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ABSTRACT

The order a*(m/M)Ry shift of hydrogen P levels is found. The
corrections are predominantly of relativistic origin. Our approach is a
straightforward extension of that developed and applied by us previ-
ously to positronium P levels. The corrections to the Lamb shift in
hydrogen constitute numerically §E(2P; ;) = 0.55 kHz, §E(2P;;;) =
0.44 kHz. - ot
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1 Introduction

Measurements of the hydrogen Lamb shift have reached now high accuracy.
Experimental values of Lamb shift for n = 2 are

1057 845(9) kHz [1],

1057851.4(1.9) kHz [2).

The corresponding theoretical accuracy for the hydrogen Lamb shift would
be obviously very useful. In particular, the recoil corrections of the relative
order a*(m/M)Re (Roo = 109737.3156827(48) cm™! is the Rydberg con-
stant) may well turn out comparable with the quoted experimental errors.
Indeed, in positronium the order a*R, corrections calculated in Refs.[3, 4]
for the 25 state and in Ref.[5] for the 2P state reach 1 MHz and 0.6 MHz,
respectively. The hydrogen correction addressed in the present paper should
differ from those numbers roughly by a factor 8m/M where the coefficient 8
reflects the dependence of the positronium result on the reduced mass m/2
which enters the shift at least in the third power. In this way we come to the
conclusion that the discussed corrections in hydrogen can well constitute few
kHz.

The a*(m/M)Rs correction to the hydrogen 25 states has been found
recently[6], and constitutes -0.92 kHz. As to hydrogen P states, the calcu-
lation of their shift can be done easily within the approach developed and
applied by us earlier to positronium P states [5]. This is the subject of the
present paper.

Recoil corrections emerge from two sources. Some effective operators
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contain M~ explicitly. When treating other perturbations, independent of
M, order m/M corrections originate from the dependence on the reduced
mass p of nonrelativistic wave functions, entering the expectation values.

Major part of corrections is of relativistic nature. As for the true radiative
corrections of the order discussed, for the states of nonvanishing orbital angu-
lar momentum they originate from the electron anomalous magnetic moment
only, as it was assumed in Refs.[7, 4] and proven accurately in Ref.[8].

2 Contributions of irreducible operators

2.1 Relativistic correction to the dispersion law

Let us start with the kinematic correction, generated by the v?/¢* term in
the dispersion law for the electron,
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To calculate the corresponding expectation value is a simple problem in quan-
tum mechanics. So,
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The result differs from that of Ref._[t')] for positronium by a fairly obvious
scaling factor. |

2.2 Relativistic corrections to the Coulomb interaction

This perfurbation operator, as extracted from the (v/c)* corrections to the
Coulomb scattering amplitude for free particles, equals
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We are neglecting systematically here and below effective operators propor-
tional to () in the coordinate representation, their expectation values van-
ishing for P states. This energy correction is

EQ = &, {15—6 (1 —ﬁ-ﬁ-) + g(a-‘ij (1 - %)} : (6)

Calculational details pertinent to the problem can be found in Ref 5].

Fig. 1. Z-type double-Coulomb exchange.

Now, due to the Coulomb interaction electron can go over into a negative-

_ energy intermediate state. The corresponding contributions are described by

Z—dia.gram presented in Fig.1. The corresponding perturbation operator is
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The energy correction generated in this way equals

(1) _ €n 2
EG__-E (1—5;5). (8)

2.3 Single magnetic exchange

In the noncovariant perturbation theory the electron-proton scattering am-
plitude due to the exchange by one magnetic quantum is '
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In the dispersion law for electron it is sufficient here to confine to the non-
relativistic approximation. The proton current to our accuracy reduces to

F7",~5) = ~5a (" 45 (10)

We omit at the moment the hyperfine contributions induced by the spin part
of this current

AM =R
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where ¢ = 2.79 is the proton ma.gnetlc moment. All nuclear-spin-dependent
effects will be discussed below.
In the electron current we have to keep the (v/c)? corrections:
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They produce the following energy shift:
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Let us consider now the retardation effect. To this end the currents can

be taken in the leading approximation, while the perturhatian of interest

originates from the second-order term of the expansion of the factor [E, —
p?/2m — ¢]~! in (2.3) in powers of (E, — p*/2m)/q,
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Fig.2. Single-magnetic-single-
Coulomb exchange.

Fig.3. Single-magnetic-double-
Coulomb exchange.

Magnetic quantum propagates for a finite time and can cross arbitrary
number of the Coulomb ones. Simple counting of the momenta powers
demonstrates that it is sufficient to include the diagrams with one and two
Coulomb quanta (dashed lines) crossed by the magnetic photon (wavy line).
In the first case, Fig.2, the perturbation operator arises as a product of the
Pauli currents and the first-order term in the expansion in (E, — p?/2m)/q:
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In the second case all the elements of diagram 3 should be taken to leading
nonrelativistic approximation:
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One more energy correction of the o Reom/M order at the single mag-
netic exchange is due to the electron transitions to negative-energy interme-
diate states (see Fig.4). To leading approximation one gets easily
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Fig.4. Z-type single-magr_leﬁc- Fig. 5. "Dcuble-magﬁetic exchange.

single-Coulomb exchange.

