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Abstract

Dirferential cross sectlons of the processes eteTs ’lr‘y
e I WYY, M4 L THITYY  ere calculated in a kinematd-
cal region in which angles between any pair of partlicle momen-
ta in c.m. are large compared to thelr mass-to energy ratio.
A1l cross sectlona are expressed through explicit universal
combinations of four-moments components. Two check-up tests are
suggested: soft photon 1limit and. collinear kinematica of photon
emisgion. Both are fulfilled. The cross sections of the proces-
ges e e-y.XXJ [‘\‘T‘ Y x ,]l"{l_b’ere'prlelgented‘tor comple-
tenese. : ’ CoT

-~ The motivation for en investigation of inelestic QED pro-
ceeee- is two-fold.: The firet one is an examination of, validity
of QED predictione in high ordere of perturbation ;theory. For .-
this purpose storage rings with a total energy E ~ 1.GeV._ are
preremble ag compared with E 2= 20 GeV ones, since the croes
sections or large-angle QED prooesses!decrease as B 2 ’

‘ ~The second reason” ig’ the necessity to’ Imow’ in dete.il "the'~
QED background in studying of etrong end ‘weak interactions ,in
e, te eexperiments. *The- traditional method in which the modulus ~
of . the matrix, element sque.red is’ calculated becomee inefiective,

i since 1t requires trace calculations by Mbrute force"

Recently the elegant method;for ce.lcule.tion oi’ helicity am-

plitudee wag- euggested [] 2] and’ applied to croes section ca.lcu-

lation of: Qﬁsgqce?eeﬁ mg olad some of 2—»4: ete” --*43’[3]

+f" ¥y L4 vete-— e're-efe- *eT *{u cross sections was per-
rormed in [6]+ In'our work [5] the cross sections of e e—»’l‘f'r
and e e-bn’é'e were computed. The que.ntum chromodynamice (QcD).
three e.nd iour jet produotion proceseee were considered in [7]

e
i

i‘In‘this work we' obte.i.n the cross sections or‘e e 43’ ,
eect. 2, f\‘f’r«'afx (sect.’ 3). e+e"]a' (eect.*4) 711'11 XX(sect. 5).%
In sect 6 we o‘btain e.n e.nalytical expreseion ior the croee sec-
tion of two dirrerent Iermion palrs production. "For complete-
negs .in this section. we p_resent ‘cross sections 6f 2-» 3 pro-
cesses ete” . 3Y , MF'X’ e*e”) + REMY.» Alliour results are
given in terme of billinea.r combine.tione of Bpinorsfof initie.l
partioles, which are caleulated in Appendices A,B. ‘.T.'he deecrip-
tion ot photon e.nd fermion helicity ste.tee is given in sect. 3y 4.
"‘he results obtained e.gree with thoee or!etraight rorwe.rd celcu-
letion with e.pplying oi “BoLt photon approximation as well as the
que.eireal electron approximation for the kinematical region in
wh.ich one of .the photons 18 'sott or emitted close “to 'one of the
che.rged particlee. Theee tests‘ e.rerperi'ormed in. eect. p3edy S=o

Ti ™t B RV

( rhe helicity emplitudes of double 'bremsetrahlu.ng in the
production of . a charged ‘pair have 'a’ factorized £orm 'in the case
when the chirality, etates of photons are the same.: Remaining
e.mplitudes have rather cumbereome torm,: oA - O TETH e it

¢

_We ,con.s_ider the. case then the energies of final particles

3



€; are of the same order, whereas their relative angles as
well as the angles of their directions to a beam axis i’: are

large compared to ml“/af « In this case all the particles can be
considered as massless:

24"”21 6c~1 y Me =0‘ o1
The cross section of three quantum a.n,n:_hilatlon has the form
dvee_ L L Ll s ]
3’ 871 s Z{n x:.x).r}x3 (1.2)

P
dwt\dwtz.‘if} B{ )(P *P_\'_‘-—-!l—-[;)

where

Te=Pde , =Pk, s=(p4P)

The cross section of single bremsstrahlung in e
on into a pair of muons has the form

*e” annihilati-

L — W (atteuend) dadrde
3n's 3, %ol Lo (1.3)

LN ’(wﬂzpq.-n,

where

W= - ()=l %) [iss (Lxlye2tises)+
AU (Ao + U(st 4T [4Kbe K1k a T

o= @th)  E=(4)" , u=0-1"

5= @, L4, U =4S

The cross section of single bremsstrahlung in e*e™ annihilati-
on into a YN~ pair has the form:

(1.2)

(1.5)

AR . S U+ U,

d@l :V—E.EXW)(——S';{'_X

%

{roq " 5 (et =K. (1:6)
t % o .

The cross section of single bremsstrahlung in ete” scattering
has the form

déye*e-’n.za” A7 W [ss(s+st }+H,({+ﬁ‘]+uu,(afu,‘}]
s ss tt
(1.7)
7.4 “
%‘L—T 3 (Pt qAL).
+0 -—o 0

The expressions (1.2-1.7) are valid in region (1.1). The chd-
racteristic feature of the processes with two charged particles
in a final state is the factorized form of cross sections. One
of the factor,W , is kmown factor of accompanying emission.

It usually arises in processes of soft photon emission. In this
case the photon is not soft.

2. Process e‘e”—> 4)

The four quantum ennihilation process e’ (P )+e™(p.)—
""X(yﬂ +ﬂh] g{[;)fﬂh] [3] is described by 24 Feynman
diagrams, ich we will numerate by an order of their emission
along an electron line. Chiral states of electron and positron
have the form (A.5)

Un(p-) = UN =AU , V3R = Vi = VR,

(2.1)
Wy= LO+AYE), A=£l.
Chiral states of photons:
)= 2n/(v-)[p+P.x Wy~ KPP0, T -

M= d* [ rponT

Chiral amplitudes are defined in such a way



|‘MMM ;\n}‘h ).f \ ek
Wl —(‘(]&) A l’:, '

My _y —Pfe v -k Pk (2:3)
eh ([‘!) O "hﬂ*-b’f“[m&‘t il B AW Jﬂl 3 Kﬂ} ‘_-

() T 2Py,

= Oma
where ME } is the matrix element of the process. Due to pa-
rity consemtion one has for X |M]" :

n
| ;;i:;?:)«r[ H ‘{qu 'mhh?\:)«rl =
(2.4)
Eﬂm)ng \m”‘“‘“l = 3Cn)t M |
and for croaa section: dsp (4{)
Q*Q_,‘{J/ l(
C(GV vaﬁez M [-( 8 (P p-
(2.5)

—Vm VK ) |

where 2E - is the total c.m. energy, (4-!)"‘I arigses due to the
identity,

M v Zlm?\thh}‘q'l (2.6)

