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Abstract. Molecular dynamic calculations (MD) of heterogeneous 1D periodical systems are presented.
It is proposed the new technique of direct calculations of thermal conductivity, where there is only one
thermostat in one piece of unit cell as well as another piece where artificial friction forces act on atoms.
With the help of this scheme, calculations of 1D heterogeneous systems having regions with atoms of
different atomic masses are presented. It is shown that the difference in atomic masses in adjacent
regions of the systems leads to a significant temperature jump at interfaces between these regions. This
temperature jump exists independently of the mass ratio on both sides of the interface.The reasons for
these jumps are discussed. It is also shown that, by changing the alternation of regions with different
masses of atoms, it is possible to reduce the total thermal conductivity of the system by several times. On
the base of these results, we can hope that for three-dimensional structures also, the thermal conductivity
can be significantly reduced.
Keywords: molecular dynamic, thermal conductivity, interface, temperature jump.

Citation: A.S. Fedorov, M.A. Visotin, O.A. Sosedkin, E.V. Eremkin, MD Investigations of
of Heat Flow throw Interfaces in 1D Systems, J. Sib. Fed. Univ. Math. Phys., 2023, 16(3),
385–396. EDN: VQWXRW.

Introduction
In recent years, interest in studying the thermal conductivity of various materials, especially

nanomaterials, has sharply increased. This is explained by the various possible applications of
these properties in practice.

In particular, thermoelectric converters, based on thermoelectric rectification effects, are
widely used to generate electrical currents using thermal sources [1,2]. For good efficiency of the
thermoelectric converters applying, it is necessary to create thermoelectric materials having a
great dimensionless thermoelectric figure of merit ZT = S2σT/χ, where T is temperature, S is
the Seebeck coefficient (also known as thermopower), σ is the electrical conductivity, and χ is the
thermal conductivity [3]. As it can be seen, to increase ZT value, one can decrease the thermal
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conductivity χ. At the moment, this method of the thermal conductivity decreasing is consid-
ered the method of "phonon engineering" as one of the most promising. Controlling this value
of nanostructured or reduced dimensional materials could enable new generations of thermoelec-
tric materials and thermal insulators. Recently it was shown [4, 5] that thermal conductivity of
multilayer thin films of metals and oxides can be reduced at several times in comparison with
thermal conductivity of the homogeneous amorphous oxide. In [6] authors experimentally and
theoretically investigated the thermal conductivity of disordered thin films of the layered crystal
WSe2 and established it can be as small as 0.05 W/(mK, that is minima value among ever
observed fully dense solids. Potentially very promising elements are "thermal rectifiers" [7], the
thermal analogue of the electrical diode, which let the heat flow in one direction easier than
in the opposite. Thermal rectification is impossible in the framework of the linear theory of
thermal conductivity, based on consideration of the propagation of quants of thermal excitation
(phonons) through the system. But it is possible in the presence of non linearity (anharmonic-
ity) and therefore symmetry breaking. These an harmonic effects have been investigated in some
theoretical and experimental works [7–13]. Also heat conductivity was discussed as base for dif-
ferent thermal components such as thermal memory [14], thermal transistors [8,15,16] and even
thermal logic gates [14]. These elements have potential applications in many technologies includ-
ing thermal management systems for nanoelectronics, energy-harvesting modules and thermal
circuits that use heat instead of electricity for different operations [17–19].

The main objective of the work is to study general regularity of interface influence on the
thermal conductivity and temperature distribution in 1D dielectric systems contained adjacent
sectors having different properties. In dielectric systems, where the valence electrons are tightly
bound to the atomic nuclei, lattice vibrations are dominate the thermal transport. At that the
thermal transport analysis is typically done in the momentum space by introducing of phonon
excitations which corresponds to a set of independent harmonic oscillators and characterized by
a wave vector q and a zone number n. It is usually done by calculating the force matrix using
quantum chemical calculations and the frozen phonon method. In this method the force constant
matrix is calculated by displacing each atom in a unit cell and calculating the resulting forces
on every other atom.

Unfortunately, the only harmonic vibrations are described by this technique, so this theory
is correct only at zero temperature. As temperature increases, an-harmonic effects of phonon
interaction, which are difficult to model theoretically, become important.

Another problem is the description of heat transport in complex structures, or in structures
containing any defects (impurities, interfaces between different layers, etc.). In such systems,
thermal transport even at low temperatures is also difficult to describe by finding individual and
orthogonal to each other phonons due to the complexity of their calculation.

