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1. INTRODUCTION
The study of the nonequilibrium dynamics of

strongly correlated systems can provide a new insight
into their properties and new ways to control various
ordered states that arise as a result of phase transitions.
For example, the nonequilibrium properties of super-
conductors are now widely studied. Both the light-
induced enhancement of superconductivity [1–3] and
the observation of the Higgs mode [4–6] were
reported. Recently, a related family of ordered states,
excitonic insulators, has also attracted a wide interest
[7–12]. Among the theoretical works in this direction,
we would like to single out work [13], where the
authors demonstrated a new mechanism for the pho-
toinduced enhancement of the excitonic order in the
framework of a two-band model of spinless fermions
coupled to phonons. According to [13], the combina-
tion of photoexcitation and the symmetry reduction of
the Hamiltonian can ensure a new strategy for the
enhancement of the superconducting order parameter
in superconductors. Some similarity between the exci-
ton condensate state and the superconducting one
makes it promising to study the nonequilibrium char-
acteristics of such systems.

The theoretical and experimental studies of the
excitonic order in strongly correlated systems with the
spin crossover have so far been focused on their equi-
librium properties [14–24]. The study of nonequilib-
rium characteristics has only just started. In view of the
recent development of the pump−probe spectroscopy
with a high time resolution, the possibility of spin
crossover under the effect of femtosecond laser pulses
becomes a topical issue [25, 26].

In contrast to conventional excitonic insulators,
where the Coulomb interaction is responsible for elec-
tron−hole pairing and for the formation of excitons, in
the case of the systems with spin crossover, the exci-
tonic order is due to intersite electron hopping. Never-
theless, the mechanism of photoinduced enhance-
ment proposed in [13] can also be viable in this case.
We demonstrate that the photoinduced enhancement
of the exciton condensate is possible in strongly cor-
related systems with the spin crossover, and such effect
is not related to the transition to a metastable or any
excited state. The scientific novelty of this work is the
determination of the cooperative effects arising owing
to interatomic exciton and electron−phonon interac-
tions under nonequilibrium conditions.

2. EFFECTIVE HAMILTONIAN

The minimal model describing strongly correlated
electron systems with the spin crossover is the two-
band Hubbard–Kanamori model. The Hamiltonian
of the model can be written as

(1)

Here,

(2)

includes the single-site energy of electrons occupying
single-particle states corresponding to the energy lev-
els  and , where  is the electron energy
in the crystal field (for the sake of convenience, we can
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set ),  enumerates lattice sites, and  is
the electron spin projection;

(3)

where  (  are orbital indices) are the hop-
ping integrals describing electron hopping between the
nearest neighbor sites in the crystal lattice (the sites are
characterized by energy levels  and ); and

(4)

where U and V are the diagonal and off-diagonal
matrix elements in the orbital indices, respectively,
and JH and  are the parameters of Hund’s exchange
interactions, represents the onsite Coulomb interac-
tion energy of electrons in the Kanamori approxima-
tion [27].

An important feature of such two-orbital model is
that different localized multielectron (two-particle)
states (terms), which are characterized by the spin val-
ues  and by the crossover between them with
an increase in , can be formed in the case of half-fill-
ing (  is the average number of electrons per
crystal lattice site) and in the zeroth approximation in
terms of hopping integrals ( ). In the region

 = , the ground state is
the triplet HS ( ) state  with the energy EHS,
which is triply degenerate in the spin projection

:
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( ).
To derive the effective Hamiltonian, it is conve-

nient to use the Hubbard X operators  = 
[28], which are expressed in terms of the eigenstates of
the Hamiltonian 

(5)

with different numbers of electrons Ne = 0−4. Since
the Hubbard operators form a linearly independent
basis, any local operator can be expressed in terms of a
linear combination of the X operators. In particular,
the single-electron annihilation (creation) operator is
represented in the form

(6)

Since the number of various pairs of states  dif-
fering by unity is finite, they can be enumerated. Each
pair can be matched with the number l [29] having the
meaning of the band index of local Fermi quasi-
particles. Then,  =  and  =

. Using Eq. (6), the anomalous averages

 (without spin f lip) and  (with spin
flip, ) can be represented in the form

(7)

(8)

Here, we omit the averages of X operators built on
the states with the numbers of electrons smaller and
larger than two. We consider the case of half filling
(two-particle states) with a fixed number of electrons
per site of the crystal lattice (the homopolar model of
solid); therefore, the contribution of such averages is
negligibly small.

