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Abstract

A universal instability of many-dimensional nonlinear
oscillations - the Arnold diffusion - was studied numerically
in a simple model described by a mapping of 4 dynamical vari-
ables. Numerical simulation was performed on the CRAY-1 com-
puter in the vector mode for 64 trajectories simultaneously.
A scaling has been applied to both the diffusion rate angd
the perturbation to derive from numerical dsta = gemiempirical
relation for the dependence of diffusion rete on the model pa-
raneters.
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1. Introduction

One of the most powerful experimental techniques for studies
of the deepest laws of Nature related to the world of elementary
particles are the so-called colliding beam devices, or storage
rings, which provide the highest center—-of-mass energy for a pair
of accelerated particles. An important characteristic of such de-
vices is the so-called luminosity, i.e. the rate of collisions
between particles of the two beams, which determines the efficien-
cy as well as the range of experiments available. The luminosity
depends, in turn, on the intensity (the current) of the colliding
beams. Besides some technical difficulties in the storage of a
large number of particles especially heavy ones like antiprotons
the principal limitation of beam intensity is due to the beam-
~-beam interaction via their collective electromagnetic fields.
Thig interaction is known to disrupt the beams completely above a
certain critical beam current (see, e.g., Refs. /1,10/)« Even
much below this critical intensity the transverse dimensions of
the beams are generally enlarged appreciably that results in a
troublegome drop of luminosity. Por the new generation of heavy
particle colliding beam machines, now under design or even const-
ruction, the besm-beam interaction is expected to be an even more
crucial phenomenon since there is no radiation damping in this
case to stop the besm blow-up, and also in view of the enormously
long particle lifetime required (of the order of a few days, or
n’1011 interactions, a truely cosmic time scalel). Thus, exten-
give studies of the beam-beam phenomena seem to be highly in or-
der, and even somewhat urgent we would say.

Generally, the collision of two intense bunches of particles
4 ig a very complicated dynamical process with an infinite number

of degrees of freedom. There seems to be not much hope in any near
future to study it either analytically or numerically. Thus, the
importance of experimental work on existing, smaller storage rings
must be emphasized, including model experiments with electrons to
simulate the heavy particle behaviour in future storage rings as,
for example, recent experiments with low energy electrons on
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A common analytical as well as numerical approach to the
problem under consideration is the, so~called weak-strong
approximation of the beam-beam interaction. What is actually
hidden behind this terminology is a dramatic simplification
of the original problem by a cut in the number of degrees of
freedom from infinity down to at most three. Nemely, the in-
fluence of the weaker beam on the stronger one ig completely
ignored, and the motion of a single particle in a given field
of the strong beam is studied. Within the framework of guch
a weak-strong approximation a number of studies has been .done .
(with some further simplifications) attempting to understand
this simplified beam-beam interaction and to obtain some esti-
mates for the critical intensity of the beam (the strong one
in this approximation) (see Refs. /3,10/ for example). The -
importance of those studies is related to the fact that the
weak-strong stability of particle motion is certainly a neces-
sary, even though obviously not sufficient, condition for the .
performance of .colliding beam machines.

To the best of our knowledge all earlier studies were
concerned with a strong instability of motion related to the
so-called overlap of non-linear régonances (sce, e.gs review
papers /4,5/). Meanwhile, a much weaker but more froublesome
instability-the so-called Arnold diffusion = 1§ known to oc-
cur in such dynamical systems (see, e.g. the Teview pdper /5/
and references therein). This latter instability ‘turrns out to
be a universal one in the sense that there is no eritical per-
turbation strength for this instability. The perturbation i
doee influence the rate of instability only. Thig particular
feature of the Arnold diffusion makes it especially- dangerous
for colliding beams of heavy particles where a very long par- .
ticle lifetime is required. The phenomenon of Arnold diffusi-
on has been gtudied slready on simple models both numerically
and analytically /6,5,7/. The theories developed in these
works seem 10 agree with numerical results within a factor .of
two, provided the perturbation is not too weak. The latter
condition is essential because for a relatively sirong pertur-
bation, but of course still below the resonance cverlap, on-

