φpq(r) =

⎧⎪⎨
⎪⎩

√
2

J0(μ0q)
J0(μ0qr), p = 0

√
2

(μ2
pq−p2)

μpq
Jp (μpq)

Jp(μpqr), p = 1, 2, 3 . . .
,

(A5)

where p is the azimuthal index (p = 0,1,2,. . . ), q is the
radial index (q = 1,2,3. . . ), r and φ are the polar coordi-
nates in the x-o-y plane, and μpq is the qth root of the
equation ((dJp(μpqr))/dr)|r=1 = 0. The dispersion of each
propagating channel is given by

ω2 = μ2
mn + k2

pq. (A6)

The coupling matrix element of the eigenmode mnl with
the first propagating mode p = 0, q = 1 is given by over-
lapping integral [14,29]

Wmnl;01 = C01

∫ 0

0
rdr

∫ 2π

0
dφψmnl

(
Lx

2
+ δx + r cosφ,

Ly

2
+ δy + r sinφ, z = 0

)
. (A7)
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For eigenmode M 121, we obtain

W121;01 = C121C01

∫ 1

0
rdr

∫ 2π

0
dφ

× cos
[
π

(
Ly

2
+ δy + r sinφ

)
/Ly

]
,

= C121C01 sin(πδy/Ly)

∫ 1

0
rdrJ0(πr/Ly),

= 2C121C01LyJ1(π/Ly)sin(πδy/Ly). (A8)

Similarly, for eigenmode M 211 we have

W211;01 = 2C211C01LxJ1(π/Lx)sin(πδx/Lx). (A9)

For eigenmode M 221, let us consider a special case shown
in Fig. 2(a) when cylindrical waveguide is shifted by vec-
tors �δ = (δx, δy), the coupling matrix element of the eigen-
mode with the continuum p = 0, q = 1 can be expressed
as

W221;01 = C221C01

∫ 1

0
rdr

∫ 2π

0
dφ

× cos
[
π

(
Lx

2
+ δx + r cosφ

)
/Ly

]

× cos
[
π

(
Ly

2
+ δy + r sinφ

)
/Ly

]
. (A10)

An elementary trigonometry gives us

W221;01 = C221C01

√
L2

x + L2
yJ1

⎛
⎝ π√

L2
x + L2

y

⎞
⎠

× sin(πδx/Lx)sin(πδy/Ly). (A11)

APPENDIX B: CASE OF THE CYLINDRICAL
RESONATOR

For the closed cylindrical resonator, assuming its radius
is R, its eigenmodes take the following form:

�mnl(r,φ, z) =
√

1
2π
ψmn(r)exp(imφ)ϕl(z), (B1)

where

ψmn(r)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

√
2

RJ0(μ0nR)
J0

(μ0nr
R

)
, m = 0

√
2

(μ2
mn − m2)

μmn

RJm(μmnR)
Jm

(μmnr
R

)
, m = 1, 2, 3 . . .

,

(B2)

ϕl(z) =
√

2 − δl,1

L
cos

[
π(l − 1)z

L

]
, l = 1, 2, 3 . . . , (B3)

where m is the azimuthal index (m = 0,1,2,. . . ), n is
the radial index (n = 1,2,3. . . ), l is the axial index
(l = 1,2,3,. . . ), and μmn is the nth root of the equation
((dJm(μmnr))/dr)|r=R = 0, which follows from the Neu-
mann boundary condition on the hard walls of hard cylin-
drical waveguides (air pressure at walls equals zero). The
corresponding eigenfrequencies are

ω2
mnl = c2

0

[
μ2

mn

R2 + π2(l − 1)2

L2

]
, (B4)

where c0 is the sound velocity.
The coupling matrix elements of these eigenmodes

with the first open channel of cylindrical waveguides p =
0, q = 1 given by Eq. (A4) equal [14,15]

WC
mnl;01 =

∫
ρdρdα�∗

mnl(r,φ, z = zC), (B5)

where zC = 0, L correspond to the bottom and top inter-
faces of the resonator.

[1] C. W. Hsu, B. Zhen, A. D. Stone, J. D. Joannopoulos,
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