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INTERACTIOR OF CLASSICAL TANG-MTLIS CHARGES

5 AND THE FROBLEM OF QUARK CONFINEMENT

| I.B.Khriplevieh

abstract

| Equations and boundary sonditions for the field erested by
i two point-like Yang-Mills charges at rest are obtained. Non-
trivial property of this static syetem is the existence of
magnetic field. The connection of the model considered with

the problem of quark confinement is discussged.




It is well known that the classical solution for the field
of point-like Yang-Mills charge is reduced to the usnal Coulomb
form in spite of formal non-linearity of equatioms. It is useful
%0 trace the origin of this fact. Write down *he equations of _
Yang-Hills field for the case when its souree has z time cCOompon-
ent only: '
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411 the terms in the left~hand side of the equ.(13} except AO‘:“

contain space components of the mtur—potantial.éif. oln the
equ.(2) the only term in the static case not turning to zerc at
"::0 is jf'flff ﬂ,«ﬁr + I% is clear therefore that if the
direction of the field 4" in the isotopic space does mot de-
pend on coordinates (- snd just this situation takes place
evidently in the case of one charge whem P*=97 U}, then that
term turns to zero so that ,f=5 is the solution of the equ.
(2). Simultaneously the equ.(1) is peduced %o the usual Poisson
form and the problem &c a whole to the trivial Coulomd one.

At the firet sight, it follows immediately from this consi-
deration that to get non~twivial stavic solutions one should mix
explicitly -isctopic and space indices, i.e., to look for the
solutiona, say, in the form _6?':!’" [z/. Howover, more simple WAy
out exists: it is sufficient to cdngider the field created by
two, and not one, centres, It can be easily seen that in thie
case the direction of the field é‘ in the isotopic space depe-
nds on coordinates, generally speaking, in non-trivial way, B0
that the problem becomes effectively nom-linear.

Therefore, consider the field created by two point-like
Tang-Mills charges at rest. To get maximal simplificetion of
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the problem assume further that the isotopic spins of the
sources as well as their geometric sum are so large that both
isospins may be. considered as classical vectors. The - ' source
in the right-hand side of the equ.(1) is presented as

iz‘[‘é"/z 7,)]+%6(5-8 )] (3)

where z is the modulus of the vector nr the source isospin

(n take for convenience that it is the same for both particles),
"f;-! are the orts of these vectors.

Inok.rnn the solution of the system (1)-(3) in the form
= Hor ) 50w
A et A AN ®

The equations of motion for the vectors E‘;ﬁ‘) are evident:

i =—ge?"d] F(52)7, (6)

in other words, the isotopic spin is precessing munﬂth.a vector

f The equ.(6) can be easily seen to guarantee the vanishing
of the generalized dinrmc- of external current:

Y4 o, r’
The condition (7) 18 knowm %o :tolloi from the field equations

(1),(2), so that the equ.(6) is necessary for the mlt-uonnintsn—
¢y of the pwoblem. Substituting (4) into (6) we get

- - i-‘g{g f“ff‘:/{;‘: :_/{/;jf t.’., (B)

It is evident that im deg;an-ru.ta case when the sources’

isospins are parallel or amtiparallel, the problem is trivial
again. ' s

In the general case the substitution of (4),(5),(8) into

&

(1) amd (2) leads %o the following equatioms:

5%, +8%,+%,)b, = 0(c-5/
A2, (¥, +9%, )4, =ibst-£)

9,,{9“!;—9,,.{_,)_,_% %‘-—ﬁ,a:a (10)

where

P =3¢ + 8y +u/4,,

= ' /ﬁ’_
and
(7)) = E1F)-47%), @E)= fﬁ/- %) o

The remarkable fact is that not the time component of the
vectom-potential by itself (via MF)} enters the field eguations
(9),(10), but the quantities. ¢ 2(%?/ defined by the equalities
(11). Bome hint on the explanation of this fact is that ths po-
tential created by one of the sources &t the point where another
is located, is spemt by virtue of the equs.(8) on the rotation
of isespin of that, another, source; and therefowe 1t should be
subtracted from dynamical guentity characberising the field in

the usual space. The functiors ¢ ,(7/merely due to their definit-
ion (11) satisfy the boundsry conditions

oL )=4(f)=0 - (12)
Tt should be stressed that these conditions are suwely mam-
cal for the Yang-Mills mabure of the fleld.

As to the point~like souwess im the wight-hand side of the
squs.(9), we shall take as wsuslly that they define the singula-
ity of the fumctions ¢4, , 1.e., they lead %o the boumdary
conditions : :

(9)
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The behaviousyof other functiens at 7 —» %, should be suffici-
ently smooth ‘so thas the mdy,;'; be indeed the most singular
ones in the lef¥-hand sides of the equs.(9).

