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NONLIFEAR WAVE INTERACTION IN A FREE ELECTROR LASER
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Abestract

The nonlinear stage of smplification of a signal in a free
electron laser has been considered. The general formmlation of
the problem has been obtained. Two {ypes of the input eignal
have been arslysed in detail: 1) "white noise" and 2) two-mono-
chromatic waves. For these capes the values of the owtput signal

and the evolution of spectral curves have been obtained.

(%]




Recently the problem concerning the action of =& free ele®”
tron laser (FEL) at high gains Gr2 4 /1-3/ is being under
digcussion. The interest to this problem ig stimulated, in p&f”
ticular, by the experiments on amplification and generation ¢
the coherent electromagnetic radiation at a passage of the ré”
letivistic electron beam through a periodical magnetic field
/magnetic lattice™) /4-7/. Theoretical analysis of the actior
of the FEL at & «4{ (that corresponds to the experimental
conditions /4,5/) has been carried out in the authors' pape’
18/ (see also Refs. £2,9/). The eption of the FEL at Gy,
which is described in Ref /1/ is a direct generalization of =
approach used in Ref. /8/. .

As it follows Ref. /1/, in the case when the relativisﬁic
electﬁaﬁ beam passéb through the mﬁgnetic lattice of éufficiﬂnt
length, in the region of resonance frequencies the field
strength of an electromagnetic wave (ngignal") fastly incre#??
that is due to the particle bunching in the beam, the medhaﬂl?m
of which is, in some sense, jdentical to that which takes plaﬂ&
in the traveling wave lamp. This increase continues up to 8
certain universal level at whiqp the growth of the phase oeﬁll'

lations in the bunched electron beam ceases the growth of £ e
signal. This nonlinear stage of development of the aignal-wﬂﬂ

=

studied /1/ for the case of exciting the monochromatic elec*rc-
magnetic wave. If the signal is excited, for instance, from t:E
. h ij"

gpectrum of fluctuations, the wave interaction becomes sign
cant in the monlinear regime. The present paper is devoted ¥0
the evolution of the spectrum and to the growih of the'sigﬂﬁl
when at the nonlinear stage the ‘interaction of the weves wi I
each other is significant. ;

Let us represent the field of the magnetic lattice (nﬂdulEF

tor) as : b Rl E
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Fhere EF} E'ﬂ'ara the helicity unit vectors, Eﬂ-‘:}? -
i LM = i
hy ""?ﬂ J’f?-“ are the components of the metric tensor,
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tice field. The vector-poteniial of the wave is represented in
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the fact that the vector-poteniial Jg 4 has only the
transverse components means that the field of the spatial char-
ge is neglected. It is true if the wavelength of Langmuir os-
cillations is long as compared to the characteristic growth
length of the electromagnetic wave % (see Ref. /1/).
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From the equation of particle motion, in the superposition
of the weve and lattige fields, it follows that 3
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where ﬂ = ﬂ°+ ,_ﬂu s T is a proper time and &L  are the
components of particle four-dimensional velocity.

In the superposition of the fields (1), and (2) the trens-
verge part of the ge qralizeucn;enmm .5‘3_ is conserved, s0
that one may put P =0 (P, =54, ). Teking account of this,
the Maxwell equation for the potential of the electromagnetic
wave with relativistic accuracy has the following form:*
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where ;fa)=35(z‘u") du2, § is the electron distributi-

on function, mp‘-‘~= mezn/f,,,n. is the electron density in t_pe

beam, =ﬂ°{9’. Let us come now to the variables

DF o _

T =?¢- 2/;_ 3 E= /e (5)
Then the kinetic equation for the digtribution function is of
the form (with accepted accuracy)

* Here and below all of the quantities are expanded systemati-
cally in powers of .{/B,r ( X is the Lorentz factor).
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For these varisbles, the Maxwell equation (4) takes the form
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Let us E}roc;ed to dimensionless variables (cf. Ref. /1/):
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Let us note that, as shown in Ref. /1/, the parameter /" = %’
& ]

AY being the Trequency intervel in which the monochromatic

gignal is ampnlified, for relativistic particles i’"-::'< :f_ » More-
over, as it is showvm in Ref. /1/, Lf[—i,_-i%-g—m}wf” « Thia means
that & can be of the orcder of unicy. T-:lk:ing this into acco-

unt, one may write out equationsa (6) and (7) as
2% 1V9F <2 {S)O%
95*'( r/ o (39 *Jeﬂjg}"ﬂ
L .
3y s, (9)
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Let us perform the Tourier transform
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and introduce the new funcitions A4
:'_s_u LF(U-{)
F’v::fve r 9 Zv =6‘j-(-.;e (11)