Chiral amplitudes va.niah in the case when the chirality states
of all photons are the same (it follows directly from 2.1-3):

m‘\"“‘*"" LT ED) (2.7)

It's convenient to cast the remaining 14 amplitudes into a tree
class:

(N*‘H'Tf-'-), (m—“*{—...) ,(mH' L E TP ) (2.8)

It's sufficient to compute one amplitude per class, while the
others can be obtained by permutations of the photon momenta.
The Feynman diagrams 3124,1324,2134,2314,3214 contribute to
M+ t+— ., The first pair contains terms proportional to (P_:Y,-fj)

Dty 5o, Rk p¥
2! IT NV (R i % P\‘“‘(p—wg[ K Zp*

0.0+ s P T e

Rearranging the Dirac matrices and using the Dirac equation Et(=
-V P.(.=—0 one can reduce this expression to the form

> V(P P Y(BertKe) PebKa (P KiKa) P [k (PH3) +
H‘s((’:h)]hw_ll(t]:svP_\LqP+P.KquP+w_u, byg=b=t%

So in the sumzor 3124 and 1324 diagram's contributions the pole
tem(P—H-[;Jdlsappears. The same fact has place for two remai-
ning pairs of d:.agrams As a result (see App. ( 84))

WtEL 1"((1 N(L))'S Vo [ Rke Py KaKy Pt ke P PKiKsE
Rl e Tl = 2 (nd(n))(~zs)(p+g,, (2.9
V0 Vylo-Up) =2 (n W) 7 Ky Ve

A gimilar result can be obtained for the second class amplitu-
des:

Wk (ﬂd(n\ -2 Cyp V¥ W-U=
=t (TN $' e b

Consider now the third class amplitude YW’ « Feynman diag-
rams contribute 1234,1324,1243,1423,2134,2314,2143,2413. Four
of them contain the pole A-;;'_
their sum:

(240)

-

terms, which disappear in
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W+ S V()W =
= 25-8° A (Wte),

The contributiona of another diagrams contain pole terms a A|3,

A.-t?; ? A_;; ) AJJ« ? A,, =P Kt"‘) « So the 1324 dia-
gram's contribution:

4 n,u(m) ATV (k) Py (Pt Fa) Ky (Pte) Pl U
can be transformed, using (1.3), to the form:
-2"( fmtm) Ky V PPk P A by Pep Pk - U =- SRV Ky WP
Yy Bg Yo WP KW= U v BT Ko+ T b Bi o W=V -V E(W- U=
= =282 Ky, 27 (ta A, k),

The expression forM (2.6) takes the form (all the notati-
ons are given in App. B (B.9)):

4 2
M=4 E{Mkc-( e thi )+ £ Fangl 4 [ Frsaal ™+ | Fusa %

(2.11)
+| Fanw\l‘* \Fy,nll’* \ Ffml\z] ,
Fasi Ai',_~ (Y‘!'Hf.?.)_l,‘AT;'KJJ:K‘I_I:%*(!L’;AIS, & ""4;:"{21-' (2472)

e - ~; * -2 *

K (b Ban o) At T o) — A by Y, FH g K

The remaining quantities F can be obtained from (2.12) by means
of permutations. The expression (2.11) coincides with those ob=
tained in [3]. This is evident if one takes into account the
identity:

“‘\’.u_%*(h, b, o) =2ek0 J;If 2, 1) %*( fyKs). (2.13)

In the case, when one of the photons is soft (say yf.l-*o ), the

8

second term in (2.11) coincides with the first one:

(M)seﬂl» =2 é:: Lo oo (K1), (2.14)

The photon-ideAntity factor 1/4: must be replaced by 1/3.! This
result can be obtained using the classical current approximati-
on as well.

3. The process .e+@f¢(f’—)"’I"‘Yq\"}‘f‘/"_@"“*{l‘d‘f'&/ (). .

We shall use everywhere the photon polarization vectors:

g\ =2l [ F4k 0, ~R 40,7, M= 4L0d "

(3 1)
The expression (3.1) is well suited for the case when the pho-
ton is emitted by muons. In the case when photon is emitted by
electron or positron it's convenient to put (3.1) in the form:

eq,\ﬂmﬂe[m Wy B, [=cp By 19l=1.
/JP J"[&P P+V-P-\‘1 g B = (Qq{.ep_‘_) 25M?M12([)q_)7+)|t)

Let us define the chiral amplitudes in such a way
M hehda T L 5 W R W L
ma Lt kee e (‘”hl) MA,—A ’ L_—: Qr'(ﬁj 0y l(kz) V)Ie‘f -

- y 0 1
Wae- Unp 4" Vpelde) O apss.
When calculating the square of matrix element modulus summed
over spin states:

b-2Aa 2
= ‘MJQZ - =
’ﬁ\Mﬁl = 2 (4n) Faid (Maa| 44
b-2ada
= 2 (4na)! Z |ma = gl DAL o
Only the amplitudes m ;1'*, md.+ Yﬂa, must be con-

sidered. Remarkable simplification takes place in the case,
when the chiral states of photons are the same. Consider, for

9




4=t 4
example, m + Six Feynman diagrams contribute to it:

M= W,a B ob- (o (P (P Pyl TV 09,
e AEATRURATICE) AT RAT RN (Y %va’(u,mu_wcs .5)
T et - W + DT A % )0V

notations introduced are: A-=FP—K~L2,

A= N\rﬂg?:n@uf ) %__._'[ll’hr‘:- Bie ) C= A’nj#gezfm 9= A/Hﬂ/bt
‘ (3.6)

S <QaArY, 5= ¢ Y §=qeqth, = qeqta, A= tkita

To perform the summation over a virtual photon vector index
in the first term (3.5) we insert the quantity (equal to unit)

(Borte fpw) BRLW TMRL =L

Y A
Using the completeneas properties of spinors u_ wa (4) U—q i

V-(-(Q)V.Q.(Q} ). 1 one can transform it to the expression

#%A}'M’” BieBa H ) H= Vf{.w, V(4 @) PW- UL, 3-®

The same calculation for the remaining three terms in (3.5)
leads to a result :

m:—++: ‘S%H[SMPB‘#S,A’W:( [S'Jll’gl“’+s"‘f2‘!]. gt

)=

Taking into account the relation found in [2]

=" 4% ¢ .10
AN 45Ny [ 2L - (-,fg 3 ;,-;*7_,1) —

10
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 The square of modulus of m+-*+ can be written as

\m-t— ++|7- (1P+‘(-) (,v‘ %,) (%1_7%1)

' Three another amplitudes with the equal chiral states of pho-

tons have a factorized form. Their contribution is

L e L L
(3.11)
T S A ?
\
where

£y, u=(pA4? s=( p#p.ﬁ,z
LaCet’, U=(r) 5= (49

2
Remind that the quantity —('pr'M{) is the known accompanying-
emisgion multiplier which emerges when a soft photon is radia-
ted in charged particles interaction. Here both photons are
hard.