The molecular dynamic (MD) simulations are a suitable tool for the analysis of thermal
flow analysis at finite temperature in complex systems. At that these simulations allow for the
natural inclusion of an-harmonic effects of phonon-phonon scattering. By ignoring electrons in
non ab initio (empirical) MD scheme and description of atomic dynamics only the computational
demands of MD are greatly reduced. Due to the simplicity of the method, MD simulations run
in parallel and can handle systems with millions or even billions of atoms [20] on on the most
powerful supercomputers.

For many practical applications, it is necessary optimize the heat flux in one direction only.
For that it is possible to produce a superlattices consisting of different layers perpendicular to
this direction.

And although all such superlattices are three-dimensional, it can be assumed that for modeling
of heat flow it is possible to substitute 3D structures to 1D ones, where the thermal properties
of each homogeneous superlattice layer can be described by the corresponding properties of 1D
sector. For example, in [21] it was shown the eigen vectors of phonons vibrations in monatomic
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3D case can be reduced to the 1D case of one-component wave vector of vibrations k = [0,0,k]

Mω2
i x⃗i =D(k)x̃i,

D(k) =
∑
R

D(R)e−ikR, (1)

where x⃗i is eigenvector of atoms vibrations for made i, ω2
i is eigenvalue (frequency) for made i,

D(k) is dynamic matrix for wave vector k, D(R) is force matrix.

1. Systems description
In this work it is investigated the thermal conductivity of periodic one-dimensional systems

with help of empirical molecular dynamic (MD) simulations. More specifically, 1D systems
including sectors having different properties were investigated. Without reducing the generality,
only the masses of atoms belonging to different sectors are changed without changing the elastic
constants of the interacting neighboring atoms.

In more detail, the systems consist of periodically repeated chains of 320, 640, and 1280 argon
atoms were investigated, where boundary atoms interacted with the atoms of adjacent chains.
Atom interaction was described by the Lennard–Jones (LJ) potential U(r) = 4ϵ((σ/r)6−(σ/r)12),
where the potential parameters ϵ = 103.2 eV and σ = 3.405 Å_parameters were taken from [22].

In all calculations each periodically repeated chain of length N atoms consisted of the sector
with an atomic mass m1 of length N/4, the sector with an atomic mass of m2 length N/2 and
the sector with atomic mass m1 of length N/2, see Fig. 1.

Fig. 1. Geometry of periodic systems consisting of sectors with different atomic mass

MD equations of atoms dynamics were integrated using a time step ∆T = 0.5 fsec and a
number of time steps Ntime ≈ 2 ∗ 105. Changes in the atoms coordinates r and velocities v were
carried out using Verlet algorithm in speed form [23]:

r(t+∆t) = r(t) + v(t)∆t+
1

2
a(t)∆t2,

v(t+
∆t

2
) = v(t) + v(t)∆t+

1

2
a(t)∆t,

a(t) = −∇U(r(t))

m
.

2. New technique of thermo-conductivity direct calculations
Here we propose a new technique of thermo-conductivity calculation. Instead of the standard

direct calculation method, where the temperature difference is maintained in two pieces of the
system by two thermostats having temperatures T1 and T2, there is only one thermostat in this
scheme. Instead of another thermostat in the second piece, it introduces the forces of viscous
friction Ffr,i acting on all atoms i in this region. We postulate these forces are proportional to
the velocity of the atoms: Ffr,i = αVi. These forces leads to energy dissipation and decreasing
the average kinetic energy and the temperature T2 of atoms in the second piece.
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To check this technique, we made MD simulations of the periodical chain of argon atoms,
where the unit cell have included 320 atoms. In the first half of the unit cell there was a
piece included 8 consecutive atoms where the thermostat maintained the T1 temperature. In the
another half of the unit cell the friction forces described by the coefficient of viscous friction equal
to α = 0, 05 m/t acted on all atoms. For comparison we have made MD simulations of the system
by standard direct calculation method using two thermostats having temperatures T1 and T2,
see Fig. 2. As shown in the figure, the temperature profile of the proposed modified scheme using
one thermostat quantitatively coincides with the profile of the classical direct method where the
cold and hot pieces are controlled by two thermostats.
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1: Modify Direct Method

2: Direct Method with two termostat

T1 = 221.1085

Q1 = 0.00064533 

tg1 =  -0.9135

k1= -Q/tg1 = 0.0027 

T2 = 219.7691

Q2 = 0.0005986

tg2 = -0.76654

k2 = -Q/tg2 = 0.0029846

Fig. 2. Comparison of the temperature profiles calculated by standard direct method using two
thermostats (red line) and modified scheme using one thermostat (black dotted line)

3. Investigations of heterogeneous periodical system
thermal conductivity

To determine the optimal configuration of the system, a study is made of the dependence of
the thermal conductivity coefficient on the masses m1 and m2. The results are presented in the
form of a surface (Fig. 3).