For these functions we get from (9) the following set of equa-
tions: ;
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From the second equation of the set (12) it is seen that the
gignal with Y ~1 is excited and AV~ [T . while from the
first equation it follows that F'y do not vanish in the regi-
on of higher harmonics for the frequency interval of A /7
only. For this reason, it is convenient to introduce the quan-
tity F',..,m = Fg3.n near the n-th harmonic. After the inverse
Fourier transform we find
?Fﬂﬂ -i-t..HG"F' o '-D_’L::""__ E!‘_%E:-l-l__
95 & °G =T,
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Coming to Fy =2 E',e.mp{we have
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The first from Eqs. (14) can be regarded as the kinetic equa~-
tion for the function Fu where o is the "coordinate", & the
"momentum", S the "time", and the time i enters as a parame-
ter via the dependence # ('T') For a mono-energy eleciron beam
She boundary condition is Fk(s=0) = S’(G‘). The integral

Sﬂ'l'ﬂ‘ F'd (Ej ig the density of particles at the point e . _
From the said sbove 1t follmr.rﬁ that the second equation of the
system (14) may be written as follows:
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where ot (s, o} gpatisfies the equations of motion*

— = = - (’fe‘“’-#ze ‘""’/ (16)

with boundary conditiong
K (0 &) = Ko , G@) =0

The set nf equaticns {‘I;} and (16) does not r.mnta:.n any parame-
ters and their solution ylelda the unlversal behaviour of the
nh',fm::al proceas under study. In some sense, this asystem is
anaelogous to the E,YE-tEIII, which was considered in Ref. J’U’, but
posgesses the very important Mutlnﬁtlﬂ'ﬂ the spectrmn of sig~-
nal ig not fixed here. Note, that ‘this system ellows the solu-
tion in the form of a momochromatic wave, Substituting
Z= e“} t 3 (s) anc¢ making use of & col (S,c)
eagy to verify-the equivalency of the equations derived and
equations congidered in Ref. ,1"1;"'

= paﬂlodcclty, it's

A fhrthﬁr analyuls of tha asyatems (15) and (1) is numeri -
cal. The evolution of an electromagnetic signal has been stu-
died in two cases: 1) the input eignal 'ig a set of a large num-
ber of harmonics with random phases ("white noige") and 2) the
two-harmonice signal ies supplied to ‘the entrance of the system.
In’ the second case one can observe ‘the mutual influence and
growth of the number of harmonice which are due to the nonline-
ar interaction. The evolution of the spectral distribution of
the signal egainst the path 's' is shown in Fig. 1 for

S = T,B 9. The spectral energy distribution ie given:

a-ff-u
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when fiag {;:)_J = 0.01 at the frequency intervel ]| <3 (in i
units). It is seen that the signal excitation appears at the

# The transition from Tt =NT is equivaelent to the
trangition in the speciral repregsentation from the frequency

(P t°m£=mfﬁ 0




game width as in the case of monochromatic wave excitation.
The average (full) intensity of the output signal ageinst 's'
is given in Fig. 2. Comparing Figs. 2 end 2 /1/ we see that
the modulation depth of the output signal whose appearance is
due to the development of phase oscillations in the beam of
bunched electrons is much less for the case of "white noise"
compared to the case of a monochromatic wave, that is explai-
ned by the non-uniform growth of the signal on different har-
monics. The evolution of the spectrum when ftwo harmonics with
@) = -1 and « = 0 are supplied to the entrance is given in
Fig. 3. One can follow the energy transfer between various har-
monics. The average intensity which is slightly differ from
that in Fig. 2 is given in PFig. 3 as well.

All of these results have been obtained for the mono-en-
erpetic beam of electrons which reach the magnetic lattice at
a given angle. The presence of the energy and angular apreads
will lead to partiael "washing out" of the picture. Therefore,
the inequalities (21) in Ref. /1/ should be satisfied.

In conclusion, it should be mentioned that the physical
mechanism of generation of the electromagnetic radiation in a
free electron laser, which is discussed in the presented paper,
is analogous, t0 a certain degree, to the mechanism in the case
of developing the beam ingtability in a plasma (see, for examp-
le, Ref. f10/). ;
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FIGURE CAPTIONS

Fig., 1. The spectral distributicn of the output signal at
different values of s : § = 7(1), § =8(2), § = 9(3);
the input signal has constant spectral distribution in
the interval iwW(<3 with random phases ("white noise"),

i‘g-z.(g) = 0,01,

Fig. 2. Average intensity of the output signal as a function
of &5 for white noise (see caption for Fig. 1).

Figs. 3. Evolution of the output signal when fthe input signal
consists of two harmonics ¢ = OQand w = -1 at
ﬂi?ji= 0.01. The frequencies of the harmonics are in-
dicated, symbol ‘T° denotes the summary signal,
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