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The dependence of the topology of the fermion excitation spectrum on the magnetic state of the system is
analyzed taking into account the structure of the Te–Mn–Te trilayer in the Te–Bi–Te–Mn–Te–Bi–Te layer
sequence of the MnBi2Te4 van der Waals single crystal, crystal field effects, spin–orbit coupling, and the
covalent mixing of electronic states of Mn2+ ions with electronic states of Te2– ions in the strong electron cor-
relation regime. The Chern number in the ferromagnetic phase, which is due to the kinematic interaction
between Hubbard fermions, is equal to 1; i.e., the topology of the band structure of the Te–Mn–Te trilayer
is nontrivial. The Chern number in the paramagnetic phase is zero; i.e., the topology is trivial. The magnetic
moments of Mn2+ ions for the constructed spin orbitals are perpendicular to the layers. The magnetic
moments of Mn2+ ions in the nearest layers are antiferromagnetically ordered via the Anderson mechanism.
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1. INTRODUCTION
The formation of a long-range magnetic order in

topological insulators leads to some nontrivial effects
such as the formation of a band gap in the excitation
spectrum of surface states and the realization of the
quantum anomalous Hall effect [1–3]. A nontrivial
topology of the electronic structure with the formation
of bulk inverted bands and a Dirac cone corresponding
to surface states at the appearance of the long-range
antiferromagnetic order in MnBi2Te4 have been
recently predicted in ab initio calculations [4–6] and
are confirmed by angle-resolved photoemission spec-
troscopy [5, 7]. Thus, the MnBi2Te4 compound
belongs to antiferromagnetic topological insulators
described in [8].

The MnBi2Te4 compound includes a sequence of
seven layers Te–Bi–Te–Mn–Te–Bi–Te (septuple
layers) perpendicular to the z axis [9]. Each layer has a
triangular lattice. The magnetic structure of Mn is
characterized by the easy-axis anisotropy perpendicu-
lar to the layers [10]. Mn ions in a layer are ferromag-
netically ordered. Inelastic neutron scattering data
also demonstrate the presence of competing antiferro-
magnetic exchange between next neighbors in the
layer with the exchange coupling constant close to the
critical value at which the type of the magnetic struc-
ture changes [11]. The A-type antiferromagnetic order
is formed between Mn layers with a Néel temperature
of 24 K.

Despite the performed ab initio calculations of the
electronic structure of MnBi2Te4, the development of

the effective low-energy model allows a significant
advance in the understanding and simplification of the
description of topological features of the material and
surface states. An effective model of Te–Bi bilayers
including the contribution from the magnetic Mn ions
was formulated in [4]. This model made it possible to
demonstrate that surface states penetrate to a depth of
two septuple layers [12].

Topological invariant is nontrivial for MnBi2Te4
films containing an odd number of septuple layers [6,
13]. Thus, compounds with an uncompensated mag-
netic moment near the surface of the sample are of
interest. In this case, a gap appear in the Dirac cone of
surface states of the antiferromagnetic topological
insulator, which is due to the breaking of the symmetry
with respect to the successive application of the time
reversal and primitive translation operations. It is
known that the band gap in different samples varies
strongly from a vanishingly small value to tens of meV.
Possible reasons for this variation was discussed
in [14].

Despite mentioned successes in the understanding
of the appearing nontrivial topology in MnBi2Te4,
some problems are still unsolved. In particular, a rea-
son for the formation of the ferromagnetic order in Mn
ion layers at the insulator ground state of the com-
pound under consideration is mysterious. An origin of
the strong uniaxial anisotropy in Mn ion layers is also
poorly studied. The effect of the covalent mixing of
spin orbitals of Mn and Te ions on the band structure
of the system and its topological properties is of a pri-
mary significance in these problems.
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Fig. 1. (Color online) Fragment of the crystal structure of
the Te–Mn–Te trilayer. The Te2– ions, which are ordered
according to a triangular lattice, are located above and
below the Mn2+ ions, which are marked by filled circles
and form a triangular lattice in the middle plane of the
trilayer. The red crosses and empty circles mark the projec-
tions of the upper and lower Te2– ions on the middle plane
of the trilayer, respectively.
These problems are discussed in this work.