The compensation of pole terms A_z, ;{v 7. doesn't have pla-
ce in the case of unequal chiralities of photons, so corres-
ponding amplitudes are more complicated. Consider the amplitu-
de m"""" . Using the photon polarization vector in (3.1-2)
one has:

Lo AT A2 ) S e by 2 zg“’

+att) S rer T g Ty w.W%HBVX

P.. h W=l u (1—)(-—1,_6{_44.) -}}‘i{.\w_\l(qd +C V (-{LP-{-P-) "_'17';’: ‘(3.12)

frio_ L TR qera ) + DUl Bt 4

2 A
'l-‘h.q,q*t' Au! ("11 “)‘( A ‘Qt'h qq h 4‘A"1

o
T bt v,

where

11



Nofzbie . Nighaeba- o phase
H"NlpIJlPBkh b= (';Pljx;’ (':+ o)’ = ,45 *(3.13)

Performing the vector index r\ summation with the help of

relation
T U - BEIBAVG= 5 30 PRI B0,

L=V pw VG TAIP-U , L= s{uw, Gl

one can express (3.12) in terms of bilinear combinations of
spinors of initial particles Z , ?_‘u $ ‘2\1 (App. B, (B9),(B10)).
For example, let us transform the trace (3.14) appearing for
the term in (3.12) which is proportional to A AI':_‘

R 0 Y Ny Vo P PR P Y e P)- = 45 -0ut) Jp Wi
P Wb K By Wi P= 28U TV, Vel WV -VoN 4,

'q1("u/+ = "1&3 u| kij_‘ }*(4f; Al}., kz) =

In the same way (3.12) takes the form

My = ﬂ"&j rl r.&*af,an.rwf-z b0, B 1 +252 )

E(4+,P-‘V1\]H +B45%E) 24 4 (441, 461 + (3.15)
+C ("1(5 2)%*(44*{1,‘{ ‘?:u_(‘q-(ﬁ-l -{#) +@[{551 us ?V(Acl-)klﬂhrzﬂ-J

Lfsg‘i & %u(An ;¥-1 .‘l—:l’-s;‘f+) 1'9-522 (q+z"1+’?" 2“(-% T ?"]}

where =
L=V rw-Vle) - W@ IR W-l, Ap=Ptte,
'A. =-pthatly, Ap. —thty,, A’"_'—' ety (3.16)

Consider now the amplitude W\ B Using the same quantities

12

A-D which were accepted in (3.13), one can write

A R
”\i‘; 3 e gR- W i V) B VY (lPrd-W” W) ey
4-WeV@d +C V AACAVARIS K@) 4+ Y Vi) +

+DV X,.w_w U341z 4 A RYACER) A0
= X B B 496 (qetv)4-3 0+ VG4,

Summation over a vector index in ful]fanalogy with m can
be performed by means of identlty

% A@Iw-U
VhAw-Lo- B b4 = V“’*meet R R0, .10

The resulting expression can be obtained by means of "line tur-
ning" operation applied to muon line also. Using explicit ex-
pressions for spinors (A4.10),(A.12) one can be convinced in
the validity of the relation

a(ﬂﬂ-.- Xp‘ 'U-e V(Q(J :‘v(qdmlmr : X‘i W u (q-) £ (3.18)

Applying (3.18) to (3.16) one can rewritten it in the form

(3.12) with a replacement V({“} (..;a(q_) and change the gene-
ral sign. As a result:

NE.H- -sl:Eh {A[‘D—éﬁ Yu_ *(4- Amkz)_i,s_-é-tuz'(h,xm.‘{-ﬁ) !

l‘l.

BT ) 2@y 4] + B4 E) 2(¢- ) W, 319)
4- vq+)+ C (“f S 2) %*(_P++K1Jqf) 2 h(_q" tl)qﬂq' + 9[4:?2‘2\!@7»
Kdotasde) + l‘—?}f“—‘?u(:&u RA R AV T (q++rz,q.,fr*)iu(—1,4.,

Qﬂ‘{—) ) ~
T = VEW-UY)- U(qdhu.u |LI=$ \IE (3.20)

13



-3 = =%
Expressions for amplitudes “\* t and M can be obtai-

ned from (3.15) and (3.19) by relabelling photon momenta K &f;:

(4, 5)=Ma (k) k),
(3.21)

-t -4

-;_' -+(Y4:tl):ma. (tirn) m

Cross section of the process e *e~ +{"?’J/ has the form

de €rryy_ 1 (my)! £u dh by A%
L gs@m? 1M L fo e (50

. 5 Mj(?—f“‘?—'ﬂ"‘f—" ‘Kz),

where

M=2g ({*é’*“ 2eu)0h -2, VOB %)+ [ s ™" e

(3.23)
+ M +'I « (KoL),

A factor ( /2.') accepted in (3.22) is due to identity of pho-
tons, since in (3.22) implied the integration over total phase
space of both photons. The expressions (3.15),(3.19) have ra-
ther cumbersome form. To check-up their validity we suggest to
congider two different specific kinematics of final particles.
First, consider the "soft limit": let the energy of one of pho-
tons be small, K,,-)a « In this case, the second term in r.h.s.
(3.23) coincides with the first one. The multiplier 1/2] must
be omitted since the photons are nonequivalent. As a result one

has
4 L, f 'HH’“I
d svefe-v'r“r‘ F@)_ i(g%m‘)— =3 (V%) (%-9,)

3 r 4 (3-24)
P L dndt 00, ﬂm)
Q40 -0 Wi W
This expression can be present in the form of the product of the

cross-section of the process e*e'—bf\"}'ﬂ'f (1.3) and the probabi-
lity of soft photon emission:

1A

d Qﬂar(\na’ dd\gfe-"'f‘ff"da’(h) d”{yl)

(3.25)

where

or"rz

(3.26)

To check the expression (3.15) we note first that in a limit
F2—0

W5 = 2o SRt 2 -2B 21,
q'f') q-—) ’2282?&){—) 2',{(4{(’“}?—)4*) '5&(4—;4{ ) (-, 2“(4++h) 7—) f‘f) E.,

where

b

Using the conservation low Pu+P_= ‘ff*q—"’t and the
properties of 2 quantities (App. B). Expression for
can be written cast in the form

e B k2
2 o = uu 2 - )%(—& syt +
(3.272)
+$,Nig | [Srp Brot Sy,
The similar calculation gives for the amplitude m;++—
e — —SL 2(‘?— P_t)g(—kﬂ'llq'd
W\u "L,,»O" .H_‘ Ss, [SN B“ ; (3.27b)

+5ihq ] [SAaghr-tSing].