As seen in Eqs. (7) and (8), the excitonic pairing is
described by nonzero averages of singlet−triplet exci-
tations. Here and below, the angle brackets  denote
quantum statistical averages. Nonzero averages

=  =  correspond to the quan-

tum entanglement of the LS and HS states in the
absence of spin−orbit coupling. The Hamiltonian (1)
in the representation of Hubbard X operators has the
form
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Here,  is the energy of multielectron terms and  =
 are the renormalized hopping

parameters.
Using the Hamiltonian (9) as an initial one, we can

obtain the effective Hamiltonian excluding interband
hops. For this, we employ the projection operator
method developed in [30] for the Hubbard model and
in [31] for the p−d model (see also [14, 15]). The effec-
tive Hamiltonian has the form

(10)

Here, the first term is the Heisenberg Hamiltonian
containing the interatomic exchange interaction

(11)

Here,  is the magnitude of the
interatomic exchange interaction, where  is the
energy of charge transfer between the centers of the
upper and lower Hubbard subbands [30, 31];  is
the spin-1 operator, which can be specified by the
components  = ,  =

, and  [32]; and

 =  =  is the operator

of the number of particles at the ith site (  is the
occupation number operator for the LS (HS) state).
Using the condition of completeness  +  =

1, one can show that  =  =
 = 2, where  (  = 1).

The second term in Eq. (10)

(12)

describes the density–density interaction between
low-spin states, where  = 

.

The third term in Eq. (10)
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amplitude  =  and the cre-
ation/annihilation of biexcitons at neighboring sites
with the amplitude  =  taking into
account the energy of electronic configurations of the
LS and HS states. In the absence of all cooperative
interactions, the ground state in the cases of negative
and positive spin gaps is the HS and LS states, respec-
tively. In Eq. (13), the Hubbard operators  and

 describe Bose excitations (excitons) at the ith site
from the low-spin singlet state  to the high-spin
triplet one  with the spin projection  and
back, respectively. The first term in square brackets in
Eq. (13) describes the dispersion of excitons caused by
interatomic hops; this dispersion was considered in
[33]. The second term in square brackets in Eq. (13)
involves the creation and annihilation of biexcitons at
the neighboring ith and jth sites of the lattice, which
immediately complicates the dispersion of excitons
compared to the conventional dispersion in the tight
binding method [33]. Near the spin crossover, 
and ; consequently, . Under these condi-
tions, biexcitons play the dominant role in the forma-
tion of dispersion of excitons. The Hamiltonian (13)
describes the kinetic exciton–exciton interaction [34]
in the representation of Hubbard X operators.

If we introduce the notation ,

= , and  [20], where ,

, and , then the last term in (13) can
be represented in the form

(14)

The vector  corresponds to the so-
called d vector in the triplet superconductivity theory.

In [35], we analyzed the features of the formation
of exciton Bose condensate, which corresponds to the
condensation of local (at a crystal lattice site) mag-
netic excitons (small-radius excitons), in strongly cor-
related systems near the spin crossover, which is
described by the Hamiltonian (13) and by the exci-
tonic order parameter . In [35], the coex-
istence of antiferromagnetism and exciton condensate
and the formation of long-range antiferromagnetic
order due to the excitonic order even in the absence of
interatomic exchange interaction (11) were demon-
strated.