From the graph (Fig. 3) it is seen that in order to obtain the minimum thermal conductivity,
the masses should be as different as possible.

4. Temperature profile

In view of the fact that the temperature of the structure is different for different mass layers,
the temperature surfaces were considered: the dependence of temperature on the atom number
of the cell and the mass ratio of the layers m1/m2.

It can be seen from Fig. 4 that upon a transition from one mass layer to another, a jump
in temperature is observed for all mass ratios m1/m2, except for the case m1/m2 = 1. The
temperature in atomic layers of the same mass varies linearly with the exception of the thermostat
region and the region of absorption of atomic energy by resistance forces. The larger the mass
ratio m1/m2 differs from 1, the more temperature jumps.
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Fig. 3. dependence of thermal conductivity on atomic masses in periodic segments of the system

Fig. 4. Dependence of temperature on the number of atoms N on the ratio of atomic masses in
periodic layers

5. Correlations of atomic displacements in the structure

To represent the motion of atoms relative to each other in a two-layer structure with the most
different masses of layers (m1 = 2,m2 = 50), correlation coefficients were calculated

Corr(i, j) =

∑Nt

ti=0 (rit − r̄i)(rjt − r̄j)√∑Nt

ti=0 (rit − r̄i)2(rjt − r̄j)2
, (2)
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where rit, rjt are the coordinates of the atoms i and j at time t; r̄i =
∑
t
rit/Nt, r̄j =

∑
t
rjt/Nt is

the average value of atomic coordinates.

Fig. 5. Dependence of the correlation coefficients between atoms i and j, where i varies from 0
to 2n, j varies from i to i + 2n

In view of the symmetry of the unit cell, the correlation coefficient was calculated between
each atom of the first half of the cell and 2n subsequent atoms. Thus, we exclude repetitions.
Fig. 3 shows that the correlation of adjacent atoms is positive and decreases as they move away
from each other. Also, the values of the correlation coefficient at the boundary of the barrier
have a maximum value, and zero is reached at the largest possible distance between the atoms
relative to the other fixed positions of atom i. This suggests that the atoms located near the
barrier correlate with a large number of atoms around themselves compared with atoms located
in the middle of a layer of the same mass.

6. Autocorrelation of atomic displacements in the structure
An autocorrelation function Ψ(t) is used to study the behavior of phonons at the mass

boundary

Ψ(t) =

∫ ∞

−∞
r(t)r∗(t− τ)dτ, (3)

where r(t) is a function of the coordinate of time t, r(t-τ) floor is a function shifted by the value
of τ The autocorrelation shows the behavior of phonons in the system. We represent the result
as a 3D surface.

The graph (Fig. 6) shows pronounced fluctuations. Long-wave oscillations are visible on the
entire surface, short-wave ones are observed only in a layer of mass m1. It can be assumed that
they do not pass. We verify this by cutting off the contribution of long-wave oscillations. The
result is represented as a 3D surface.

From the graph in the Fig. 7 it is seen how the phonons pass from the layer m1 to the layer
m2. Long-wave phonons pass with increasing amplitude, but preserving the period. Short-wave
phonons do not pass into the zone with mass m2.

To test the effect of the size of the system on the behavior of atoms, a series of tests was
carried out. Each iteration, the length of the system became larger. The results in the form of
autocorrelation functions are displayed on the graphs (Fig. 8).
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Fig. 6. Dependence of the autocorrelation function on the number of the atom i, which is close
at the mass barrier at T = 300 K

Fig. 7. Autocorrelation for atoms at the mass barrier without taking into account the contribution
of long-wave phonons at T = 300 K

Analyzing them, one can see that atomic vibrations are observed in the region of the mass
barrier. As the size of the system increases, the frequency becomes lower, but the amplitude
increases. Based on this, it can be assumed that, at small cell sizes, long-wave oscillations are
partially reflected on the barrier, and as a result, the reflected and reflected oscillations are
superimposed. For large cell sizes, these oscillations lose more energy to the barrier, are reflected
weakened, or are not reflected at all.
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a)

b)

c)

Fig. 8. Autocorrelation surface function for systems of different lengths N at T = 300 K:
a) N = 640, b) N = 1280, c) N = 2560

7. Green-Kubo method

The Green–Kubo method [24, 25] is an equilibrium method for calculating the thermal con-
ductivity coefficient k. System always in linear response mode, because the simulations are done
in equilibrium and there is no driving force. We use the Kubo method to calculate k of our
one-dimensional system and compare it with our new direct method scheme.

