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Absetrrct

The quadrupole momenis for the bismuth and antimony nuc-
1ei and also the octupole moment of the bismuth nucleus are
caleuiated, using the experimentally known quanrupole and
octupole hyperfine splitting. The magnetic dipole hyperfine

gtructure of indium, tin, and antimony is calculated as well,
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1. IHTRODUOTIOP

rultipole nuclear moments.serﬁe ag a source of informa-
tion on a maclear structure. These moments maj be determined,
usging ihe hyperfine structure, In the present paper,.fnllowing
from the experimentslly known guadrupole and octupole splittings.
the quadrupole nuclesar moments for Bi and Sh,.and'alao the octu-
pole moment for 2 Bi nucleus are calculated. An interest to
this problem ic clso due to the fact that the walue for the
quadruncle constan®t of the state 509%' /5}’7 obtained in the
experiment on parily violation in atoms (Novosibirsk) /1/ as
a by-result, and the value obtained in Ref,/2/ are much more
accurate than the results of the previously works (see the
Table in Ref./2/). Calculation of the quadrupole and octupole
hyperfine structiure enables one to verify the calculation pro-
cedure for the parity violation effects in heavy atoms /3-5/.
The magnetic-dipole hyperfine structure in In, 5n, and Sb is
calculated as well., This calculation is similar to that carried
out in Ref./6/ for thallium, lead, and bismuth.

A Hamiltoniasn of electron-nucleus interaction has the form:
R
H=-e Vee XA (1)

where :;? is the Dirac matrix, J/? and A are the scalar
and vector potentiszls. P;’and 4 can be represented as fol-

lows:
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where Z’-“‘ 'KJ/—/_FIE/ . ﬁf and /’5",? are the electric cnd
magnetic multipole moments. The first term of the Hamiltonian
(1) is an electric multipole interaction, X = 2 is the electric
quadrupole interaction, The gecond term of the Hamiltonian is
.a magnetic multipole interaction; A =1, £ = 3 are the mag-
netic dipole and octupole interactions, respectively. The stan-
dard definitions of the magnetic dipole, electric quadrupole,
and magnetic octupole nuclear moments are:
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The constants of the c’orr*espondinlg splittings are given by the

following formula:
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where ] is the nuclear moment, j" the total electric

moment.
: e
The matrix elements fzﬂ have the form:

’ / = -
ﬂwxm :(H/ﬂj)i‘/lﬂ?z /M/O -"t') z 3}’;:5 %r

?I:’H[}?"/ﬁ“f;/}] A5T- G T % e .

F7 (Zx)? SS— g8 Zox 2
éjﬂ:l :(Mﬁﬂixﬂi/ﬁji/#fﬁ%);g;) = : . _ g
x (75 A Z5E) .
S F @ o

where 2 is the charge of a nucleus, & the Bohr radius,
/ the effective principal quantum number, //:}f'zrfzaiz :
7 ,"*2;'_"-’ i T :
l’=t"‘) {// 7 : / is the total moment, and
ie the orbital moment.

e
The matrix element /y.za has the form:

R =<pi, 2] Molps, >

i (5)

Fals e Ly ///;;/fe f/

The coefficients x.‘f(, £ and A& in (4) and (5) are
determined in such a way that at A:’,‘?:f"‘f.f s = 1 thege ex-
pressions coincide with the matrix elements calculated by
means of the quasiclassical wave functions presented in Ref./7/.
The quantities ,{;.’; f;f/ﬁ are the ratios of the matrix

elements calculated with use of the wave functions derived by

" nmumerical solution of the Dirac equations with a potential /8/

r&

Y1y = - ////fxéfﬂ,y,aj Loff e (6)

to the giasiclassical ones,. For_In, 5n, and Sb the parameters

// and / were chosen to be the following:

#2a = 20.085 Sy = 15.081 /54 = 11.075
Sin = 2.4 & Aoy = 1.984 & Ay = 1.60867
and for Bi they are known from Ref./6/: |
/_Vg,r = 12,049 and ' /é,r = 1.401 &

Let us proceed now to calculation of the quadrupole
structure for the states of Bi related to the ground configur-

ation rf‘n/ﬁj 2 . It is c¢lear that E/fp§/= 0.
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2. THE QUADRUPOLE STRUCTURE OF THE Bi ST VDS é;ﬁj ;ﬂ,f.