Taking into the account the relationsl ?{44)

[;—E{lm_qdlﬂﬁ;

15



One easily obtains:
4=+~ ++-i2 +=— —4 - -f2.| &
™% e el e =
(3.28)

L [l 0 R

" The independent check-up we suggest is the situation when one
of the photons, is hard, and is emitted close to one of the
charged particle direction. In this case the cross section of
the process e'e"—>QAYY can be expressed through the cross-
-section of e‘e™>ady using the quasireal electron's method
[8] Let the photon with momentum K, move close to the direc-
tion of ,1 meson Kinematical invariant K,}ﬁ which is small
compared to ‘é. must be large compared to muon mass square /ll
(see (1.1)). .Photons aze nonequivalent now. The cross section
have the form:

I = TNt ) 1), 0.9

where the cross-section dﬁ\.vf‘*l“*{"‘_a’
(1.3) by substitution q+ - 141[2 ;
g vl (gw)%ed T 4
K
d\"JQﬁ t;( r.) it ﬁ'nz w'c'-(é +w,) (q* KL)

can be obtained from

z ., (3.30)

4. Process &P+ (0> 4| «€Tq-) +5(x) +¥(K,)

Comparing this process with e"e'-“-ﬂ*{" Yy one has 20
additional Feynman diagrams of a scattering type [5] +« They give
an additional contribution m to chiral amplitudes m'f'A [
as well as & class of new amplitudes for which the chiral sta-
tes of initial particles are the same m-'t"‘\ M | The scatte-
ring diagrams contribution to the amplitude m""l\rh m—""\“\‘
equals zero due chirality conservation:

m""')ﬂh e m&"*!‘l)‘l g (4.1)

16

To compute the scattering diagrams contribution to chiral amp-
litude YI* ~MM2 the photon polarization vector is written in
the form

A A +.
En=Cr O ) Co=-(Gh en), C7=(2)=-2608) iyt .1,

(4.2)
& s
C;l =20y 14px Wy~ W—ﬂwa] N3 =${l’ [P4- Prqd] ™
in the ca-se when photon is emitted by electron and in the form
o= D8h , D =(e " NNy Byt
q» ,\en,\ ) AT (%) Qm),@\»-"ﬁ(‘{fn 4V V(4:3)’
4o
=20 [P - ] | Na= 3 [PeRE4E]

when it is emitted by positron.

Using (3.11) for definition of kinematical invariants the
scattering diagrams contribution is present in the form:

AettAe—1\
ms&t Bl UM’O he. V.xv O VA& 2;. UJ eAz(tz)

59 2 o
O *0 = { SK[“A‘.‘L [Xg : d“f&'P-r X?] Iu:,,f_wixa“ r&‘[ﬂff

- h Ty p St
2.?—\’-2{ [Kezq Y'J. Qq__x:J? Arz[ Xr‘ ﬁ[ ;;!J"%-l’ (4.4)

ALy A+ -&m e Peta -4’if|
Xg -2&11&‘] T Xf‘ J.P%Fl&‘ ufﬁ.% Ig ;&1‘ I‘.'u;*ri I'A"'[X&@k {E‘l’

e P T S o o

1' A 24+ —m

+"r1 1K

Xr*Z} %20 3}-* ~ zqfr rfl( ~(044) f@f,. P:-:_;,‘y? X gl
e H P‘fz -+ = L

+bfeiq A Zfr-*b}-ﬁ&;.x' *5“-2?1-.{?*%* I+ ‘1{; [l Jox X"—‘H Xd\}

Ag= Flle-k11, Et‘ (qewth), 9= P4 ha .

17



Consider first the amplitudes with the same chiralities of pho-
tons. The virtual photon's vector index summation may be per-
formed using the identity (see (3.8)):

*
TEA-UE) VB U-Vg) = H %“*—J{l bR 6.5
NN/ 3% N
p—_

The scattering diagram's contribution to W comes from

terms which are underlined in (4.4). Using (4.5) for traces

calculation and the explicit expressions for photon polarizati-

on vectors (4.2,3) one can convince that the pole terms A—;' 3
P in the total sum disappear. The result is

Ay Ao D,
S gB = = .
iy LT LIRS g PN i

s So et UU,

: [m,?cfh t D ] :

Using the relation [2]

(4.7)

%Alac',,-f{, A}ntg)t :’SAJPEt-Slnlf :

and taking into account the annihilation diagrams contribution
(3.9) the total amplitude will be:

It bl [obbaeesib] (L4
b S (thuui'el 4., 2°44) ).

One of multipliers in r.h.s. (4.8) can be written as:

o SELT6G | 400
ttuu, G4+

(4.8)

The square of module of this amplitude can be written using
(3.10) in the form

\m+ -H.l 5 55{:{-, ('v}i fl) (% )7_- (4.9)
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Similar expression can be deduced for |l s S0:

—2 e
I+ = i‘%&ig‘ﬁ(gﬂ%f(y&.%)f (4.10)

From (3.11) and (4.1) we obtain

=t \ —t-- {{“{'('ﬁ
\m l l = gg-tf (W 24f (% ﬁ) (4.11)
+-+=
Consider now the scattering diagrams contribution to m
To perform the contrac.tion over index ’\l the equation (4.5)
rewritten in the form

0B ) VIO = 2o AR D0 672

can be applied. Further trace calculations and writting them in
terms of bilinear spinor quantities (App. B) can be done direc-
tly. The total amplitude W'~ *~ has the form:

geiaer m; *' e (4.13)
where Y| o:+— has been written earlier (3.15) and Yn+ o
the form: 'm;_'*‘ ._(SL /Sﬂbh ) ﬂ+ e
I I - 25U
AL . N ’JzG\» CAEN ‘f—*mﬂ'(‘h:f’"" - Iz _ﬁ.; y “(hﬂv[ﬁ;
B ,q4)— (q_w‘ ”; 2(’-'17“:.)2(11,4 )] +Z V 22|+g1+ T?—ﬂu'
lﬂ&f (4.14)

(et 2 (et )+ S50 0w el o b Atk 1) -
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S{|u| : ‘)2 +ﬂ| k NACH.:DJ...
(v a2l ”]+ oo 1)

n/va C -
i % (q' F—Ef+r'2l q*) = A(’;, Alq;_:)zmﬁq Lqﬂ.(q *hl (4 I")L

The quantities f\‘& I\jn are defined in (4.2) and (4.3)
and the remaining ones in Appendices A,B. Chiral amplitude
m+ =N ‘can be obtained from (4.13) by a replacement of photon
momenta.