ly a few (minimum 3) resonances (perturbation terms) determi-

ne the diffusion rate, and thoge can be explicitly taken into
account when evaluating the diffusion rate analitical}y (see :
Ref. /5/ for details). For a weaker perturbation‘many resonances
are involved, and analytical evaluation becomes much more compli-
cated. We call this latter region of parameters the Nekhoroshev
region (after the name of a Soviet mathematician who first ?as
given rigorous upper estimates for the diffusion rate in th1? re-
gion /8/). Unfortunately, due to obvious technical ‘difficulties,
his estimates seem to be much above the actual value of the diffu-
sion rate (see below, Section 6).

The present paper is a brief report on our mainly numerical
studies of the Arnold diffusion on a simple model developed in
Ref. /6/ (see Section 2). This model has no i@mediate relation ?o
the beam-beam interaction because of the different type of nonli-
nearity and perturbation chosen, yet the phenomenop of the Arnold
diffusion remains the same in both cases due to eggentially the
same phase space structure of both dynamical systems. Our main
objective in these studies is an attempt to find a simple, semi-
-empirical relation for the diffusion rate in the Nekhoroshev regi-
on. We seem to have found one (Section 5, Eq. (20)), and we hope
that these results will help other physicists in this interesting
and importent field of research.

2. Description of Model

The mo&el we have studied in this work had been developed and
applied in Refs. /6,5/. We have made only minor improvements to
facilitate computation. The model is described by 4 dynamical vari-
ables: two coordinates ( X, X, ) and two canonically ?onjugated
momenta (/Og; Pz ). We specify the equations of motion in the form

of a mapping: (}(I’-)/)‘:)—-—-) (}E}ﬁ)}i = 1,2, where

= Pac X1 + xo + L&)
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Here M and &€ are small perturbation parameters, and ;?(f/ is
some driving force, typically periodic in integer time 7 which

is actually the serial number of iterations for the Mapping (1).

To simpify understanding the model, we observe that for suf-
ficiently emall differences [/ —/p; | << 45 [X:— Xel <=1,
that was actually the case in our studies, the difference equati-

ons (1) can be changed into the differential ones related to the

Hemiltonian: "
Z 2 4 ,
Hx:, p:)= %&— # 35‘—;—5& — X, Xy EX, [ &) (2

Alternatively, one may consider the Mapping (1) as a particular
numerical procedure to solve the equations of motion for the Sys-
tem (2). The important feature of thig procedure isg that Mapping
(1) conserves phase space volume and, moreover, is a canonical
mapping. This prevents a fast accumulation of computational errorse
The latter do result only in some bounded ogcillations, or 'back-
ground', as we call it, which proves to be fairly low (Section 4).

The Hamiltonian (2) describes two nonlinear oscillators with
a weak linear coupling (small parameter‘/4 ) and a driving force
acting upon one of them (amall parameter £ ). It is interesting
to mention that in spite of a strong (quartic) nonlinearity the
anharmonicity, i.e. the amplitude of higher harmonics in the free
uncoupled oscillations (p =€ =0), is less than 4%. The frequen-
¢y of free oscillations, however, grows in proportion to the oscil=~
lation amplitude Q;. In particular,

w, »pag; i=+4,2 (3)
where /6 = 0.8472.

Two types of the driving force were used:
/4(&/: (o5 (Q,¢) + (os (_Qiz‘/ (1)

and

(;5 (sz/ (5)
{ - 4 Cos(t)

For 72-/? << f the latter force possesses a rich spectrum:

$.(¢) =

ot

) 7 4., ¢
?é(f/ 1:2, :-‘Z—g;w fas(mﬁa‘/ (6)
where Gz /(- 4% « {.