2. BASIS STATES OF THE Te–Mn–Te SYSTEM 
AND THE HAMILTONIAN OF THE TRILAYER 

IN THE WANNIER REPRESENTATION
Three-layer Te–Mn–Te subsystems play a signifi-

cant role in the formation of the band structure with
nontrivial topology in the MnBi2Te4 topological mag-
netic compound. They consist of a Mn2+ ion layer and
Te2– ion layers above and below it. Ions in each layer
are located at the sites of a triangle lattice. The sites of
Te lattices are shifted from the positions of Mn ions as
shown in Fig. 1.

To construct the basis of electronic states and the
Hamiltonian presenting the structure of the energy
bands near the chemical potential, we take into
account the splitting of electron configurations s of 
Mn2+ and  Te2– ions in the presence of the crystal
field and the spin–orbit coupling.

Mn2+ ions are in the crystal field of the trigonal
symmetry (point group ). Consequently, a tenfold
degenerate (taking into account the spin of the elec-
tron) 3d level is split into a set of doublets according to
the Kramers theorem.

The Wigner–Eckart theorem allows one to estab-
lish a relation between split energy levels and the form
of spin orbitals in terms of the equivalent Hamiltonian.
This Hamiltonian for the group D3d has the form [15]

(1)

where  are the parameters of the crystal field, 
are the Stewens operators [16], λ is the spin–orbit
coupling constant, and L and s are the orbital angular
momentum and spin operators of the electron, respec-
tively.

Since the main splitting effects are due to the octa-
hedral components of the crystal field, most of the
states of the equivalent Hamiltonian still allows the
classification in the projection of the orbital angular
momentum and spin.

Under the conditions

(2)

a situation occurs, where a half-filled doublet corre-
sponds to the spin orbitals  [17]

(3)

Here, . In this case, two other doublets com-
pletely filled with electrons have lower energies and
become insignificant for a further consideration. The
remaining two doublets have much higher energies
and can be neglected.
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Here and below, it is assumed that Mn2+ ions are
located at sites that are specified by the Latin letters

 and form an F sublattice. The right-hand sides
of Eqs. (3) are the superpositions of states each
denoted by a ket vector specified by the site number f,
the projection of the orbital angular momentum of the
d state, and the spin projection. The parameters of the
equivalent Hamiltonian used in the calculations were

, , , .

The spin orbitals  are important because they
constitute basis functions forming an itinerant band,
which is related to 3d Mn ion states and is located near
the chemical potential. The prevailing contribution to
the spin orbitals from states with the largest magnitude
of the projection of the total angular momentum

 is significant for the further consider-
ation.

In this basis, the Hamiltonian  of the subsystem
of electronic states on Mn2+ ions can be written in the
tight-binding scheme in the form

(4)

Here, the summation over the indices f and f ' corre-
sponds to the summation over the sites of the lattice
that are occupied with Mn ions,  is the energy of the
electron on the Mn2+ ion,  are the Fermi
operators used to describe the creation (annihilation)
of an electron with the spin projection  at the
fth site,  is the electron number operator
at the fth site with the spin projection σ, U is the Hub-
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bard repulsion energy, and  is the electron hopping
integral between Mn ions at the fth and f 'th sites. It is
seen that the operator  given by Eq. (4) is the Ham-
iltonian of the Hubbard model [18] for the triangular
lattice.

The positions of Te2– ions located above and below
the Mn ion layer (they are marked by red crosses and
blue circles in Fig. 1, respectively) are specified by the
indices and , respectively.

The spin orbitals  and  appearing after

the splitting of the  terms of Te2– ions at the gth and
lth sites in the trigonal symmetry field (point group

) and in the presence of the spin–orbit coupling, as
in the Bernevig–Hughes–Zhang (BHZ) model [19–
22], are represented in the form

(5)

Here, the ket vectors on the right-hands sides are the
p-wave function at the gth and lth sites with given pro-
jections of the orbital angular momentum ±1 and the
spin.

Since the spin orbitals of Te2– ions form two sub-
systems of p electron states, the Hamiltonian  for
them can be represented in the form

(6)

Here, the summation over the indices g and l means
the summation over Te ions at sites above and below
the Mn ion plane, respectively;  is the energy of the

p electron on the Te2– ion;  is the creation
(annihilation) operator of the p electron with the spin
projection  on the Te ion at the gth site above
the Mn ion plane; a similar notation with the index l
instead of g is used for the creation (annihilation)
operator of the p electron with the spin projection

 on the Te ion at the lth site below the Mn ion
plane;  ( ) are the p electron hopping integral
between Te ions at the gth and g'th sites (the lth and
l 'th sites) located above (below) the Mn ion plane; and

 is the p electron hopping integral between Te ions at
the gth and lth sites located above and below the Mn
ion plane, respectively.

