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Foreword

This report is a summary of work, which was carried out for the working group
” Accelerator studies” on the long terin perspectives of the Gesellschaft fiir Schwe-
rionenfurschung mbH (Darmstadt, Germany) by the Budker Institute for Nuclear
Physics of the Siberian Dranch of RAS {Novosibirsk), during the period covering
March 1996 till March 1997. It describes a feasibility study for the future electron-
nucleon collider with the luninosity 10%* 1/[cmu®s] per nucleon in the energy range
V8 =10 + 30 GeV /1. The participants to this report are listed below:

N.S. Dikansky, A.A Didenko, Yu.l. Eidelman, LK. Kuksanov, P.V. Logachev,
A.V. Malinin, P.I. Nemyitov, V.V. Parkhomchuk, D.V. Pestrikov, V.. Ptitsin, R.A.
Salimov, B.A. Skarbo, A.N. Skrinsky, M.E. Weis, V.E. Yakimenko.
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Chapter 1

Introduction

In this report we present a feasibility study for the construction of the Electron —
Nucleon Collider (ENC), which could provide the luminosity of electron-nucleon col-
lisions L = 10 1/[ciu?s] iu the range of the center of mass energies /s = 10 + 30
GeV/u. The envisaged operational modes of such a collider should enable the colli-
sions of electrou against the bare ion bunches fromn protons till US%,. Two interaction
points should be forescen in the collider. Colliding bunches should have at the inter-
action points the longitudinal polarization.

In order to avoid huge beamy currents, so challenging value of the luminosity
must be reached using the most of the modern beam handling techniques. In this
report we especially examine the Himitations on the luminosity performance, which
are specific namely for electron - ion colliders. More detailed technical study is left
for the future designing of such a collider. This task will be partially simplified by
the fact that many requirements for ENC are similar, or close to those, which are
specific for the future electron - positron factories (see, for example, in Ref [1, 2]).
For that rcason, we asswine that relevant technical solutions, which will be developed
for B (or, C-7) factorics, can be used in the future design of ENC.

Initial data for the estimations in this report were chosen as closc as possible to
these from Ref.[3].

1.1 Zones for Experiments

As we mentioned, ENC is planed to have two interaction regions (IR). The require-
ments to the main interaction region are well defined. It must contain the detector
solenoid (f Bdl = 5 Tm, similar to TOPAZ [4]) surrounded by two spectrometer
dipoles (f Bdl = 1.7 T, sec also in Fig.1.1). Optical requirements for the second
interaction region arc not well defined yet, except for an assunption that the -
function at this interaction point can be large. Since a collider with different optical
properties arc more difficult in operatiown, in present design study we assmme that
optical propertics are identical in both [R. Tle studies of the more realistic cases are
left for the future design.
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The optical scheme of the main interaction region should provide the observations
of both the large angle {6 > 10°) and the small angle (# < 3°) collisions. For that
reason, the optical elements in the main IR should be placed inside the cones between
3° < # < 10° (see in Fig.1.1). Since transverse dimensions in such a cone increase
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Figure 1.1: Schematic layout of the main interaction region. Transverse dimensions
are measured in meters, 1 - large collision angle zones, 2 - small collision angle zones,
3 — equipinent zones.

along the path, these requirements may pose additional limitations on the designing
of the necessary optical magnets (see in Table 1.1).
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Table 1.1: Inner and outer radii in the 3° + 10° cones along the particle path.
Distance from IP w1 25 3.5
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Chapter 2

Design Concepts of the ENC

‘The lnminosity of nucleon-electron collisions for the bunches with the rms length o,
and round cross sections reads (see, for example, in Appendix A.1)

L= LyF(o5/0), (2.1)
Here, Lo is the luminosity of the short colliding bunches (&, < 8):
NN, €e
A e —_— 2.2
LD beﬂ'ﬁGi(l 4+ X) yX € 3 ( )

while

2

a

2 e dse” Os
F(() = \77r/o [ ¢ig? ¢= i

- is the form-factor, describing the "hour-glass” reduction of the Iuminosity due to
the finite bunch lengths, suffixes ¢ and e mark the values related to ion and electron
bunches, NV; and N, are the numbers of particles in bunches, ¢; . are their emittances,
3 is the value of the F-function at the interaction point, A is the atomic number of
the ion. As is shown in Fig.2.1, the lumninosity is a decreasing function of the bunch
length. For that reason, the bunch length (o) should not counsiderably exceed the
value of the S-function at the interaction point.