It is convenient to perform these czlculations with use
of the secondary quantization representation, The wave func-

tions of Bi in the };f -scheme calculated in the paver /9/
o

have the *F'r::llﬂwing form

z <L 3
z
1 ;;.li_{')
/%{>:/;Ax %‘ (1)
12Pi> = (33 4)s

where /ffﬁf'z /.3) 7 arel the W:a‘re functions for three/!) -

electrons with moments ;ﬁ, Fz ?gg , and with the total
: 4

moment :7 , Which are presented in the sscondary quantiz-

ation representation in Ref,/6/. Using LEgs.(3) and (7), we get:
B /*"j%/ - LR e nr3z & it P &
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The contribution to the gquadrupole splitting comes from
the Columb admixture to 65 '?‘j;p'? of ’T;he configurations
f.ref/ﬁ""f-fﬁ/ and -d'/.a“f/%*f/ﬂ and also from the second order
of perturbation theory over the magnetic dipole interaction.

It follows .frﬂm numerical calculations that this contribution

is less than 5% and we do not taken account of it.
: ; b
From pumerical calculetion ' = 1.501 and A = 1.318.
The best approximation of experimental values of the constants

is achieved at
T S A

An accuracy in calculation of the constant is determined by

the mixing of configurations and equals about 5%. The results
are given in Table 1. In the Table and in what follows, the
direct experimental results are given without taking into ac-
count the second order of perturbation theory. The found value
of é? coincides with the results of the paper /12/. Note, that
the latter result is ﬁ? = 0,385(40) Ag. The calculation pro-
cedure used in the present paper differs from that used in
Ref./12/. In that paper, when calculating a quadrupole moment
the radial integral is used which was found with respect to

the magnetic dipole structure with intreduction of various re-

lativistic corrections.

; :
3. QUADRUPOLE SPLITTING OF THE LEVEL 33_,;:

-

The stale 'ng}%- ig a pure 4 -state with the half-
filled shell, so that the constant 457 griges in it both due
to the mixing of .cnnfiguratinna and also to the second order
of perturbation theory over the magnetic dipole interactiomn.

Therefore, the constant {5’/135/1 is very small.

b= 5,45 > 5
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Vpﬁ; 7 ?ﬁ- - R =

J/E int tion;
/7/ is the Hamiltonian of magnetic hyperfine interac -
¢ is the contribution owing to the Columb mixing of
f.rzfﬁ ¥ with &3 ’efz"?ﬂ,ﬂ; &2 is the contribution owing to
tﬁe second order of perturbation theory. Numerical calculations
: : i i /‘E@r
yield ,éZf = 17.8 MHz, Uncertainty in calculation o =
is determined by the calculation accuracy of the exchange Co-
lumb integrals. The exchange Columb integral found numericafly

differs by 30-40% from that known from calculation of the scheme

1 R : : y
of the levels of configuration ff/‘? in the intermediate coupl

ing approximation. In connection with this, the calculation

tnzf
accur;cy* cen be expected:to be 30-40% as well. The quantity

zf?,z was previously calculated in the paper 1215 4:"97; =-9,2 MHz,
Whence,

4{:’/“39{) = 8.5%7 MHE..

The experimental reault"s are:
14311 MHz /2/

2¥13 uHz /13/
The other references to experimental papers can be found in

Rﬂf..fz.ﬂr.