mE T ) = mt T (). (4.15)

Consider now the chiral amplitudes proper to scattering channel.
It's sufficient to consider m-H' "2, since we are interested
in squares of modulus of amplitudes m"""AIM the phase factor

- of emitted photon by a positron can be chosen as unit;

=583, Er=-(@hen) 254l Eube)=
(4.16)
= -

where the quantities euh 1 ga,\ are given in (4.2),(4.3). Cal-
culate first the amplitudes with the equal chiralities of pho-
tons. For amplitude m++++ one has from (4. 4)

M = 4T, ) Us(R) TRV (0) 047 (- NN E B

|'

| n
[P.(q-ﬂﬂwt(‘t-ﬂ“zh-?-gi_f AR ARE L AV Sl

*g & A ket kTP, - i’;u’u{‘ By P (440l % (g

Pl a‘w (N ExeP(q: ) ook f (et e

This expression can be performed, using the identity

20

LWP*++

T AU VRIBNY) = 45 Apq-ARRB40s,
R= VoW UR) - U(@IW-V(Gy)

can be rewritten in the form

= Sty

_t.--.
m+ has similar form. Their contribution is:

2.2
e G S 7,

-t-
To perform the summation over vector index,u in amplitude m

(4.18)

3” st 2(4-4¢) [N, EH+{1N,“][{N1 Ezf“‘tﬂin]

(4.19)

(4.20)

it's convenient to apply the "turning line" operation to elect-

ron. Using the formula A.13,A.8,A.3 one has

U QW tl®) = TP 0,., W)

~
where O{‘“ differs from Of‘ by opposite order of Dirac matrices.

(4.21)

Applying "turning line" operation (4.21) with the identity

E(P—)Pﬂ W- U(4-) % VP BW-V(qs) = gi’:l:-'t_‘ V(P) PW-Ug) -

) RV (4 -Ap -AGP P B e Pl

(4.22)

4+
to (4.4) the expression for ||| can be written in the form

m+*+-= (ST VOIM_UG) H(PIRMV@E) - 4 Q

Q Nt Nl EHE1—§A1_P.q lP-’f-JP.q_l\A-b? -—P p{-b‘(pq-‘-&,w__ A" P—Xr .

Wl 0= QARG P Qe P P Pta) . (g) RA- -

21

(4.23)



Xf‘ 4,p +|{)_} - {1: N,"AA“ 5 1—1’-:& P__}{IA P0eds (CRetts) Pl b, A;.& U

= i’z R ENA lg- A Yo P RN Rl P ) + P (r PP (D)
B:_(—q.ﬁ,] P+f'l+Pth} * Z;-" N f;"l-‘t"EH P—{r 90924, (“Pf‘f[;)@q«f Pf W_—
— NI Ea P-4 a ¥ -0 R ) P e

In apite of complexity the traces in (4.23) can be easily ex-
pressed in terms of bilinear combinations 2 (see App.B). The

result is h-ﬂ-H'-(--\ L. (3 /:':JT&_") m-H-f- ‘ A
K= 10 2.0 P00 hh) - 2o up )
Y*(K\)q- ) + { 512‘.(4-, .‘ll)%(q-*n;‘k]] + %Q [ié“lZ(q.,f.f)-(4-24)

FUetta l o k) + B2 i L (X AN (] NYRAR R TR AUAR

.2(4-,4+-r1)]— ;{-'r B, 2Pt ) 24,9, J"qTq 2(4-) P-¥y)-

v 2(((-;7-&' K') ’

A\'-' M”N;?EH B Br: N':}N"" Be , Ci= MHMJEZ-)
@lt A’[“N.l".

t4-+
Amplitude W\ can be obtained from (4.24) by means of re-
placement of photon momenta:

M )= M) (4.25)

Differential cross section of the process e'e”—, e'e” ax has

the form:
s @)’ Prdy Prds

)
= s " e To Voo o D (=it Ht)

{ 3 2ie r (2
M= s [55 (Shes bty (Celd pruu )] (%2 (%)%

-\{ |m+ +_| _++-| * )m-*H“lz‘*'(V\“’kz)] . (42D

T Vg .
?)P %l_ XA ‘?~ G’

m+-—-+-— ,m--H'— m+++—
)

and the quantities )
(4.13),(4.14),(4.1) and (4.24) correspondingly.

are given in

In the limiting case when one of photons (K;_] is soft, the
cross section (4.26) has the form (the second term in r.h.s.
(4.30) coincides with the first one):

- i U w + 3
NN _ e (4.28)

>0

where the cross section of process e+e-—\6+€-y is given in
(1.7) and dW(Y,) in (3.26). In the kinematical region, in
which one of the photona,\(z,is emitted close toﬁ direction
the cross section is given by (3.29), where d@-ft.-tp“r' "¢  must
be replaced by ds-'e e~ eteTy .

5, Processes e'e" >NV, Wﬂ]’*

Consider first

PACTIGES XA RCBRS (I (5.1)
Here we will assume pions to be point like
F;.(‘I’J: 1{ (5.2)

The chiral amplitudes are defined in so of a way:
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N T Nes e ¢ oths
m?*eée_—\’(md Up GLJO"‘F’Q? (), (5.3)

O - Dﬁ* mﬂ 2@ 20 r](‘r*lé,.+s¥[[‘1-"i+*'~1»'
",‘;““‘* (At BEEe 2 g0 T = Mttty

244K
It's easy to verify that the quantity O (5.4) satisfies the

gauge condition \f(p,,,_] OQU(p_) ke = (O . The polarization vector
of photon is taken in the form:

en; = 2 [ 40 G g g o -Grupr 5H ]
Ny= (44 g

In the case when it is emitted by leptons we rewrite (5. 5) in
the form

Oxh = ae [ Fhb- Wy~ PAX W, T, Ne=7 LRe: B e,
e‘:’d)xee. A3 Q=105 )=2Neti ¥ M-mp‘”“:-gs"lﬂfeeﬁﬂﬂi’-ﬂ

Only two chiral amplitudes m':_ '-=mf, Mi-=m"~ are to be
computed. Starting from (5.4) and using (5.6), (5.5) and the
results of Appendix B one has

mt= f's-: (SNQQ++S|A/n) Y(‘f-;‘h},

(5.4)

(5.5)

(5.7)
W= fSLi(sMe(b_J«S,Nn)Y(q—;‘IfJ-
r 8
Taking into account that Wﬂ-;ﬁh)I: %t!ui )W(f-ﬂ{)li
one can obtain for a square of modul of matrix element:
_f - -

> \Me e-ntn &\Z:thn&)l(‘mﬂz* \m_lz) Z:
n (5.8)

