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Abatract

The system of equations is derived and solved which describes

the action of a free electron laser in case of arbitrary gain G
and small spatial charge when the plasma effects can be neglect-
ed, Spectral curves are obtained and analysed. Their evolution

is studied when G is changed. It ie shown that the growth of

phase oscillations leads fto the limitation of output gignal

power. A value of the output signal is obtained. The limitations
imposed on the parameters of electrons particiﬁating in the gener-

ation are analyeed.



An interest to the problem of generation of coherent fadiﬂ—
tion with the use of reiafivistic electron beams tfaveiing through
a periodic extermnal field, the ﬁn;éalleﬂ free electron lasers
(FEL) g intensified in last years. This is caused by a series
of unique properties ﬁf the systems of this kind, namely: conti-
nuous tunability in a broad rangﬁ_mf fregquencies, prospective to
operate in a reginn"nf short wavelengths {up to ultraviolet ﬁart
of spectrum) and also a possibility of high power operation. Pres-
ently, considerable experimental data are available. The results
both of the amplification and generation of radiation in the infra-
red part of the spectirum are obtained in Stanford University
/1,2/, in the submillimeter region there are the results of NRL
(Wﬁahingtaqﬂﬂhnd Ecole Pnlytechnique_f4f.

‘Theoretical analysis of the action of FEL within the range
of small gain G'(that-corresponds.to the experimental conditions
/1,2/)was made in the paper by the autnursaf5f {see also /6,T/).
In that paper the set of equations describing the action of FEL
at G« 1 was derived and solved. In addition, the spectral
characteristics in the region of_law and strong aignala_wgré
studied. And finally, it was shown that there exiats a mechanism .
of saturation caused by the growth of phase oscillations result-
ing in stabilization of the-autﬁu% signal IEvel. Ufflarge interest
is the analysais of ﬁhﬂ case of a lﬂrge gain (:J‘ 1 as well. The
present paper is dnvoted juat ta this questian.

Let an electron beam move through the helicoidal magnetic
lattice of pariud ahg and magnetlu field atrength ff . The vec-
tor-potential of the lat‘tice is taken in the form:
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where 1V, = A . Let us consider the interaction of the beam
o

with the circularly polarized electromagnetic wave propagating
E ]
along the lattice axis in the direction of a beam motion, the

vector-potential of which may be represented as follows
i —~ ' . i
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where Y is the wave frequency, E?(‘é} ,ﬁ(“‘} are the slowly
varying amplitude and phase of the wave. In tae region Qq&’i
one can neglect the distinction between the phase velocity of a
wave and the velocity of light and the phase increment ‘X('tl/ con=-
nected with this. At Qg?.ﬁ the mentioned phase increment becomes
significant. P,

The tranaverse part of the generalized momentum @ (ﬁy J/D/
is conserved in the aupi’rpnaitiun of the fields (1) and (2). Due
to this, one can put .95-).:0 . Then, expressing the kinetic mo-
men tum /5; {and the current) through the vector-potential, sub~
gtituting this current into the Maxwell aquation for the tranasverse
part of the vector-potential and carrying out an appropriate aver-

aging over phase, we get the sysiem

2
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* The affect under ﬂtucly occurs for any pclari:ratian uf
a lattice, the wave Jt.,r.:nrlar-izaﬂl:ia::urr must correspond %o la'ttlce

polarization.
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n is the electron beam density. Differentiation in (3a) is
carried out on a proper time oAT = d{//a’ Y= €/imece
&€ is' the ulectron energy), the line denotes -the initial-phase
WS
F
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tem (3a) takes in‘tu account the aons‘t‘ant part of the d‘.:l.electric

averaging. The-term 'in the second equation of the sysa-

constant of the elactrqn 'beam. Tu derive a -closed set of equations,

an equation for ¢ is required too. For this purpose, the

tmnafomatinn of equations of alectrun mntmn may be usad (see

i ;
¢f =228, 5“"’(535"".}{) o {'3_1:)

The abcve system {3) is full. It descri’bea tha amplificatinn
and gsner&tiun in the regiun bnth of the low and strung signals.
‘In order to obtain universal characteristicié of the evolution
of the ‘electromagnetic ‘wave under atﬁd:,r, the transition to new
dimensionless variables is chpvenien‘t.
- ; F __g/s

5@ ean g L A= (4)

where Q = M%Uoﬂﬁ » The system (3) takes the following
form in these wvariables:
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The region Q‘(“i corresponds to 8<<{ . In this case
the phase increment #Kh may-be neglected and we have from

where

(5) a system of equations just as that in the paper fﬁ;’._
Degscription of the operation reg:lme at whiah; (linear
regime) can be made in an analytical form. Let d¢“.—3e

oS
Yo

We put _
¢ = ¢a +RS + ﬁ*. 1)

3{{ t the wvalue @_{{i « From the last equation of the
system (5) we have

¢=2) }(59{ s-8') Sivs [ + 288 ¢ X ()] el's?