Discuss now the relation between the equations obtained and
the gauge invariance of the theory. The egus.(9),(10) follow.
Trom the initial ones (1),(2) only if the vectors [, , i, and
ﬁ*".:: are linearly independent, i.e., if the isotopic spins of
the souwces are not paraliel. It ie.clear however. that such a ..
condition is mﬁm-m, gemerally speaking. Indeed, in
virtue of this imvariance the vectors ;, and 5 » being at diffe-
rent points of the space, can be rotated every by arbitrary
angle; in particular, they can be made parallel, and in this case
the solution should have, it seems, the trivial Coulomd form.

But in fact the choice of the soluflon in the form (4),(5) fixes
mmhlmiﬁmn:dom-;mwmhhgsnf; and
& 18 fixed dus to Gauss theorem by glven total isospin / of the
aystem and by the coefficients at 2~ 7 in the asymptotic expres-
sions for the functions ¥ and &% , of course, if the asymptotics
of these functions is reasonsble. Thus, the described formulation
of the problem is & reasonsble one in spite of gauge invariance
of the initial equations.
However, mmm!nyh-mdhimhdtm

precessio iso

AP urse the angle between them, Then the bounda-

ry conditions (12) arise simply from the r-qu:l.rmﬁt of the self-

consistency of the system of equations (9),(10). One can check it
easily substitubing the equs.(9) imto the divergence of the vec-
tor equation (10). z . _ '

It should be moted also that the system of the equations
(9),(10) is invariant under the transformations with the infimite-
gimal form

i =5ﬁ’/5’%+§}/:“_iﬂ}:‘;“fﬁ+gﬁ’/ (1)

o

deseribed by the equs.(8), i.s., to make

'ﬁ-l"'w-_.

The additional requirement on these transformation is that they
should not change the boundary conditions (12),(13). Due to this
invariance the vector-potential &, can be chosen in different
ways. The Coulomb gauge 44=0 15 convenient and will be uged
below., :

Investigate the solution near one of the cemters, say, the
first one. 8ince the t*mm1=:|.l.'.=r1:|;ﬁ;r has here the singularity: &=
==/, ﬂ:/i'—i;/, the problem can be linearised in respect to
othér quantities. Por the solution it is convenient %0 inmtroduce
the magnetic field veetor 4=~ 4 which has in spherfcal coordi-
nates only ome component, the asimuthal ome. In the mentioned
linear approximation one can easily get for it from (10) the
following equation: :

ﬁr/o’[ﬁrf]—-ff=ﬂ | €18

Its total solution is '

4/ ), ﬁ/:; &ffg 40-*5 céa (ﬂﬁ &:/"— . ‘};a-jé;?_?_}- 7(1;).

From the same equation (10) in theé Coulemb gauge whmre ﬂ{#ﬂ,

E alpg)=p 7 e h] | “an

One can easily find from here that' the uﬂitl.on (12) 18 satis-

fled only if all = and ¢/ do mot vanish at

J=¢K/+éj —/l)zﬁ : - - (8)

Standard calculations show further that the Sotal selution in.
the vicinity of the point Z, looks as follows: -

p=pfla-%) .
p=p- 201 08) _
h=pr A )
bo=F" 4Ll 1)+ {tf“-ﬁl}ﬂl -éj;ﬂ"'ﬁpf/ &k in
k=gl _//-/-'//ﬁz_y// 2L
| _ .



The coupling »ﬂnsﬁantﬁp- is extracted from the integration con-
stants & &nd & in such s way nmat it should be clear in whay
order of perturbation theory in g? the corresponding Punction
arises. ' ;

Two integration constants & and ﬁ#ara sufficlent to define
in the wiclinity of the point éi the values of functions and
thelr partial derivatives of the firet order. (Since the fune~
tion g; is singular here, relative to it one should talk about
the values of 2¢ and partial derivavives of Jg, .) Therefore
the solution in othey ?agienﬁ obtained by the continuation from
the mentiomed viecinity, will be also fully determined by the
two parameters & and 5ﬁ, The walues of these constante are fix-
ed by means of w0 more boundary conditions (12),(13) at. the
point %;a Thus, the equs.(9),(10) together with the boundary
conditions (12),(13) define the solution of %the problem comple-
tely. We wish to stress that as ﬁt follows from the condition
(18), “2i the minimal welus of £ in the multipole expansion
of the solution near the source, snd bence the qualifative
behaviour of the solution as a Ehﬁlﬂg is dependent on the mag-