- & (4nd” (us tin) (%= %)™

The cross section of (5.1) has the form (see (1.5)):

24

Mc*é >0t Y oLZ Z{(tu‘f‘ﬁul}(_‘) (%__fy&)?..

sn's i (5.9)
el d s 2 .
cg g R Uil

‘WP"V:{) :[‘( Epe - ¢ tq_'{‘t [7.55. [{.@42&,(54; J*“(Si*S,bW,(s,ht‘sg.ﬁ .10)

Consider now the process e*e” — Ty ¥ ¥
AR S ARSI CARY(CIR (SR (5.11)

We define the chiral amplitudes in such a way:

Mo = Uy @I0%Use () €43 (gefw), 5012

where

OS""' 'L[Xr = (a/d“ 2 %‘f&’g

P4

-ﬂr‘*fl P.-"Kr "P++|5|
a@)m S TR

bk Stk
=R (535 e, 5 gy, ) éi%‘](‘ﬁ* *a +m)z (xf* ekt
-\—b’g‘_iﬁl'ﬁ)(@-?#g) £ tgn), 00y, )+ (5.13)

(q,gqihlz Q}P-ﬁ L ‘ﬁ‘ 20K Xr‘)((‘( gt rllf" —L (4"#" —2 I )

(@ Aewt) [ 240 lfﬁ’*“' # 4K z(w.J %o,
f %E@lﬁ:[ ‘f"‘lq fgr]*— (Aetithey "7{}}1:

" q++h (4= '4++Hz)c (@At
-2l S hada e e e -

24 ofgr/(q-h Ao/ (1eh)+ Moo /(0:1s) + 2 Gop/ (@e0) .

One may varlfy that the gauge condition is satisfied: the r.h.s.
(5.12) vanishes at substitution ¢ —=> I (or €, k). It's suffi-
cient to calculate only four chiral amplitudes MH = m‘H' %

» WY, M~T . It turns out that chiral amplitudes W*¥, w™
have the factorized form.
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Congider first m++ +« The corresponding contributions are
of four types. In the case when both photons are emitted by
leptons (the first term in r.h.s. (5.13) is relevant) one has

Y NieNpe 222 (b'*&u \'(P-JKI- P-H'E)LRLP Kz-—-—- p+P_¥,+P+P|!. ks P+P-¥1
(5 148

W-UL(R)-(4 —4+1,.. =1 > V() A9:) (0 kota) P UG, e Wi

= §s—5. du d’1L+ NigNze V@G- Ge Pew- ().

In the case when photon ¥, is emitted by fermions and the
other by pions one deduces from (5.13)

4nin" @
e Vi (- on) 24 r

. ¥
2 Sy 24}

This expression, using the identity

YT [@et) § ~ -] q+p‘*“f\if‘-‘}d"?+4‘ff K‘Y:('-' )”-‘6;'\44/‘_ (2 3)-
= 448 (A-Me) -2 3K ¥ (4eq),

can be presented in the form

FN\eNap B V 4GPl U (5.14b)
The similar expression

SNmP&a@H V-4 Pew-W, (5.14c)

arises for the case when the second photon (with momentum 3 )
is emitted by fermions and the first by pions. When both pho-
tons are emitted by pions, one finds after some algebra:

4’:\_-\7@ W-U "\’m’i" ¥ e q—(‘ﬁtﬂz);;l‘f-f“'%(qimw (5.144)
~{ SLpapr q_" 9« (feti-thth)” = _—sj' NinNan V [(et)) qed-wy
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A eI w- i = SNt V-4 P W- W

Taking into account Y q.q.tP+w_u=5X (1.,?1‘) , one has for
sum (5.12a-d)

m++-= 25 s X (¢ e (SMIQ Qufﬁll n Sn) (Nze(tz{ S+MNapy Sr)_

(5.14)

The analogous calculation gives for 'm“

0= SY(Me (MeSD+AinS,)(MoeS ot Mens, ) (5-15)

+
Consider now amplitude Yf\ « One may write it in the form

Nyeha 44’ - ’lﬁ/ ﬁjznb& ‘Mlmﬂmfﬂl—
m‘l" l.f.._'__;_?-l-—-z—ﬂee (q:_{ ‘f‘lz.) ﬁ (qf*{-th)" ﬂe,_]'l, (5.16)

M""Nmﬁnn ;

where the quantities n,_ can be found from (5.13) using (5.5),
(5.6),&3\31_19 the Appendix B. The result is

P =~ 225 24,8 K1 S 2, (4., LI5S 200 1,0

Ac.n,? 2s 2u(—-P+“’¥|,4¢,‘{_,q.,+?_ﬂ,_) s Ao, =253, @,«Lﬂ, (5.17)
Q4+9-)P-1a) 7 Ann= 45 £ 4- A;z[i‘*(rlr e+ 2 e -]
A+L L (1) 9600 9042 (4 4 1)) ¥l Fz(%,f.,h)w“"(‘fﬂﬂ‘hlk’

where ‘
Ay =qethtls) Ar=3(Py-tt) , 4=9, (5.18)
A‘IL.___P_‘_-(-p_"tl,z.

_ Amplitude J™% can be obtained fvom (5.16) by relabeling the
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photons momenta

m-+(h|'-aj= -m*-(h,lh), (5.19)

The cross section of p ocess has ;he sfo "
oyt

ane -ty ﬁ’__ :lif y M quf:4 dBd¥, Bf t&#..“qf'f:h'ftj,

to 1-¢ o

N ““""“"(z;nfq.\(m (I on),

where (' /21) takes into account the identity of photons, the
quantity WY (g drawn in (5.16-5.18). In the soft K, pho-
ton limit \m*’l coincides with the modul of expression (5.15)
end |Ww"t| — (5.14). So the second térm in r.h.s. (5.21) co-
incides with the first one.

(5.20)

6. Process e*'&'-*ﬂ*r*_‘-f 1

Consider the process of creation of two different fermion
pairs in e*e” annihilation

(6.1)

Celp)+e_() - [ Qi)+ -G )+ (e@.)+1-G.-).