The covalent mixing (hybridization) of spin orbitals
of Te2– and Mn2+ ions makes important contribution
to the formation of the band structure with nontrivial
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topology in the considered system. The intensity of
this mixing is determined by the electron hopping
integral between these groups of states. In this case,
the dependence of this hopping integral on the hop-
ping direction is of more significance than the magni-
tude of this integral.

The covalent mixing operator with allowance for
p–d hybridization only between the nearest Mn2+ and
Te2– ions has the form

(7)

Here, δ and γ are the vectors connecting Mn ions with
the nearest Te ions in the upper and lower planes of the
considered trilayer, respectively.

The hybridization parameters are the matrix ele-
ments of the kinetic energy operator :

(8)

(9)

Calculations show that their dependence on the
vectors δ and γ has the form

(10)

(11)

Here, a1 and a2 are the elementary translation vectors
shown in Fig. 1.

In addition to the covalent mixing of the p and d
states, the exchange between these fermions is signi-
ficant:

(12)

Here, J is the exchange coupling constant,  = ( ,
, ) is the vector where the components are the

matrix elements of the Pauli matrices, and  is the
quasispin vector operator whose components are given
by the expressions
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where  are the Hubbard operators [23–25]
describing transitions of ions at the fth site from the

 to the  state.
Summarizing, the Hamiltonian of the Te–Mn–Te

trilayer is obtained in the form

(14)

3. ENERGY STRUCTURE 
OF THE Te–Mn–Te TRILAYER

To determine the spectrum of fermion states of the
Te–Mn–Te trilayer and to calculate the topological
index of the resulting band structure, we take into
account the following known properties of MnBi2Te4
affecting the choice of relations between the parame-
ters of the Hamiltonian (14).

(i) The magnetic moments of Mn2+ ions in one
layer at low temperatures are ferromagnetically
ordered and are opposite to the magnetic moments of
Mn2+ ions in the neighboring layers.

(ii) Frustrated exchange couplings close to the crit-
ical magnitude [11] exist between Mn ions that are
located in one layer and are not the nearest neighbors.

(iii) The ground state of MnBi2Te4 is insulating
although the number of electrons in the 3d5 electronic
configuration of Mn ions is odd.

The ferromagnetic coupling between the nearest
Mn2+ ions in one layer could be explained with the
direct Heisenberg exchange, but property (ii) cannot
be explained by this mechanism. The conventional
band approach can hardly reproduce property (iii).

In view of the mentioned problems, we used an
approach implying the presence of strong electron
correlations in the subsystems of Mn ions based on the
following foundations.

(i) The exact result obtained by Nagaoka [26] that
the ground state of the system with one hole (and

 electrons) in the Hubbard model in the
limit  is ferromagnetic.

(ii) Since the concentration in the Te–Mn–Te
trilayer is , the ferromagnetic state in the layer of
Mn2+ ions corresponds to the regime of strong elec-
tron correlations . In this case, the formation
of frustrated couplings is quite natural because an
antiferromagnetic coupling appears in the second
order of the perturbation theory in the parameter

 via the Anderson mechanism.
(iii) The ab initio calculations [5, 6] of the elec-

tronic structure of MnBi2Te4 give the values
 eV for the Hubbard repulsion parameter

between electrons in Mn ions.
Taking into account the electron–hole symmetry

of the Hubbard Hamiltonian , we use the hole rep-
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resentation. Since the hole concentration  in the d
subsystem per cell is no more than 1, only the lower
subband of Hubbard fermions can be taken into
account in the regime of strong electron correlations
where  [27–29].

The states of the upper Hubbard subband have a
high energy and are insignificantly filled. Virtual tran-
sitions to these states can be taken into account in the
perturbation theory in the small parameters

 and . Below, we determine the
spectrum of excitations and the ferromagnetic state of
the magnetic moments of Mn ions disregarding these
processes.

In the quasimomentum representation

(15)
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we obtain
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Here,  and  are the electron hopping integrals
between the spin orbitals of the nearest Mn2+ and Te2–
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band, this feature leads to an odd Chern number for
the band structure and to nontrivial topology in the
presence of ferromagnetic order.