The design goal is to find the parameter sets of ENC, which enable in the electron-
proton till electron-U%5, operational modes the luminosity L = 10** 1/[cmn?s] per
nucleon.

(2.3)

2.1 Limitations on the Luminosity Performance

2.1.1 Beam-beam instability

Let us first examine the limitations on the luminosity performance due to the beamn-
beam instability of the colliding bunches. This manifold phenomenon will be dis-
cussed in more detail in Chapter 3. Here, we use the fact that the strengths of these
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F(o/B)
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Figure 2.1: Dependence of the lninosity
on the bunch length. This graph shows that
foro./0 = 1 the luninosity reduction factor
is about 25% as compared to the luninosity
for collistons of the short bunches (0. <
3). For o, /3 = 2 this factor increases till
approximately 45%.
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instabilities can be described in terms of the threshold values of the beam-beam
parameters. For the case of ENC, the beam-beam parameters for electron and ion
bunches of the round cross section read

N;Zr. e?

Mg € 2.4
: AT Es MeC? (24)
and
N.Zr, e?
AL i v 2.5
& drAvie.” ¥ myuc? (2:5)

Here, we take that velocities of the colliding particles alimost coincide with the speed
of light (v;. & ¢), Ze is the charge of an ion and m,, is the proton nass. If we express
the luminosity in terms of the energy of the colliding particles in their center of mass
reference system (1/s)

s = (mpe®)? + (me®)® + 2E.(E; +[ —Tnzﬂ)
=~ 4E6Ei: Yis Ve > ]-3 (26)

where E; and FE. arve the energies of the ion and electron respectively, we may replace
Ye in Eq.(2.4) by Y. =~ s/(dmemypety;) to find

NiZry Vs
€ Z3 s 27
S = T2 L mp(,‘z 2.7)

Assuming that the threshold valuc of & is better understood and taking as a base
the value &, = 0.05, which is cormmon, for instance, for B-factories [1], we stand for
N;/e; in Eq.(2.1) its expression from Eq.(2.4), or from Eq.(2.7)

Ni o 4_’[{56":{6 ﬂ-geﬂf

& Zre Zrei

That results in

- 28e
L= () foep e SFIQ) (28)
&2
Le be( ) FQ gttty (2.9)

These expressions show that the luminosity increases with an increase in v, or s,
but for given s and N, it decrease with an increase in ;.
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2.1.2 Space charge effect

The calculated values of the ion bunch densities should not contradict to a require-
ment that the so-called Laslett tune shift for ion bunches

?2 Niry I
A Anvde on/or

must not exceed some threshold value. For a conventional ion storage ring this
threshold depends on the modulations of g-functions and generally can be increased,
if the modulations are not very deep and if the superperiodicity of the ring is high
enough.

As was pointed out in Refs [6], for the reasons, which will be discussed in the
Chapter 3, for ENC with a strong cooling of ion hunches, the emittances of electron
and ion bunches must be set to be equal (x = 1). In [7] it was also shown that in
the case of ENC with two interaction point% this threshold value must be some safe
fraction of &. The reason is that, if Avy, > 2& (two interaction points) and provided
that x o~ 1, the incoherent oscillations of ions becomne unstable, when ion betatron
tunes occur above the resonant values (1., > n/m, n and m are integers), whereas the
incoherent oscillations in electron bunch and the dipole coherent oscillations of ions
become unstable, when vy, < n/m. The requirement that & > Avp eliminates such
a contradiction in the stability conditions for coherent and incoherent oscillations of
the ion bunch. We also note that even in the casc, when the stability of coherent
oscillations of ion bunch is provided using some additional damping, a contradiction
in the stability conditions for incoherent oscillations in ion and electron bunches
results in a strong difference in their S-functions due to self-consistent beam-beam
interaction [5].