2.4 Double magnetic exchange

Let us consider now irreducible diagrams with two magnetic quanta. To our
approximation they are confined to the type presented in Fig.5. Their sum
reduces to
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3 Corrections of second order
in the Breit Hamiltonian

Next class of the order a*R., corrections originates from the iteration of the
usual Breit Hamiltonian V of second order in v/c.
Omitting again nuclear-spin-dependent terms and those with §(F), we
present the Breit perturbation for hydrogen (see, e.g., [9], §84),
4
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is the unperturbed hydrogen Hamiltonian for the radial motion with L = 1,
written in atomic units. :

It is a simple quantum-mechanical exercise now to derive the second-
order energy correction from perturbation (24). The details of derivation, as
applied to positronium, are presented in Ref.[5]. In the hydrogen case the
result reads : i
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We substitute now into this expression values (26) for a,b, ¢ and single out
terms ~ M ~?! of interest to us. The result is

E(3)=En{4ﬁ'i'+ 3 347 + 15 _&,i-(419+ 3 23 )} (28)
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4 Corrections to the hyperfine interaction

Let us discuss now the energy corrections induced by the magnetic interac-
tion with the proton magnetic moment, i.e. relativistic corrections to the
hyperfine interaction. The complete relativistic expression for the hyperfine
level splitting in hydrogen reduces to the expectation value of the interaction
between the relativistic -electron and nuclear magnetic moment calculated
with the Dirac wave functions: :

r
—_— X O

EEI;!,(HH; F) = ﬂ‘ﬁ (ﬂtj r3

nfj) (29)

(here ji is the nuclear magnetic moment operator, which is by itself ~ 1/M,
@ are the Dirac a-matrices. This formula can be derived[10], practically in
the same way as the Dirac equation itself, from the analysis of the Feynman
diagrams.

The non-trivial, radial part of this expectation value can be conveniently
calculated by means of a virial relation (see, e.g., Ref.[11]), and the final
result reads

2 BE,,;. E,.j == m/2r¢

ok j(j+1)—a?
(30)
Here Ey; is the eigenvalue of the Dirac Coulomb problem, k = (I - j)(2j +1).
Of course, the discussed relativistic correction to the hyperfine interaction
can be derived also in the same way as that independent of nuclear spin
(see the previous sections). In such an approach the .contributions due to
the retardation of the magnetic interaction and to diagrams 2 and 3 cancel
out, which just corresponds to the instantaneous nature of the magnetic
interaction implied by formula (29). The final result of this calculation (it
is presented in the last section) coincides of course with the a?-expansion of

formula (30).

ﬁEhf.(ﬂfj; F) =

(+ )b(_;'-i-l) {l+1)+1/4]a

5 True radiative corrections

Even the true radiative corrections of the a*Ro,m/M order to P-levels can
be presented in a simple form practically without special calculation. It was
suggested in Refs.[7, 5] and accurately proven in Ref.[8] that all true radiative
corrections to levels of I # 0 are confined to the electron anomalous magnetic
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moment contributions to the single magnetic exchange and to the spin-orbit
interaction®.

It can be easily demonstrated that only the Sﬂconduorder correction to
the electron anomalous magnetic moment, —0.328a2/x?, contributes to the
order a*(m/M )Roo shifts of hydrogen levels with I # 0. In particular, as
well as in positronium, the anomalous magnetic moment contributions to the
first-order retardation effect and to diagram 2 cancel.

In this way we come to the following expression for the radiative shift of
hydrogen nP levels

£ _ 0.328
rad =y ﬂ.z 3

(ﬂ";)(.?’p)
279—-“*12 3G +1)} (31)

6 Results

The total correction to hydrogen P-levels independent of nuclear spin is
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Its numerical values at n = 2 constitute

§E(2Py;5) = 0.55kHz,

They are somewhat smaller than our crude estimates outlined in Introduc-

tion.
The hyperfine corrections at given total atomic angular momentum F can

be presented in an analogous form:

>Unfortunately, in the paper|{5] on positronium by three of us, the contribution of the
electron anomalous magnetic moment to the spin-orbit interaction was lost. This correction
to positronium P-levels equals
0.328 ma®

LS.
w2 24n3 >

It constitutes 0.0032, 0.0016 and —0.0016 MHz at =0, 1 and 2 respectively, which is too
small to influence the overall numerical results.
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Numerically these contributions to the hyperfine splitting of 2P;-levels con-
stitute
Ans(2Py/3) = 6.12kHz,

Ans(2Ps/2) = 0.38kHz .
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