4. THE OCTUPOLE STRUCTURE OF Bi

Using Eqs.(3) and (7), we have
Cf Uy = -0s03 Rle
Cliou)- L |
C (i9g) = 2R LE N Qe

£ (#e)= 0
C(“Ps) - -0972 2 R e

By mumerical calculation 4 = 1.05. The results are quoted in
Table 2. The calculation accuracy determined by the mixing of
configuration and also by the contribution of the second order
of perturbation theory im equal to 5-1 0%. The found value
2w 0.56/mf
does not coincide with the results of Ref,/10/ and coincide with -
those of Ref./12/. The caleulation prucedu;:-e'in the present paper
is another than that used in Refs./10,12/. The result of Ref./12/
;I 0.55[3}/44 f. Note, that different procedure used in
that paper give the results varying within ’En%..Ths result of
the paper 710/ is: JZ = ;3_0056//{%',111 the latter paper once
more two values J. = 0.0135/4»’&,&11& J2 = 0.043/«‘4/are given,
depending upon the relativistic corrections being used. Our

calculation is exempt from such a non-uniqueness,

5. THE QUADRUPOLE STRUCTURE OF Sb

The wave functions of Sb in the %/ -Bchame are:
¥ e
J}) v-ﬁﬁ’i{i/ij-i—/ ?ﬁﬁ‘f‘fﬁ/-—‘i—--——ﬂi ;;35.&/&31 3/5.

e, = Nﬁ/..g.ﬂ/ fﬁr’//’/%,%‘)%*ﬁ”’%’m/
[fEeD e/ k az)g—‘ ' i
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With use of BEqs.(3) and (11), we get:

5(/‘5;%):;’(5?5 ~ 200 #ﬁ///:ﬁ?i/ ‘
50y )20 a0 842224 oa
/;/a ) gﬁeaf?’%#?ﬁ?&f’ ,&ﬁ/ffﬁf/ ‘ni

- . "
Prom mumerical calculations A = 1.313 and 4 = 1.261. The

congtant 5/{%3

_{.; & a
In the é/j—schema the fum:.tim //fﬁ7 will be a nearly pure
"{ﬁf a/j-state. The matrix element of 5%

is very small,and this is not accident.

over any pure
Jj-stata with the half-fllled shell is equal to zero. Due to
orthogonality, (-{%/ﬁzy/ ’2’3/ zéi}: 0. A single non-zZero
contribution (/""’,233 /c:pzf: 2/2 Therefore, the constant
/@) is a quantity of the third order over the spin-orbital
interaction. The accuracy in calculation of the wave funciions
(11) is equal to about 10%. _,.'I'hus,’ the calculation accuracy Df.
,5’/?;&) constitutes ~ 100%. The uncertainty in calcula-
tion c}f.the congtants G for “,9% and f/% is determined
by the accuracy of calculation of the wave functions (11) and

is equal tp ~ 10%, however, the gxperiment accuracy is not m
high in this case. s
227 /-
The constants j}? for the jf and er isotopes j

are known from the experiment. From the best approximation of

the experimental values of rﬁ?/g-@é) and 5/“?/‘%]_'”9 find that

10

afif = —Q-l'-]-‘:l f
G2z = -0.59 s

The results are illustrated in Table 3. The accuracy of the

values found for 5? ig determined by that of experi:ﬁental

data. They do not coincide with the results of the paper /14/

and are consistent with those of the paper /15/. The results of
/14/ are the following: :f,;,r .= =0,20(3) £ e -0.26(4) 4.
The results of the paper /15/ are: ﬂ,ﬁ = —D.SE(‘?)&J, ﬂ?;r—

= -0.49(5) f’ . The expression for x_‘:f'/i%) is analogous to that

derived for &e¢ . The changes in .cf_:f are obvious. For

7 B hwy s tor S BTk

6. THE HYPERFINE STRUCTURE OF In, $», AND S5

Let us proceed now to calculation of the hyperfine magnetic
structure of In, Sn, and Sb., As has already been mentioned,
this calculation is analogous to that carried out in Ref./6/
for thallium, lead, and bismuth. The matrix elemenis of the

hyperfine in‘t:eract.iun Hamiltoniar in /6/ have the form:

Lptilpe) -5 o P L T - /W

s K] P> - 2= .:ﬂé_ e s s S
AR T ! K i o Ui )
</"_§j/,z)fmz//7///pf/z,fﬁ’?-/\ ff"? /f?g/rfz;/f’fijg
e #Irkrzf/f}“ﬁ/‘/ | (13)
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where X°, are expressed via the exchange Columb integrals, 127

o Gate s ot The magnetic moment of Sb is s =3,343 /16/. According
gl el —— B Bl w 18 the magnetic nuclear mo-
v Mfa AT ] /‘/ En o

to numerical results, 4, = 1.3319, 4% =1.,2555, and A7z =
ment, #7e and »wip are the electron and proton masses, 7, F