In what follows, for convenience, all quantities will
be measured in units of the exchange interaction J =
28 K [36], even when this interaction is not taken into
account.
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Taking into account the electron−phonon interac-
tion, we have

(15)

where

(16)

contains the diagonal electron−phonon interaction
and describes the isotropic compression/expansion of
cation−anion octahedra (the a type phonon mode
corresponds to the breathing mode for a metal−ligand
octahedron) and

(17)

describes the off-diagonal electron−phonon processes
corresponding to the transitions from the singlet  to
triplet state  and back. In Eqs. (16) and (17),  are
the electron−phonon coupling constants and 
are the frequencies of a and b type phonons.

3. TOY MODEL
The photoinduced enhancement of the exciton

condensate in the one-dimensional two-band model
of spinless fermions interacting with a and b type pho-
nons was discussed in [13]. By solving the system of
equations of motion for the operators of the electron
and phonon subsystems and their averages in the time-
dependent mean field approximation taking into
account the external pumping, the authors of [13]
demonstrated a new mechanism for the photoinduced
enhancement of the excitonic order due to the arising
massive mode (opening of a gap) in the spectrum of
collective excitations and a change in the ground state
under the effect of external radiation, which is not
related to the excitation of metastable or any other
states of the system lying higher in energy. In contrast
to [13], where the Coulomb interaction is responsible
for electron–hole pairing and the formation of exci-
tons, in our case, the interactions  and  in the
Hamiltonian (13) are of a kinematic nature and are
due to electron hopping between crystal lattice sites,
but the photoinduced enhancement mechanism [13]
can also be implemented in this case. However, solv-
ing the system of equations of motion for the Hubbard
X operators with the Hamiltonian (15) is a rather cum-
bersome task. Let us try to simplify the case consid-
ered above as much as possible and analyze the mech-
anism of photoinduced enhancement based by the
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example of an artificially simplified Hamiltonian of a
two-level system of local one-electron states 0 and 1
with the energies  and , respectively. To do this,
instead of Eq. (13), we use the Hamiltonian

(18)

which is similar in its meaning, but is written in the
representation of single-particle Fermi spinless anni-
hilation (creation) operators  ( ) of electrons at the
ith site in the states λ = 0 and 1. In particular, the oper-
ator product  in Eq. (18) describes the transition
from the two-particle singlet  state to the triplet 

one, as the operator  in Eq. (13).
Taking into account the electron−phonon interac-

tion, we have

(19)

where
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in much the same way as (16) contains the diagonal
electron−phonon interaction, whereas
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in much the same was as (17) describes the off-diago-
nal transitions from state 0 to state 1 and back induced
by the electron−phonon interaction.

In the mean field (MF) approximation, the Ham-
iltonian (18) has the form
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Fig. 1. (Color online) Excitonic order parameter  versus
the splitting  calculated using the mean field approxima-
tion at , z = 4, J = 28 K, and  = −0.5J (red dashed
line) disregarding the electron−phonon interaction (i.e.,
g1 = g2 = 0), (blue solid line) taking into account the off-
diagonal electron−phonon interaction ( ,

), and (green solid line) taking into account the
diagonal electron−phonon interaction ( ,

).

S

φ
εS

= 0T ex''J

1 = 0g
2 = 1.25g J

1 = 1.25g J
2 = 0g
where  is the excitonic order param-

eter similar to  in the case of Eq. (13) and
N is the number of the crystal lattice sites.

By solving the self-consistent eigenvalue problem

(23)

where  ( ) are the eigenstates of the

Hamiltonian  =  +  + , we can find
the averages of interest

(24)

corresponding to the global minimum of the free
energy F = −kBT lnZ, where Z =  is the
partition function of the system at different values of
the spin gap εS = ε1 − ε0 (or of the applied pressure )
and the temperature . Solutions (23) and (24), corre-
sponding to the local minima of the free energy , are
metastable.

In Fig. 1, we present the dependence of  on the
splitting  obtained in the mean field approximation
at  (red dashed line) disregarding the elec-
tron−phonon interaction and (blue solid line) at

 and . We can see that the off-diago-
nal electron−phonon interaction expands the region
of existence of excitons. On the contrary, at  and

 (the green solid line in Fig. 1), the range of
exitonic ordering becomes narrower.