The Green–Kubo expression is defined through the equilibrium current-current autocorrela-
tion function

kµυ(τM ) =
1

ΩkBT 2

∫ τM

0

< Jµ(τ)Jυ(0) > dτ, (4)

where Ω is the system volume, kB is the Boltzmann constant, T is the system temperature, and
the angular brackets is the heat current autocorrelation function (HCACF). Since the simulation
is performed for discrete steps of MD length dτ the integration of Eq. (4) goes into the summation.
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Including time averaging, what we actually compute is

kµυ(τM ) =
∆t

ΩkBT 2

M∑
m=1

(N −m)−1
N−m∑
n=1

Jµ(n+m)Jυ(n), (5)

where τM is given by M∆t and Jµ(n+m) is µth component of the heat current at MD timestep
n+m. The number of integration steps M should be less than the steps of the MD simulation
N to obtain a good averaging value. For example, in the presented work, the number of MD
steps of the simulation N = 2× 106 (1 ns for a 0.5 fs MD step), while the number of integration
steps M = 2× 105 (τM = 100 ps).

The heat current can be found as

J =
d

dt

∑
i

ri(t)εi(t), (6)

where ri(t) is the time-dependent coordinate of atom i and εi(t) is the local energy. For a pair
potential, where the total potential energy is written in terms of the pairwise interactions, the
local energy can be fou

εi =
1

2
miv

2
i +

1

2

∑
j

u(rij). (7)

It is easy to show that for a given definition of local energy, the thermal current is defined as

J(t) =
∑
i

viεi +
∑

i,j i ̸=j

rij(Fijvj), (8)

where Fij is the force on atom i due to its neighbor j from the pair potential.
The Green–Kubo method has many advantages over the direct method described in [26]. But

for the case of one-dimensional superlattices, the direct method is more suitable, since in the GK
method it is impossible to predict the boundary thermal resistance. As seen in Fig. 9, the GK
method requires a lot of time steps for the HCACF to converge to zero, and the time-dependent
thermal conductivity "plateau". And also, when the ratio of the masses of different layers
increases, the difference between the thermal conductivity of the two different sets of masses
decreases, because the HCACF makes fluctuations around zero, comparable to the difference
between these coefficients.
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Fig. 9. Thermal conductivity at T = 300 K for different mass layers found by integrating the
current-current correlation function using Eq. (5) as a function of the upper integration limit τM
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Conclusions
Within the framework of the method of molecular dynamics calculations, a new modification

of direct calculations of thermal conductivity was implemented. Using this scheme, calculations
are presented for one-dimensional heterogeneous systems having regions with atoms of different
atomic masses. Calculations show that the difference in atomic masses in neighboring regions of
systems leads to a significant jump in temperature. This jump in temperature at the interfaces
can be observed regardless of the mass ratio on either side of the interface. It is also shown
that, depending on the order of layers with atoms of different masses, the thermal conductivity
of systems can differ several times. On the basis of these results, it can be hoped that thermal
conductivity can be significantly reduced for three-dimensional structures as well.
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МД исследования границ раздела теплового потока
в одномерных системах

Александр С. Федоров
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Красноярск, Российская Федерация

Аннотация. Представлены молекулярно-динамические расчеты (МД) гетерогенных одномерных
периодических систем. Предлагается новая методика прямых расчетов теплопроводности, при ко-
торой в одном элементе элементарной ячейки находится только один термостат, а в другом элементе
действуют силы искусственного трения на атомы. С помощью этой схемы представлены расчеты од-
номерных гетерогенных систем, имеющих области с атомами разной атомной массы. Показано, что
различие атомных масс в соседних областях систем приводит к значительному скачку температуры
на границах раздела между этими областями. Этот скачок температуры существует независимо
от отношения масс по обе стороны от границы раздела. Обсуждаются причины этих скачков. Так-
же показано, что, изменяя чередование областей с разной массой атомов, можно в несколько раз
уменьшить общую теплопроводность системы. На основании этих результатов можно надеяться,
что и для трехмерных структур теплопроводность может быть значительно снижена.

Ключевые слова: молекулярная динамика, теплопроводность, скачок температуры интерфейса.
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