It is described by six Feynman diagrams:
q <% A 1?1-4' 1= itlie
}é{ )y (= q:.—‘f"fﬁ-, 162
+ * s b q p++p_

It's necessary to calculate four chiral amplitudes:
L 102 T2 boat 2 (== 2 (ar==12 "
Z M= 20" Q" [Im e+l (w2 (6

2
where we believe the charge of q particle e@ ,€=‘|7H s and such
a definition of chiral amplitudes (see (6.2)):
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m“*— = (V@) (W U)* () (VG (T, WVl

oLpYOzE
0 0= Hz[frm_%ﬁfgm x,]xyaf)g»+ (6.4)

“ \"Iz) (-4 {s) %ﬁh (6.5)
+ 5 1X? [b, (q:*q )1 (q"’q 2 d‘]*‘};" rg*%\ [qq,_*”

ched, 0 *X*X@ Yox0, !&r Yo X¥o ¥Osr
Yot )i 3 Ve ¥y Xdo %Og
T e SqF
Performing the contraction on vector index ,6© in the calcula-

tion of M'H' introduces in r.h.s. (6.4) the factor (which is
unity)

1 = (P Peb- UCA) 5 V() P-0- U (Hs.) VA, )WV -

TP UCE) -U () PV V) P0-Vse) A8
ST (20:4-) @20-92-) (2R4) (2092¢)

The modulus W]'Hl takes the form: |\Wt1|= g'sp 4 [2?,,?,_-2P_ffu-

20024 TH e L *;TL%P POy mq,.yﬁqum.rwap,u_

'\"Sqd‘P P+3§P—P+‘f|-0€s~ G4 P93 G R0 54 gf’ E(—.ﬁl’. P+4J— XP‘[HP 72—'

B++ g‘f"f’ _C.:_t
Qﬁ‘qz{»P.W—— ges gq Y . E—z?:_"- . sq % .

Instead of (6.6) the relation

: . & UGIUR)

1=0® Well@-) V) P-W M@, ) V(@) W-V(Ee) 204, 6
W) P V(fye) - VO V()

Q200 2Pl
is convenient in calculation of amplitude W) . For its mo-
dulus one has:
W = [2P4 1”#2”1-29'({1*‘] 'SP",

(6.9)
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= ses (L +};—: 55 ) =l OGPy i ¢

4%&% DY 1= O 2 ¥ 0+ 27 30 PRI 004 P % O ..

The identity u(q'—)w-m”
{= M(P.)”«l-uf‘ﬁ-) V(QN)N..UM,,_} V(qﬂ) PVl ————— < 2p4,

U@ W V(fie) - V) PN-Vhoe)
2 P- By A fo- ) W
helps one in the calculation of amplitude M . Its module

has the form |W~t(= [S 209, 2&1”.2%12_1-%‘ 4 Sp_.,.’ b
c"f
L o (‘WL s Sr(, ) 7{%’?}*? &O;P-‘ﬂ»h@‘fmz.b}'lu&w_

(6.10)

(6.11)
T R A X 0:: G G- Yoos P-W-+ il??# kBP9 5041 01;1%“"-

At least the relation

A= (I(P_] P+‘\]—u(4|-] V(q|+]”+ U@..) V(qw) W-

U ) W M44) VW Vo)
204, 24 G- ‘

+...
is useful in calculation of amplitude m « Its module has the

torm: \mt-|= [s zM.- IR R T

YOR u(slk)ria-a(i’_)
&" (6.12)

ik
Spreges (Ao B+ S0)= =572 I RO LG 1 g, Ve
%Pp ﬂ (6.13)
42 PR RGO it Jodhe + Sy 0 % 004 14,
Ogr‘fu—w—-

Further calculation can beé directly performed using the results
of Appendix B. The result is:
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A+* T 4|+-—' qZ-.L 2*(4::(»,?-'4!4 ) ql-) £ Q- 41-\»-?!4 (4;-,P:‘Iu,‘iu)

(=4* ()
B.H. "4H-—[a'(qz— ;4{—141)42+1"{22_7H-¢)8“ 41")4*"11*‘] qHYéﬂ-ﬂlf Y@"ﬂ,ﬂ,
(4-+¢)* O A L
C'H': T —}(q&piﬂl)%*(ﬁ-ﬁI-J 4,‘{2‘!.[4‘2-&4(4*"4' ’q"ﬂ")—{”l'z"(("%ﬂ"’%)‘l.
(4-t4)" (14t9)* e (6.14)
g bl S ¢ [foes B, P )2 il P4
DTy (P) ’
+
b= 4|+LY*(4|~,41.)% (4;-"41;414») 4;-.. U 42—,%#’4;) ¢ (4&,7&) '
(4; +4, ) (Ge+92)" 1
o el Y08, 420 titi¥e 5
(4,4, (Tutq)* 1512
B g ) e %( :
(- ‘”2 ) 12-) 1111-) (P q?-)fH)P:‘?z,‘fu);
& = X,(ﬁ*ﬁl_gg(ﬂﬂql RZAR Ml +M;+‘fz—)'2 (‘i#‘]z ,ﬂ+) .
(4|-+4 ] 4!-&"'4:.)1 )
¢t~ s .41*4_2*(41_*‘(.,4,_ + L o)X “¢4- qu)
(4,+ 1 )1 ( fret q) 4,
% 4\'__ _41"%*({3"?:{' 1"“1 42+ qul—;P'fz ,qz-,ql-t-) ’ e s
i (P-4, (b—42)* /
-+ _ qp-%*(qlﬂqt o) ld- e -2 (‘Zl-;ft; %) .2‘{.-(4&{2-
; =g * et Y

31




4
'-'f‘ qu—ﬁ- 41« ? *‘f ?(41.4-"‘11)4!-”41-)\((4& I-)
e (‘b—“"? ) ) (4444 (6.17)

The cross section of process (6.1) has the form:

dﬁ\e\‘a-\rfr'q‘{ ‘ZlQ [lmHl o1 - +{+|m+_l:(

3 ) % (6.18)
d&l‘-{e‘: ‘:uil)- ij:fgjl— %(q’(’f"'b“qc+"(f—"7u'fz-) ;

where the quantities (] , M are defined in (6.3), (6.7),
(6.9), (6.11), (6.13-6.17). It should be noted that in the re-
gion (1.1) the main contribution arises from the Feynman diag-
ram in which both heavy photons {; , {, are emitted by initi-
al particles, since its contribution contains the small denomi-
nator [(p¢.)*—Me | + So the kinematical constraint

- == - =
-+ = G-+ Tos

for the process (6.1) must be fulfilled.

We are grateful to S.I.Serednyakov, V.B.Golubev,
V.S5.Fadin for useful discussions, and to S.I.Eeidelman for
reading the manuscript.
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Appendix A

We use the following metric and reference frame

s 2 XY
aﬂ'«:aogf’ag b P_:(E,E,0,0)’ P+= (2)"&': olo)- (A1)
The parametrization of momenta used through all the paper is:
Q= 0ot 0y, @ = Aytily , 204= a+€.+a_£»mi*—d;§2,)
p-+ = P+..=2.£, L= P-H-: P-ﬂ_’" P_L:—O.