The main coupling resonance w,= &gy (44: %y/ has been
chosen as the guiding resonance for Arnold diffusion. The term
guiding resonance /5/ refers to the fact that the diffusion is
gcing on just along this resonance, or to be more precise, along
a stochastic layer around the separatrix of this resonance (see
Ref. /5/). The stochastic layer is formed due to driving resonan-
ces, or driving perturbation terms in Hamiltonian (2). The dispo=-
sition of basic (first order) resonances is outlined in PFig. 1
for the driving force (5). In case of force (4) only two nearest
driving resonances remain.

The initial conditions were chosen about the midpoint be-
tween two driving resonances. Typically, the diffusion rate was
80 slow that the diffusion range, or en average shift of a trajec-
tory, was much smaller than the spacing between driving resonan-
ces, s0 the initial disposition of trajectories persisted during
a computational run. To provide the initial location of a trajec-
tory within the stochastic layer, it was sufficient to get
X4(0}:— Xi(b/; (/’4("/:@(0):0/- Under opposite condition:
X,,[ojz X2 (0) the trajectory started near the center of the
coupling resonance (see Ref. /5/). Both conditions are indepen-
dent of the perturbation strength that greatly simplified the
computation.

The diffusion rate in energy (2) was computed. Since typical-
ly the perturbation was very small, it sufficed to take account
of the unperturbed energy (M=E=Q) only.

3 Computational Techniques

The iteration of Mapping (1) for various values of parame-
ters M, & and 0 (or 2, )ﬂz) and various initial conditions
was performed on the CRAY-1 computer. The code has been written in



FORTRAK language in such a way to have the innermost loop vecteri-
zed thet provides a much higher computation speed. Tc achieve
this, we ran 64 trajectories simultaneously. The computation
speed was around 85 MFLOPS (Willions of FLoating point Operati-
ons Per Second) that is about half the maximal gpeed (160 MFLOPS).
The computation time for one iteration and one trajectory was
about 0.34{.45, or 27 clock periods that corresponded 30 approxima-
tely 3.7 minutes of CPU time for a typical run of 10' iterations,
or 18.5 minutes for a few of the longest runs of 5'107 iterati-

Ong.

The 64 trajectories were distributed in 8 groups related tc
8 different values of the perturbation parameter/v! « Typical va-
lues of this parameter corresponded to:

1/\//:;' = 50; 100; 1503 200; 250; 300; 350; 400

end have covered a fairly wide range of the perturbation strength:

-4 x 1074 to 6.3 x 1075,
24

For a stronger perturbation the region of resonance overlap would
be entered (see Section 4). The driving force gmgll parameter £

was changed in proportion to m 80 that the ratio E//u was consg-

tant for a particular run. Typically, E.//u = 0.1 to 0.001.

The 8 trejectories of each group were chosen with slightly
different initial conditions to suppress big fluctuastions in Ar-
nold diffusion by averaging the diffusion rate over all trajecto-
ries of each group. Due to the exponential local instability insi-
de a stochastic layer, a very small variation in initial conditi-
ons wae sufficient for this purpose, typically

[AX;] ~ 1075 to 107°.
In computation of the diffusion rate, we followed the pro-

cedure developed in Ref. /b/ and described in detail in Ref. /5/,
namely:

2 ) (H,- 1)

m>n

To compute this quantity, the total motion time fm was subdivi-
ded into /\4 time intervals of length (At}k each. c';;e current
value of energy /L/(t} wag_then averaged over each of thege inter-
vals to give quantities Hm » The diffusion rate for a given pair
Ho ) H,, separated by the time interval @Z)-(m=-n) would ve
(H,,,— #,) /(Alf/k Jm-n|, This rate was averaged then over

all combinations msz£ 4 to give Eq.(7). Two diffusion rates were

computed in each run related to two different subintervals (AZ‘/
namely: a

(Aléz = —————-fm‘&x § /V,;: 100
400

(t), = L A

For a true diffusion process both rates must be close (to the
accuracy of statistical fluctuations). If,won the other hand,
there are only bounded oscillations, one would expect