Taking as a possible threshold value Avy, ~ & (two interaction points), we find
that in the space charge dominance region the ratio N;/e; should not exceed its
threshold value

AVL o~ (210)

T _’_\{3 . 3
(Y - A Anrf 0.y 2 (2.11)
€; th Z"’ ’)’p H
Correspondingly, in this region the Inninosity varies according to
iV 27
L= ( ) £, F(Qk’ ff’ o ‘H/’-, Avy > & (2.12)

This equation and Eq.(2.9) show that for a given value of 1/s the luminosity of ENC
as a function of the ion energy has a maximum (see in Fig.2.2), which occurs when

AVL(”/::) = f(”h) '

"More generally, when Awy(v;) = RE.(v:), where R < 1. In this case, we write

' Z@\ ! /“/; I
i )max = S Q= =,
) (’17?) V2 ? ooV 27
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Figure 2.2: Schematic dependence of the
specific luminosity (L/N.) on ;. The max-
imum corresponds to the ion energy, when
AVL(’Y:‘) = fc(’“ﬁi)-
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Figure 2.3: Dependences of the hour glass
lwminosity reduction form-factors on the
bunch length. Solid curve shows (Y4F((),
dashed curve: F(().
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Am, o271
AC —_ — ..t ',fiﬂl‘_, 2.13
’ Zm. 11 i (2.13)

or

A 1/4 ) A
(q/'i.)lna.x >~ { """""""" ,._} \/"),5, Vs = f (214)

-
MpC

The transporting of particles with such energies demand the following magnetic rigidi-
ties of the ion and clectron storage rings:

3/4 /4
(BR); = 3.126 x (;) (03_2?) —g, [Tm] (2.15)
wop o (AN NTYT a2
(BR). = 3.126 x (Z> (072_W) (2> Tm]|. (2.16)

These equations show (see also in Fig.2.4) that the required rigidities for electron-
proton mode of ENC are in the range (BR); < 100 Tm, while the electron-ion modes
demand the rigidities in the range (BR); = 100 < 200 T

Substituting (¥ )max from Eq.(2.14) in, for example, Eq.(2.12), we find for the
maximum value of the specific luninosity (L/N,) the following expression

(;ﬁ)nm ~ fF(() (éyﬂ ((_f“\éﬁ) v f(,\/%/;)s/z‘ (2.17)

An inspection of Fig.2.3 indicates a broad naximum in the dependence of the max-
imuin specific huninosity in Eq.{2.17) on the bunch length () at ¢ ~ 0.75. Since
(Ve )max X o2/ and (Vi)max o 1/0}/%, it makes not a big sense to choose ¢ far from
¢ = 1. According to Eq.(2.17) and provided that the ion bunch cooling ensures
(&)en = (&)en = &, the higher huninosity performance is more feasible for higher /s
(see also in Fig.2.5). If, for some reasons, the electron and ion energies deviate from
the optimum valucs, the specific luminosity of ENC decrcases. This dependence is
more sharp in the region, where v; < (7 Jmax and hence, (L/N.) ox +2.

2.1.3 Synchrotron radiation losses

For optimu specific luminosity higher /s generally correspond to higher electron
energies (see also in Fig.2.6). Moving along the closed orbit the electrons lose their

o = my (AR . (%)3/2
Vo Jmax = e \ £ 2 s

so that position of the optimum does not indicates a strong dependence on an exact value of R

and
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Figure 2.4: Dependences of the magnetic rigidities of the ion {left figure) and electron
(right figure) storage rings of ENC on the center of mass energy. The rigidities were
calculated for particle energies corresponding to the maximum specific luninosity; in
both figures from top to bottom the lines correspond to the electron - U3, electron
— deuteron and electron — proton operational modes.
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Figure 2.5: Dependence of the maximum
value of the specific luminosity on /5 (solid
lines; upper curve - U3, lower curve

protons). Full dots show the numbers of
particles in electron bunches required to
achieve the haninosity L = 10% 1/(cns);
full crosses - same for electron-U3Z, collider.
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Figure 2.6: Dependences of the ion (left
axes) and electron (right axes) energies, cor-
responding to the maxium specific luminos-
ity (L/N.) and to a given /s, on /5. Solid
lines: clectron-proton collider, dashed lines:
electron-USs, collider.
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energy due to the so-called synchrotron radiation. If the orbit consists of the sectors
with the constant curvature radius R, the electron energy loss per turn reads

(E[GeV])*

AE,[MeV] ~ 0.09 i)

(2.18)

These energy losses must be compensated by the RF-system of the ring. The required
power of the accelerating RF-system of the ring