Dirac matrices (standard representation)

Y= (34) 001) 6‘()65( £1,6=05),
zrox,m—--b’f‘, B G Y ¥ =200,
Vo X = 2o =2 (3358),

We construct using (A.3) the projection operators and the char-
ge-conjugation matrix

0001 4
o =t =($3) 5 C= = (§638), o w4

(A.3)

S Bl=4p

%f_sﬂ(f"mfﬁxﬁ‘xs =lZpvge ) Zopy =+, strr':-f}//“ s, (9
. Jﬂc =’X’.‘TI {r\):t =%(1i}§) ) ("J++"J’={) U:=h& ,U;.U_=0_

The useful identity
X’A(G‘.C- g/"_& a,.+£Aif..lf,,ﬂ"g”c*)—;E(ﬁf—d)%—(fb;—d)ew.g .

Chiral states of fermions are described by spinors:

U (P)= = We UC) ) Velh)= Wz V(P) : (4.5)
Ne=Vwe , Uz= YA

As chiral states of the i.nitia.l electron and positron we choose
the explicit expressions U.(H u > ViP)zV :

U= ()5 U= (W), W=V (WT, W), Tlewu)
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v=Ve (%), =z (%), G (wrw),
L=l Cw-wT); w= (5], w=(24) s
W:(é)) W[T= (’1,0})

where we omit the arguments of initial spinors. These spinors
satisfy the Dirac equation

S _n A~ -
P+ Vi: Vt_ P+ e P_.u/-_t =Us P = 0) (A.7)
the completeness condition
p— A % "
U =W = -
PR TN N (1.8)

ui‘—u:‘_’:‘ viv;t_ -:.0 A
and to the charge-conjugate conditions
-_-T' _ i e _ T —_ B
Vf‘c —"V:F ? u.,-;-_c "u? ? Vta/o'—"'Vi)ula’gat; (A.9)
—T i -
CVy =iV, CAL=Clly , ¥ollially, XV vy

Final state fermions with definite chirality satisfy (A.5), and
the Dirac equation:

Qe Vet = Ve (402 =4 Us () = s (4) 4. = O, ilos

We choose them in the form

° e
u*_(q'\:f?: (__VJL) ) U+(Q=E(wi)w:)) We= C‘*‘Cney) (4.11)

e g
e (S5

where the polar angles Gi are counted out from the direction
of montion of the initial electron
A

@_:{:AE_ ) 5+:?(1E (A.12)

U =VE (V) » U G=T5. (w)W2),
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and the azimuthal ones are the angles between the some plane
containing the beam axis and the plane containing the beam
axis and the 3-momentum of final fermion,
) %a, ﬂj
)

ACAE r( lJ Vi (4= \r( -WJ)JW‘:' bin &

it + 9
V)=V () =T ) wi= e

v/ 10,,94-
The spinors (A.11) and (A.13) satisfy the charge—conjugat on
relations, similar to (A.9)

VI@)e="tVa(g) , UI@IC=Ciin(y), @
CULAI =1 V(4 5 CHIM= U5 (1),

(A.13)
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Appendix B

We have expressed the chiral amplitudes of processes
2 =>4 in terms of bilinear combinations of initial spinors.
We will refer to them here as the averaged of matrix products.
These averaged products are divided into classes, counting the
number of Dirac matrices in product. Note the useful relations
between the averaged products of the same class, which follows
from (A.3) and (A.9):

Uy 0 = 0 Vo bl Ty -l ™ iy 5.1

- (B.2)
* Y] Foad —
(u?ﬁa""d" Uh) =Vha“md'ah ’ (u)‘a.“-d-. uf\zrr‘ un\;,dh"‘al qu 5
From (A.6) one obtains for the zero-clasa:
E*V+:V+U += -0 Vo=V (l.=2¢. (B.3)
Caleulating the average of @ = é‘,’nl"— (G "”,) with the

explicit form of spinors (A.6) we obtain for the averaged of
the 1-class:

.\7_‘_ ﬂ,u,__: H.(. av_= (f:‘:.d V-f-)*: (V—_ﬂ a-t—\*" "‘22&1_ 2 (B.4)

ReQU, = au =250 ValVe=V_av.= 152y . (8.5)

Average of product of two Dirac matrices dg multipliers are:

Vo 08V, = (Tbau (e ab iyt Vbawe= 25264,
Wbtk =~ 00 2oy 1) s Vasb = - (T-abv, ool
where we use the notations

ai=a-de-a2l, \Yah=ad- 6.0, Yo b-ad - !;czl (5.8)

Averaged agc of third class are

i, ahev. = (1 abeve) = Vchau = (Lcbau =222 (a6c) (8.9)
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{74 ake Wy= (K ahe Uf_)*"' 253, 'f’c)}-—V:_dC\[;-‘(@& v')tﬁg"(a' ‘,’C}’ (B.10)

where

2 ho= Cwb-¢, 70 h) 5 2k 80= ¢ 2wh-cYu b
Zy(a, ﬁ’,c:\ = C. 2da-cXX¢ ﬂf) ‘

A
A Pa
The average of product of four Dirac matrices a&d are:

Uetbed v, = U debau=~( Z abed V.= (T debaty )ijai’@,ﬂc,:// B
‘a,+afcdu,_—. (Tdeball,) =25 Tn(a b d),
Valadedv_= (idebaly)*= 25 (@b d),

(B.11)

(B.13)

e di= Yah X e wh e ;
2, @ fed)= Ya)*a Y 2@ 3wl

2,040d)= X(6ued) £X(delR(4a).
Pinally, the five matrix a?@}é‘ average are :
Va 0dede vy = (VakedeV)*= 252, (@, bedie)s s
Uoabedew, = (Tabedew)=2:% @46%, - e

where

'*CLE(‘QJX*(({,C) ; (B.17)

2l loha=c Tadaed e Y)Y te)lY Bapled) +6 e Y e

Note useful relations, following from (B.1), (B.2) and the de-
finitions (B.10), (B.13), (B.14), (B.17):

%V,u.(ﬂ, g;"—) ca et,u(cf 6’,0.) > %“N(a,ﬂc,d) == ?glu(‘&’:gﬂj.

(B.18)
Q\G u(d,‘.ﬁ,d,@) pe= %;u (e,d,(, ",d) )

we give the particular case also
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2. 60,0, =C, i) he+ XU TdeciXbaR (de)+

i(r-,41= A6 r)= Y, O=X@,p)=0; ?.(ﬂ,‘}ff({ﬁj:lag;
T@bexdai=Ya heYda)=0; bl Lypralbpbaw, .
In the case when one of matrices (,... ¢ coincides with B. or

?_ the corresponding bilinear combination can be presented
as a product of two bilinear combinations. For example,

% (a,@,P+,c,d}=2-\iﬁ+a€&cdw+u,+=ilt 0. bupcdu, =

=L ookl Toed i =25 YOURICR
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