3
(—%—- ::_—-—~(AZ(’} B (8)
D4 osc (454)3

since each of the differences (/‘/,..— H,, ) would decrease in propor-
tion to (AL‘)4 /(dsz For the same reason the computational value
of each :D in the case of bounded oscillations rapidly decreases
with the motion time:

-3

D, = 7 (9)

may

Comparing the two values (:D,,,'.Dz ), one can get a rough ides
as to the possible portion of aside (nor. diffusion) processes. It
is clear also that the Dx rate is much more reliable of the two,
and so all the datae below correapond just to thisg diffusion rate

D *



4. Numerical Results

An example of the dépendence of the diffusion rate (de-
cimel logarithm of D, ) on the perturbation ( 7//a’) is plot-
ted in Fig. 2 for the following set of paraemeters

IX(0)] = 0.225; S0 = 0.034065 A = 0.995 (force (5));
€/M = 0.01 with M in the range: /i = b to 400, end the
motion time ?f'mx= 103 to 5~1O7 depending on perturbation.
Dependence on »{///E has been taken merely in analogy with a
simple theory of the Arnold diffusion /5,6/ where the quanti-
ty 4/\/'/1" enters the exponent and, thus, essentially determi-
nes the dependence D(/u}(see below, Section 5).

" For the chosen amplitude (2 =|X(0/| = 0.225 the oscil~
lation frequency (0= 0.19, end the ratio W/Q = 5.5, that
is the aystem is located between resonances of 5th and bth
harmonics of the driving force. This frequency value is suffi-
ciently small to provide a low background. A rough estimate of
the background can be gotten from the 'diffusion rate' near the
center of resonance where the motion is perfectly stable for

‘e sufficiently weak perturbation. As is seen from Fig. 2 (tri-

angles), the background level Dy = 10723 for the motion time
Crox = 107, The rate 2, in this case is ~ 10~22 ag one
would expect from Eatimate (8). If f‘wx= 10b the background
(D, ) grows by about 2 to 4 orders of magnitude, again in
rough accordance with Estimate (9).

On the contrary, for initial conditions inside the sto-
chastic layer the diffusion rate does not depend on the moti-
on time fmaxwithin a factor of 2. This difference geems to be
mainly due to still appreciaeble fluctuations in spite of avera-
ging over 8 trajectories. As explained at length in Ref. /5/,
the fluctuations are related to the compliceted structure of
a stochastic layer, especially its peripheral part near the
layer edge. A trajectory may 'stick' here for a relatively
long period of time that results in a big deviation from the
average diffusion rate. This is apparently also the main cause
for an always present slight difference between the two rates

10

D, and D, « Typically, inside the stochastic layer
1 2
D,/D 0.8,

Another estimate for the background can be obtained from
runs with a single driving resonance (for the Force (4)). As
is explained at length in Ref. /5/, no long-range diffusion is
possible in this case. The point is that a single driving
resonance would provide the diffusion only in a certain parti-
cular direction in the action ar frequency plane of the sys—
tem (Pig. 1). This direction does not generally, and particu-
larly for the model under consideration, coincide with the di-~
rection of guiding resonance (and its stochastic layer). Since
the width of stochastic layer is typically very smell for wesk
perturbation, the resulting motion would be of the type of
bounded oscillations.

In Table 1 we compare the diffusion rates for a single
and two driving resonances as well as for trajectories near
the resonance center with parameters given under the Table.

We pee that the background as determined both near the reso-
nence center and insgide the stochastic layer with a single
driving resonance is practically the same and much lower than
the rate of Arnold diffusion. The ratio 2/2, = 5 x 10~° for
two background runs is somewhat larger than expected from

Eqe (8) but much lower than for the Arnold diffusion (first
run, D, /D, x0.8).

A low background value for a eingle driving resonance
shows that Arnold diffusion in the first run is really a long-~
-term one, that is, its range during the motion time tk‘ax =
= 107 is much larger than the width of stochagtic layer.