nitude of the aﬁugm nunsﬁm‘s,

®) Formally the situstion mae&hlaa that arising when one solves
the peoblem of the behaviour of small devliation of Yang-lills
field from the. Coulomb solution corresponding to & single point-
like cunwr" LA . But the singularity of the veétor field in the
Coulomb potential st sulfficieatly large coupling constant, or
fall to the center, found in ths wor v s--is in no wey specifis
4o the Yeng-Milids problem. This phaﬁﬂmeﬁan is well-Emown for

the usual relstivistlec Coulomb problem and does not depend in &
renormalizeble theory on the spin of the particle (Bere a renor-
malizgble ipSeraction of the wector particle im discussed), As

to the dependemce of the charscter of the ﬁolﬁ'a’ion on the magni-

tude of coupling constent, foumd in the present work, it is a
specifical Img—&ills phammn ’ mal;' it h.na nn electrodyna-
wle amalogue. : et e, B : %

There is a beautiful physical analogue for the problem con-
gidered. By means of the substitution

7 :
. e /?LH_/;/{, (-2 )4/
ls?a:#[“(’*'t/%*(ﬁ*f-/%] - (29)
-:-—a—,z,— | ok
the system of equs.(9),(10) may be reduced to the form

(~i7-a)y=0, ¢= e @)
E,r-/‘{:-‘/') /q:?)t’a_:: : (22)

J =P TG+ [l-F-GY
The omitted tf -function sources im the right-hand side of the
equ.(21) are taken into account by means of evident boundary
conditions on the function 9’/ » We have come in this way Ho the
alenmd:rnmﬁa of the scalar field (/ in three-dimensional
space. The only distinction is the inverse,in comparison with
the usual one, sign of the current in the Maxwell eguation {(22).
Its c.anae can be easily understood: usually the terms f{-LP’—H/jﬁ"
and = }{ enter the Lagrangisn with the seame sigm, but in our
sibe when i Tleet amn Lu e tronstormation of Fonfors ana .
the second one is the transformstion of ;"—’ m.. their signs in
the Lagrangian are opposite. This distinctien in sign is of im~
portance, The asimuthal magnetic field creabted by the currents

- does not tend to pinch these currsnts as weually, it pushes them.

apart. 8¢ to say, anti-pinch-~effect arises. The presense of BAg=
netic field in the static problem of interse¥ion of Yang-Mills.
charges is by itaelf, from our point of view, a very interesting
fact. It is not surprising in this situation that evem gualitsa-
tive picture of the phenomenon changes ss the soupling somstant
inereases.

Unfortunately, complete solution of the problem still is
not found, It is not even evident that a reasonsble solution
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exists at all. 4s it was mentioned above, the equs.(9),(10) and 1. J.B.Nendula, Miyw.Zett. 678,175,1977.
the boundary comditions (12),(13) define uniquely in gemeral : .
the solution in & finite region containing both centers. But i+
is not clear gemerally speaking whether this solution turns at
¥-—»ee into a well-decreasing asymptotic golution that corres-
ponds in virtue of Gauss theorem to the given walue of total '.
i808pin of the system. If a reasonsble solution is in fact ab- '*
sent and in addition the coufiguration with parallel isospins
is unstable, does not it mesn in the language of gquentum chro-
modynamies, i.e., when passing from the group SU(2) to fhe group '
SU(3), that only "white” states are realized in nature?

1f the solution exists, the energy of inmteraction of the
charges considersd depends on the distance between them as
/ % - g/_{ It follows immediately from dimengional considerations.
It 18 not clesar however whether this interaction is attractive
or repulsive, Some consideratlon in the favour of repulsion at
sulficiently large coupling comstant is the fact that the magne-
tle field enmergy, and 1t is siways positive, incresses iit%/flxn
verturbation theory faster than the slectrostatic one. However,
it can be in mo way excluded that the interaction is attractive.
IZ. the attraction increases fastly. with the growth of the coup-
ling constant, such a situation can serve as indication of quark
confinement in 2 less simplified model of interaction.

The fact that the model considered is both natural and non-—
trivial justifies, as it seems to me, the publication of this |
work, although it does not contain definite conclusions. |

I am deeply grateful to V.N.Gribov for numerous stimulating
discussions which supported my intersst to the present problem
for more than two years. I am also very grateful to him and A.I.

. Veimshtein for some very important critical remarks, to, L.B.Okun'
for the interest to the work and veluable advices, to B.N.Breiz- i
man and V.S5.8ynakh fer the useful discussions of possible ways
t© solve ths obtained equations. '

"&hiq pﬁaiihility_tu interprete the absence of sclution was
ppinxad to »e by V.H.Gribov.
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