4. EXCITATION SPECTRUM

To determine the spectrum of excitonic excitations
including collective ones in the exciton condensate
phase (  in Fig. 1) and quasiparticle (single-parti-
cle) ones beyond the excitonic order range (  in
Fig. 1), we use the generalized spin-wave approach.
Below, we give a brief description of this approach.
More details can be found in [14, 37, 38].

In terms of the operator , the last two
terms in (18) can be represented in the form similar
to (14)
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where

(27)

describes the interactions beyond the mean field
approximation,  =  – .

The local f luctuation  can be expanded in terms
of the Hubbard X operators constructed on the eigen-
states of the Hamiltonian , which are determined
by the solutions of the self-consistent eigenvalue prob-
lem given by Eqs. (23) and (24). Thus, we find
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tion, we have
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for , and

(31)

where  ( ) are the Bose creation (annihilation)
operators in the Holstein−Primakoff representation.
Expression (31) follows from the condition  +

. Performing the series expansion of (29)

and using the low-temperature relations  =

 ≈ 0 or , we can represent
the Hamiltonian (26) as a quadratic form omitting the
terms of the orders exceeding two
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Using the paraunitary transformation [39], we can
represent the Hamiltonian (32) in the diagonal form
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where  is the vacuum state for the operators  and
 is the spectral function describing the spec-

tral weight distribution for the collective excitations
over the Brillouin zone

(36)

where ,  =

.

In Fig. 2, the dispersion law  is plotted by the
dashed lines, and the colors illustrate the distribution
of the total spectral weight  =  +

. In Figs. 2a−2c, we present the results in the
absence of electron−phonon interaction (a) in the
exciton condensate phase and (b, c) outside it. Every-
where outside the exciton condensate phase, the spec-
trum has a gap (Figs. 2b and 2c), which vanishes at the
onset of the second-order phase transition. This is
consistent with the general idea that a gapless Gold-
stone mode should appear below the phase transition
point (Fig. 2a) describing collective excitations in the
exciton condensate phase. The spectrum in Figs. 2b
and 2c describes collective excitations in the electron
(Fermi) system, but it can be treated as a spectrum of
quasiparticle (single-particle) excitations of a system
of Bose particles described by the effective Hamilto-
nian (18). The formation of the gapless Goldstone
mode (Fig. 2a) is preceded by closing of the gap in the
quasiparticle spectrum of excitonic excitations
(Figs. 2b, 2c).

The diagonal electron−phonon interaction g1 does
not change the spectrum qualitatively. On the con-
trary, the off-diagonal electron−phonon interaction g2
(in Figs. 2d−2f, we show the calculation results in the
presence of only the off-diagonal interaction (g2 =
1.25J) (d) within the excitonic order range and (e, f)
outside it) leads to the gap opening in the spectrum of
collective excitations (Fig. 2d). In this case, the Bose
spectrum of excitations—single-particle excitonic
excitations (Figs. 2e and 2f) and collective ones in the
excitonic phase (Fig. 2d)—exhibits a gap on both sides
of the phase transition point. In [40], we calculated the
spectrum of individual (single-particle) excitations
using the method of two-time temperature Green’s
functions, and it is in excellent agreement with the
spectrum obtained in this work by the generalized
spin-wave approach.

As shown below, the gap in the spectrum of collec-
tive and single-particle excitations plays the key role in
the photoinduced formation and enhancement of the
excitonic order.
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Fig. 2. (Color online) Excitation spectrum calculated with the parameters z = 4, J = 28 K, and  = −0.5J (a–c) in the absence
of the electron−phonon interaction (a) in the exciton condensate phase at εS/J = 1.5 and (b, c) outside the exciton condensate
phase at εS/J = (b) 2.5 and (c) 3.5 and (d−f) at nonzero off-diagonal electron−phonon interaction (g1 = 0, g2 = 1.25J) (d) within
the excitonic order range at εS/J = 2 and (e, f) outside the excitonic order range at εS/J = (e) 3 and (f) 4. The color palette illus-
trates the spectral weight distribution.

ex''J
5. PHOTOINDUCED ENHANCEMENT

Let us supplement Eq. (19) with the term describ-
ing the interaction with external radiation