= 1,3042, lHere 2 is assumed to be equal to =-0.012. The re-
‘the ratio of the precise matrix element to the quasiclassical '

sults are presented in Table 6.

one. According to /6/, Xy =X sx~Tys =, where = 1is chosen ”
' ! The level /7 will be admixed to~the 42 and So

from the beat approximation of experim&ntal data,

'l level cause of the hyperfine interaction, i.e. the magnetic
W47 has the magnetic moment v = 5.5083 /16/ and i Glhe ’

miclear moment will be different from the magnetic moments .of
//jt;a = 1.558, According to numerical calculations, the quanti- -

the nucleus in these states.
tiee 4/ are the following: 4, = 1,229 and 45 = 1.1286. 7

’ F Ny = - LORG e | PG < 8 OT ue
The best fit of the hyperfine splitting is achieved at x = 2 e 5
= =0,01187. The results are given in Table 4. /,ﬂ o ;i;g

The wave functions of the J’,ﬂz-cunfigura.tinn of Sb in
the d/i/ -coupling approximation are the following:

138 > =na08 (£ ~0v20(3 E),

Ve 5l /Ig..z*iyx

P2 =0r93(24), -vre09/£3)

/82> = 0607 (24), «a?95($ %), -

/15> = 4120 (%), +a.50 (4 1),

The author is grateful to 0.FP.Sushkov, V.V,Flambaum, and
I.B.Khriplovich for numerous discussions and slso for a sig-

nificant pert of ithe computer programs.

I

The wave functions of the two /.'? -electrons are presented in
Réf.fﬁf. The quantities A7 are: A w1, 2676, A3 = 1,16,
,(,3'- 1.2347. The magnetic moment of _L;H;ia /'I/y" 0.9949
/16/ and i’;}a = 1.416. According to /6/, the valu.es of 1 for
T1, Pb, and Bi are equal with an accuracy not worse than 5%.
For this reason, for Sn we assume that 2 = -0.012. There L_-
exist a few papers where the hyperfine structure of Sn was
measured. The results are given in Table 5. They are in a good

agreement with those of Refs./18/ and /19/.

12 : : 4 13




Table 1. Quadrupole splitting (1Hz) in Bi,

ggéji {9&9% Agkf%
Galculation o =314.3 -647.2 G61.5
Experiment -304.654(2) -652,5(30) 978.569(9)
/10/ /11/ /12/
Table 2. Octupole splitting (MHz) in Bi
frﬂi& ﬁf%E%. 5%?%. Cﬁﬁ?;
Calculation 0.0170 -0,0124 00,0205 -0.0419
Experiment . 0,0165(1) 0,0207(5)
10/ Vi Bk
Table 3. Quadrupole splitting (MHz) in Sb
Ve
Calculation
: 2L i9ip 382 385 14%6
Experiment 3 gg(2)  -360(90) 414(36)
kaxzf
Caleculation -3.2 -554 558 2239
s
Experiment ~4,67(3) -525(90) 600(45)
3753 /14/ /15/ /157
14

Table 4. Hyperfine splitting (MHz) in In

A 7
Sl 1735
=0
ok 2133
finsl result 2211
G
Table 5.
A1
& vt 187
x =0
A = D 321
Final result 519
Experiment 552,608(4)
/19/
Experiment 1649
/17/

A

-1003

-1220

-1021

-1212.956(3)
/19/

-5216

/¢U?§

319

241

242

Hyperfine splitting (MHz) in Sn

A2,

-1063

-1282

-1265

-1269,652(3)
/18/

-4737

15



Table 6, Hyperfine splitting (MHz) in Sb

1
0]
0

=

A
-
e 3
Final result

Experiment

16

Asy Aoy A

-6 ) 1115
~57 642 1445
~324 672 1388

-299.?g% 584(15) 1466(9)
Sl s 5 X5y

Azp,

%
3403
4530
4620

4950(9)
/15/

Ap,
2

567

699

624

673(4)
/15/
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