After substituting. this expression into (7) and then eq.(7) inmto

the first two equations of (5), and averaging over ¢a s We

get 3 _
ci? o S Y fs*)[sfs’)_Si'ﬂ[Sft'S'-Sj+‘X(£5L—j(.s_27a’.s‘f

(8)

g L= 5 4es)(s-s)Jsinfts? )+ X(6) =Xl as 45

We shall find a solution of the system (8) in the form
N .

:E:ae.{'{‘x 8(5) . For the function #* the following equation is
derived from (8):

di Lz-'f'(pe+£7) +Lf(5 sYZGEds!= 0

(9)

It should bear in mind that the process is here congidered
in a single-particle approximation, whe_n the electrons interact
with each other through electromagnetic wave and the electrostatic
interaction between the electrons in a bunch is not taken into
account. Since _Gl»i is attalned at high density of elecirons

N _, the type of operation determined by plﬁama effects can be
also realized {three-wave 1nstabilit3, see, €.8.5 /3/). The ap-
pruximatiﬂn ancepted ig true if a wavelength of Lang:nuir osmlla—
tions is 1nng ag compared 10O a typical 151‘151:11 of the growth of
an electromagnetic wave (Eignal) 5 is estimated beiow,
formula {(20)), or&.: 1 ; | .:
e af o vy ) T a0
i |
Under this condition the allowance for a parameter é’? leads to
insignificant shift.of the ,rés_qngnpe_ cu;-;re".‘-lIn_ what -'__F‘o_l_lows -_;:ILt
will bs omitted. ‘Submequent ‘differentidtidn of eq.(9) ir"':'_Lelds
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L thla caae the initial cundrtmns arevZ{’a) 3(0) Az?‘(ﬁ) =
.—-ﬁ-%’c;(u) é’@}:-x §(9) - Weput Z = 3{)9"‘ .‘-‘" and

obtain the- eharacteristlc aquatinn

},3+3€)iz+i O (12)

o !
ﬂim:.lar to the kncwn equatinn for the lamp of traveling wave.

Given the initial ccmditic-ns, tha solution is

s s —CAgS ~Azs
g-zfﬂ)(ﬁﬁa +5z E*P‘ 53 3) st/

. The sama equation (in ccnnectmn with the stimulated scat-

tering of Waves frcrm the relativistic beams) was discussed in /7/.



Here )q' s ,\2 ’ A'S are the roots of the characteristic equa-

tion, 2y e (,\zf-.}‘s)-.f-llea

t 2~ (Do Az)+dads
52 and 53 are obtained from 5:_ by cyclic permutation of
indices. Signal amplification on a "length" S

is characteriz-

_Z' :
ed by l 3{,,} = i-f' 6’ the explicit representation for which
follows from (13). It has a simple analytical form when 2€<< 7

and Qe d>4 =
z |2 F+xf1  Imi«d
}5—@)} = : (14)

Z* £ 2el> 41

where
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(15)
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Note, that at S<< i f—:."f* ;5 ,ﬁ.—: gj‘ » and at S_»’f
JC i h /T's 2. v3's I
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in case when S/

AL @&l ) it is rather easy to get

a general expression for 6"’ (sée-fﬁf}:

Hute, that under a:perimantal conditinnﬂ /2/ S = 0,48, 'In

case when Sb)i » G can take very large values:
| & AL

Linear regime takes place until phase increment ¢£ becomes
of order of unity. In case of a single passage (superradiant os-
cillator) for the output signal g ~f independently upon
a(o) . Taking into account (4), we have the estimate for maxim-
al strength of the output signal field:

H=Hea¥3 (17

Due to building up of phase oscillations, the growth of
wave amplitude is limited. Using {.17), we can calculate the ef-
ficiency e ﬂa’/d,