It is also confirmed by a special measurement of the lay-
er width using a procedure described in Refs. /b6,5/. Namely,
for a fixed perturbation +the initial conditions were chosen
according to the expression ( /34(0)=ﬁ2/0/= g)s

X,00)=a+d: ; X,(0)=a-d. (10

where P stands for the serial number of a trajectory group.
1t d= 0, the trajectory starts at the resonance center and
reveals only a background 'diffusion' as we have geen above.

11



Yet, as d increases a trajectory eventually crosses the sto-
chastic layer that is immediately obvious from numerical data
by a 'jump-up' of the diffusion rate. An example of the depen-
dence of diffusion rate on the shift d 1isg plotted in Fig. 3.
The stochastic layer is clearly seen at o =~ 4.5 x 102 in a
reagonable agreement with the theoretical prediction C/

= VW =5x 1072 /5/. The layer width ad= 4 x 107 is ol
close to the expected value zlagqﬂ, 4.3 x 10 -4 according to
the expression derived in Ref. /5/. Note that the diffusion
rate drops by about 8 orders of magnitude (i) at both edges of
the layer.

According to Ref. /5/, the layer width in energy is rela-
ted to Acﬁ by a simple expression:

A/L/:(I%Q/'Ac/ (11)

Whence the time interval required for the diffusion to reach
across the layer is

2
T oA @RS P (12)
/ > 19

where numerical estimate is given for the parameters used in
Fig. 3. Time intervsl 7" ig much less than the motion time
fhdx- 107, go that the diffusion is spreading along the sto-
chastic layer at a distance about 100 times as much as the
layer width. However, for this run, the relative change in
energy is only ~ 1%, _ . and even 4 times legs in amplitu-
de and in frequency cu(h/. This results in only ~ 1% relative
change in detune 5‘60:_(24—«) ~ cu__Qz,

Coming back to Fig. 2, we see that even for the weakest
perturbation with 1/?77'= 400 the background ieg more than 5
orders of magnitude lower as compared to the rate of Arnold
diffusion ingide stochastic layer. However, for a sufficiently
strong perturbation (4/Q;f < 80) the diffusion rate near the
resonance center 'jumps up' by almost 10 orders of magnitude
(1) end attains that inside the stochastic layer. This gimply
meang that the resonance center has become completely destroy=-
ed by a strong resonance overlap whose border is marked in
Fig. 2 by the dashed vertical line as evaluated according to
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Ref. /5/ (there, see Section 4.1). This line, thus, divides
the'whole perturbation range into two regions - the resonance
overlap, or a strong stochasticity, and the Arnold diffusion,
or a weak but universal instability. Note, that there is no
obvious change in the dependence 296%} between these two re-
gions in spite of a quite different mechanism of the diffusi-
on. This allows us to describe diffusion in both regions by a
single expression except, perhaps, under the very strong per-
turbation at the leftmost part of the plot in Fig. 2 (see Sec-
tion 5).

Another set of data is plotted in Fige. 4. It corresponds
to 10 runs with parameters given in Table 2. The quantity Sew
is the detune between the oscillation frequency & and that
of an adjacent driving resonance. In all runs of Table 2 but
the first the two detunes, which are related to the two adja-
cent driving resonances, are equal. If they are not equal,
the biggest of the two values should be taken. The point is
that, as was explained above in this Section (for more desail
see Refs. /5,6/), a long-range diffusion can be provided only
by at least two driving resonances. Hence, if the influence
of two resonances is different (due to a different detune, for
example), diffusion will be determined by the weaker one (with
a larger detune).

A large dispersion of points between runs in Fig. 4 is
obviously due to the variation of the model parsmeters for
thege different runs. Since our model has no immediate relation
to the problem of the beam-beam interaction we are interested
in, the 'rew' data presented in Fig. 4 are only of a minor im-
portance. We need thus to trace some regularities in this raw
material to get rid of the peculiarities of the particular
model under consideration.

5. Scaling

We may start with an expression for the rate of Arnold
diffusion in our model as derived in Ref. /5/:
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