(Ee[GeV])!
P >~0.09———— fiNe. 2.19
0 Rm] “° (2.19)
should not exceed some reasonable value. Substituting in Eqs (2.18) and (2.19)
_ /4 ,
A Aev/2w\] v\ 32
(Ec)nla.x = mpcz (ZH) (2) )

and calculating N, using Eq.(2.17) and L = 10** 1/{cm?s), we find that in the energy

range 10MeV/u < /s < 30MeV /u and for all ions till U$Z; the synclirotron radiation
power although reaches the range of several MW, still is in a reasonable region (see
in Fig.2.7). Both this valuc and the electron energy loss per turn increase for higher
energies. However, even if we demand the RF-voltage as twice as higher than E.,
the required power of the RF-gystem remains within 10 MW, which is typical for a
factory-type collider. Hence, the energy losses of electrons do not pose a strong limit
on the luminosity performance in ENC.,

2.1.4 Collective instabilities

One more limitation on the intensity of electron bunches may occur due to their
collective interactions with swrrounding electrodes, which can result in various insta-
bilities of the bunch coherent oscillations. Postponing a detailed discussion of these
phenomena to the Chapter 6, we shall mention here only several limitations. Specific
features of possible instabilities depend on the memory in the systein, or on the fre-
quency bandwidth of electrodes. The interaction with electrodes, which remember
the induced fields during the time intervals exceeding the bunch to bunch period,
results in the so-called multi-bunch instabilities. In the multi-bunch collider these
instabilities must be damped using relevant feedback system anyway.

In this subsection we shall estimate the limitations on the bunch intensity due
to interaction with a wideband system, which can cause the so-called single-bunch
instabilities of the transverse oscillations of the bunch. These can be the so-called
head-tail instability and the instability due to the coupling of the synchro-betatron
modes of the bunch. The increments of the head-tail instabilities are proportional to
the lattice chromaticity, which must be carefully compensated to provide stability of
both coherent and incoherent oscillations.
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Figure 2.7: Dependence of the synchrotron radiation power (solid line), electron en-
ergy loss per turn (dashed line) and of the electron beamm current (full dots), required
to reach the Iwninosity 10%° 1/(cins) per nucleon, for electron-proton (left) and
electron-Uds, (right) colliders.
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Figure 2.8: Dependence of the threshold
value of the wideband coupling impedance
on /5. Solid curve: electron - proton col-
lider, dashed curve: electron - UJ3; col-
lider. Electron and ion energies correspond
to the maxium value of the specific lumi-
nosity, the number of particles in electron
bunch is chosen to fit the requirement L =
10%® 1/(cmn?s), the RF-voltage as twice as
exceeds the electron energy loss per turn,
[ =3 cm.
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The synchro-betatron mode coupling instability occurs due to merging of the
frequencies of the (dipole) betatron coherent mode and its nearest synchro-betatron
sideband. For a given N, the threshold value of the coupling impedance of the
vacuum chamber can be estimated using

21 E, 10,
Ve o e
*New, RE°

(Z/n)em = Wo = 27 fy/Np. (2.20)

Here, v, is the tune of the syncchrotron oscillations. An inspection of the dependence
of the threshold value of the pipe impedance on /s (see in Fig.2.8) shows that without
special efforts the mode coupling instability can limit the huninosity performance in
the electron-proton collider for /s < 17.5 GeV/u and in electron-Ujs, collider for

Vs <125 GeV/u,

2.1.5 Beam loading of the RF-system

One more limitation on the lower required value of the RF-voltage can be caused
by the so-called beam loading of accelerating cavities (see, for example, in Ref.[1]).
A beam, passing an accelerating cavity, leaves there the wake-field disturbing the
accelerating ficld. The resulting field corresponds to the detuning of the cavity down
the resonant frequency (in our case, fip = f») by the amount (see in Ref. [14] for
more detail)

Te(Zi/Qx)

Afyx —fr= (2.21)

Here, I; = f,ZeN is the beam current, 7, is the shunt impedance of the fundamental
mode of the accelerating cavity, @ is its quality factor. In order to maintain the
desired accelerating voltage the resonant frequency of cavity must be shifted up by
the amount of Afy. Here, Z,. is the shunt impedance of the fundamental mode
of the accelerating cavity and Q) is its quality factor, I, = ZeN,.fy {for electrons
Z =1). An inspection of the results, shown in Fig.2.9, indicates that without special
efforts the loading of the fundamental mode of the accelerating cavity by the electron
beam can limit the lnninosity performance (A fi/ fo < 0.1) in electron-proton collider
starting from /s < 17.5 GeV and in electron-US, collider starting from /s < 13
GeV.