The quasimomentum dependence of the electron
hopping integrals between the nearest spin orbitals of
Te2– ions from different layers in the Te–Mn–Te
trilayer is described by the quasimomentum depen-
dence of the amplitude of the corresponding process

.
To calculate the band structure of the trilayer, to

derive self-consistent equations, and to determine the
topological properties of the band structure, we intro-
duce the three-component field operator

(20)

and define the two-time retarded matrix Green’s func-
tion  [30, 31] in terms of the Fourier transform

(21)

The field operators  and  are taken in the
Heisenberg representations at the times t and ,
respectively.

Using the Zwanzig–Mori projection method [32,
33], we obtain the following equation for the Green’s
function:
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are functions of the quasimomentum and the spin
projection and are related to the initial energy para-
meters as

(27)

To close the self-consistent equations, we used the
components of the Green’s function determined from
Eq. (22):
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where  is the third-order determinant of the
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Using these functions and the spectral theorem, we
obtain the necessary expressions for average values in
the form

where  is the site hole density with the spin projec-
tion σ in the p subsystem and  is the total
density of Hubbard fermions per site.

The derived equations allow one to analyze the
ferro- and paramagnetic phases and to reveal a change
in the topology of the band structure at the change in
the magnetic state of the system.

4. TOPOLOGICAL INDEX OF THE BAND 
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Fig. 2. (Color online) Fermion excitation spectrum for (a) unsaturated ferromagnetism for spectral branches with σ = (red
lines) +1/2 and (blue lines) –1/2 and (b) paramagnetic phase, where branches are degenerate in the spin projection, according
to the calculations with the parameters , , , , , and the parameter determining
the overlap of the bare d and p bands . In this case,  and . The Chern number for the ferromagnetic
phase is  (the topology of the band structure is nontrivial) and  for the paramagnetic phase (the topology of the band
structure is trivial).
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where
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is the Berry curvature, which is determined as the qua-
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 obtained by averaging the operators  and
 over the Bloch state [34]:
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To establish the relation of the Berry curvature to
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where

(35)

Here,

(36)

(37)

(38)

The derived expressions show that the topology of
the fermion band structure in the ferro- and paramag-
netic phases is nontrivial ( ) and trivial ( ),
respectively.

This result demonstrated in Fig. 2 indicates an inti-
mate interplay between magnetism and topology in
MnBi2Te4.

5. CONCLUSIONS
It has been shown that the covalent mixing of the p

and d spin orbitals of Mn2+ and Te2– ions in Te–Mn–
Te trilayers in the van der Waals MnBi2Te4 compound
is of fundamental importance for the formation of the
band structure with nontrivial topology in the pres-
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ence of a long-range magnetic order under the follow-
ing conditions.

(i) The joint effect of the crystal field and spin–
orbit coupling leads to the hierarchy of Kramers dou-
blets of the split  electron configurations of Mn2+

ions such that a half-filled spin–orbit doublet is char-
acterized by the parameters ,  and

, .

(ii) The upper spin–orbit doublets formed from the
 electron configurations of Te2– ions under the

effect of the mentioned interactions, as in the BHZ
model, correspond to the  and  states.

(iii) The Coulomb repulsion between electrons in
Mn ions is strong enough to implement the regime of
strong electron correlations. In this case, the ferro-
magnetic state is formed in the Mn ion layer due to the
kinematic interaction between Hubbard fermions [37]
and induces the splitting of spin p subbands. This pro-
motes the implementation of conditions for the over-
lapping of the upper energy subband of Hubbard fer-
mions with p subbands of fermions coupled to spin
orbitals of Te2– ions. The Chern number in this case is
+1, which corresponds to the band structure with
nontrivial topology.

(iv) In the paramagnetic phase, the overlapping of
bands disappears and the topology of the band struc-
ture becomes trivial. This behavior indicates the rela-
tion between the ferromagnetic ordering of the mag-
netic moments in the Mn ion layer to the topology of
the band structure of Te–Mn–Te.

We emphasize that the magnetic moments of these
ions in the ordered phase are perpendicular to the lay-
ers according to the character of the spin orbitals of
Mn ions. In this case, the anisotropy is strong and
results in the Ising-like behavior of the magnetic Mn
ion layer. In this case, hoppings of fermions between
the indicated layers lead to the antiferromagnetic cou-
pling between the magnetic moments from different
layers via the Anderson mechanism. The described
picture is in complete agreement with the experimen-
tal data.
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