(37)

where

(38)

Here, we specify the applied field  in the form of

wave train  = 

with , , , and ,

where  s.
To obtain the closed set of equations of motion for

the excitonic order parameter, we use the decoupling
corresponding to the mean field approximation in the
equation  = . In other words, in
Eq. (37), we use Eq. (22) with the time-dependent
excitonic order parameter  (time-dependent mean
field approximation) instead of Eq. (18). In addition,
we use the approximation  →

 +  [13], where

 = . With such a decoupling of the equa-
tions of motion, information about the spectrum of
collective excitations becomes lost (Fig. 2). To take
into account collective excitations, we supplement the
Hamiltonian (22) with a small intersite hopping
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 (  = ). Then, in the
wave vector representation, we have

(39)

(40)

(41)

where , ,

= , and  ≡ .

In Fig. 3, we show the results of solving the set of
equations (39)–(41) for g2 = (a, c, e) 0 and (b, d, f)
1.25J. Far outside the exciton range (Figs. 3e and 3f),
after turning off the external radiation, the system
returns to the initial state of thermal equilibrium,
shown by the dashed line in all panels. Close to the
exciton range (Figs. 3c and 3d), after turning off the
external field, the order parameter exhibits temporal
oscillations about the average value, denoted by the
red solid line in all panels. This average value is differ-
ent from that corresponding to the equilibrium one
and exceeds it (photoinduced excitonic order).
Finally, within the exciton range (Figs. 3a and 3b), we
observe two opposite results: in the absence of elec-
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Fig. 3. (Color online) Time dependence of the excitonic order parameter  after exposure to an external radiation pulse calcu-

lated with the parameters z = 4, J = 28 K, and  = −0.5J (a, c, e) in the absence of the electron−phonon interaction at εS/J =
(a) 1.5, (c) 2.5, and 3.5 (e) and (b, d, f) at nonzero off-diagonal electron−phonon interaction (g2 = 1.25J) at εS/J = (b) 2, (d) 3,
and (f) 4. The initial state of thermal equilibrium is indicated by the dashed line. The red solid line denotes the average value about

which the order parameter oscillates after turning off the external radiation. The time t is measured in units of  s.

φ

ex''J

−τ = 12
0 10
tron–phonon interaction (Fig. 3a), the order parame-
ter decreases, while the photoinduced enhancement of
the exciton condensate occurs at g2 = 1.25J (Fig. 3b).
The observed behavior can be understood in terms of
the collective excitation spectrum (Fig. 2). At g2 = 0 in
the excitonic phase (Fig. 3a), the emerging massless
Goldstone modes result in a gapless energy spectrum
of the system (Fig. 2a); hence, any small external per-
turbation leads to the excitation of collective modes
and to a decrease in the order parameter (Fig. 3a). In
the absence of relaxation and dissipative processes in
the equations of motion (39)–(41), the system
remains in the excited state after turning off the pump-
ing. At g2 = 1.25J in the excitonic phase (Fig. 3b), a gap
opens in the excitation spectrum (Fig. 2d), and the
excitation of collective modes is complicated in this
case. External radiation changes the ground state, so
that it becomes time dependent and mixing of states 0
and 1 increases. Outside the exciton range, in both
Figs. 3c and 3d, a gap in the spectrum of already indi-
vidual excitonic excitations also appears (Figs. 2b, 2e),
so we observe the photoinduced formation of the exci-
ton condensate (Figs. 3c, 3d). Far outside the exci-
tonic phase (at large εS/J, Figs. 3e and 3f), the energy
barrier between the states 0 and 1 becomes insur-
mountably high, and the photoinduced formation of
exciton condensate becomes impossible.
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As mentioned above, a rather strong interplay
occurs between the excitonic and magnetic orders
[35], so a change in the exciton condensate will inevi-
tably induce a response in the magnetic subsystem.

We believe that our work will stimulate further
experimental studies of strongly correlated systems
with the spin crossover using modern methods of
pump−probe spectroscopy with a high time resolution.
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