? - "ié:%f (18)
2 M :
Given fixed length £ , the spectral distribution of emitted
radiation is determined by a dependence of I?/y(q],an K. (see
(6)). In linear regime this dependence follows from (13) and at
‘9:{4{_ and 3{})4 we have derived above the explicit expres-
sions (14) and (15). In a general case the system (5) can be only
solved numerically. The result of our caleulation fnr?(}: 0.01
is uhown in F:Lg.1, where the evolution nf speetral curves upon
variation of S ( § = 5;6;7,5). Note, that in the regionm S(’t‘f
studied in /5/, the maximum of spectral curve liea at 2¢ <O
N

ahnve aaymptntics of functians f anc’l ;F-f_ (15) at .E-:’t.‘.{ ). Am

) and at 2@ =0 the gain turns to zero (ef. t:he

j f{o}i 7+ g gf%' F"TD,Q', ?f-v E’(} ‘;‘{ miy (16) seen from Fig.1 (and also from rnmulaa (1#.} and (15}} the spectr-
a’X

al curve is cnnaiderably deformed at S?.;_,f_ , its maximum lying,

ag before, at < O but the antisymmetric curve becomes nearly



symmetric one and the point € = 0 is not far from the maxi-
mm, 4 width of the resonant cui‘ve is ﬂetemihéd by the condi-
tion [@¢| ~1 , OT |
ﬁ_l) s 2a’3 (s . ‘a
Vo ¥ Vo (19

The dependence of the {mtpu’c signal (at ¥ (a) = 0.01) upon the
“length“ L at fixed values € = 0 and '3{ = —1 {near the maxi-
mm‘u of the spectral curve ) .iB.g].“.TB]l in Fig.2. It 1s seen th_at_a{::
S >4  the output signal grows rapidly (expﬂnen‘tially) up tﬁ
the values 5 w;{ and then there grmﬂ phage uacillatiuns caus-
iy 3{?.‘?) } EE , the cha-
racuerist*c growth length ..S"' /g ,or f {_aae {(14)).

o :
f.f; = VE ¢ 5' i S
_ _S?.aCi : g 2z /3

and the length on which g ~J is attained ie é:‘ f )/ -

ing the oscillation of a signal. As

The curve 3 in Fig.1 giveﬂ a ﬂhape of the signal at .S' = 7.5
when E:'IE - f} fnr thia value of .5 the gain is maxjmmu. Hote,
that the wa.lues 3 ='5 and & =6 e within the regiun -::-f 1ine.
ear regime (see Figs. 1 an& 2, and eqsn (133 (15)) and at S__ =
T.ﬁ the regime is easentiall:,r nan-l::_naar. : ' e - :

' If the length of a magnetic lattice Né ,. the. niaximal
value of the signal is already attained upun a Bingle passage, aa.
this has above been &1E|cusaad If / t‘-‘.’{é , it is fairly reason-

able to use multiple amplifiea‘hiun of tha algnal Tor instant:a,

] 7

using tha quaai—opl‘.ic typa cavity (just as in fE,fJ. __ ., wiW

Fﬂl‘ illustratinn Iat us consi&&r the fﬂllcwing example.

¢ yoe T 2

Let the current Cf— 1ﬂ4,/;lwith tha croﬂﬂ-—ﬂacticm S = 1 cm and

Energy 3‘ = dG paﬂﬁ through the magnetic lat_tice ﬁi'th _ .'c..{ﬂ.? .
< faem o™ [y nnp 4 ¥ oapd e T T

10

= 2.4 kGauss and %= 3.2 em. In this case the gorwth length
(20) :Z;Gh and the criterion (10) is fulfilled. Let en incident
wave appear, due to bremsstrahlung when paséing ‘c_h-.e initial part
of the lattice. Then the length on which the output signal at-
taine 1ts maximum z’ £ 170 cm, radiation puwerw_u 2.107 W
and the efficiency 2 = 0.02 (see (18)), in accordance with (19),
the line width ﬁUA is of the same order.

In this study we consider the fixed energy ( § ) and the
angle of inlet of the electrons into the lattice ( /9' ). By
using formula (6) and Fig.1, for the permissible spreads of energy
and angl'e;we have

3. "Q“Xé / (21)

Electromagnetic wave generation involves only fhﬂsé electrons

L]

which satisfy the above conditions.

11
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FIGURE CAPTIONS

Fig.1 The dependence of the output signal on 22 at different S
€ =5 (T, S=612) &= T8 {3L5(ﬂ)= 0.01.

Fig.2 The dependence of the output signal on a length &
at fixed values of 2 : € =0 (1), & = -1 (2],

5(0) = 0,01,




%

130+

1y

120

6F

n}

0 1 2 3 & S 6 1 38 8 0 H 2 13 i4 15

Fig.2




‘4‘1'..' [

PafoTa mocTymuns 28 HMmsA IQVQT.

Orpevcreenuufl ea eumycx C.[.ICTIOB
Hogmwcaxno ¥ meuaty 3.10.1979r. MH 02279
Yex. 0,7 neu,x., 0,6 yuerHo-usp.lx.
Tupax 200 sxs. BecrnarHo

daxas B 92

Orneuararo He porampanre MAd CO AH CCCP