2.1.6 Beam cooling and intrabeam scattering

The desired value of the huninosity 10% [cm™s™] can be achieved only in the case

when N, & and f, are high enough. In particular, the threshold value of & must
essentially exceed the values, which are typical for conventional schemes of hadron
colliders (& con» ~ 0.001). That is possible only in the case, when the fon bunches
are cooled, so that the cooling cnable suppressions of the higher order beam-beam
resonances. Assuming that the fast electron cooling can be employed to cool the ion
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Figure 2.9: Dependence of the detuning of
the RF-fundamental mode due to its load-
ing by the electron beam on /s. Solid
curve: electron - proton collider, dashed
curve: electron - US3e collider. Electron
and ion energies correspond to the maxium
value of the specific luminosity, the number
of particles in electron buuch is chosen to
fit the requirement L = 10% 1/{cmn?s), the
RF-voltage as twice as exceeds the electron
energy loss per turn.
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bunches and that the ion bunches have about equal betatron emittances as well as
equal and constant F-functions along the cooling region, we write

A() ZA() @(Z)
AL=-—.9,(2), N= —=—" 2.22
L= oy T (222)
Here,
2 Arneil,
Ay = zZ TN, {

A VmMc(e/B,)32 1T

estimmates the betatron cooling rate of the monochromatic bunch (§ = 0), while the
form factors

14 22 — 3z
TIEE arcsin /1 — 22 — 12y z <1,
5.05) — ( 9 ) ( )
8 12——; 1;5/2 In [: + V22 ;_1] - (32?_3 ek zz 1,
and
247 Ssarsin(V1-28)
1 . ~232 . ~2Y5/2 A
2= G ; 32_1;(117%1/)32;_1) .
-2 1)2 (22 — 1)5/2 v L

describe dependences of the cooling decrements on the bunch momentum spread
lz=(6/ ’y)\/ﬁ(. /€], n. is the density of the cooling clectron beain, suffix ¢ marks the
values in the cooling region, [ is the length of the cooling region.

The lower limit on the rate of electron cooling poses the intrabeam scattering
(IBS) in ion bunches (see, for example in Refs (8], [9] and [10]). Here, we follow Refs
(8] and [9] and cvaluate the IBS lifetime as the swn of the partial emittances growth

rates .
lde. lde, 1d6°

A= oW "o
e, dt e, dt 6% dt

Ion bunches reach the equilibrium due to cooling, if their parameters satisfy an
nequality

Ao H A+ ,\” ~ 2N /\“ > A.

Straightforward calculations, based on the Landau kinetic equation (see, for ex-
ample in Chapter 5 and in Appendix C, section C.1), show that for a FODO-like
lattices the nain contributions to A can be estimated using the smoothed focusing
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approximation, when one takes D, — Ry/12, 3 = Ro/v. (Il = 2rRp) and when A is
determined by the following expressions

, NAZ2 AV r2eL
5G(a)7 Kips = - \Z2/A)"ry 15e

5 : (2.23)

24+q a—1 ~2 D2 4P
G = o ——m— in 4 — —_ 3 =% —_— > 1
(G) 0o arcsin (\/: ) , 4 ("Ev + ﬁavéz

For small synchrotron oscillations in the bunched beam (o, < II/ny} the buuch
length and the bunch momentum spread are related via

5 0 [2mmZeV
! Ev"apl ,

which determines the required acting accelerating voltage in ion ring (V). The en-
tering in these equation values NN; and e can be expressed in tems of N, using the
relationships Avy, = & and

Z N.r,
€ = Ag{:{%g (2.24)
That results in ;
: 1/2 3/4
N, = Newe [owv2Imy T 2T (2.25)
2WAZ I AT/

and

ZN Nyry [ 0.v/27 Yerg Z\?
={= BRAIE Ay S il = — . 2.26
‘ (A) 4wg( I ) n/,,.(x(A) (2.26)

Since the density of the cooling electron beam in the cooling region must exceed the
density of the ion bunch, using these formulae we can also find

: /1 ¢n3/2 5.\ M1
N er (et

n“:mz‘"’ B ZW,SCE\E;#O_S B ZS/:; 2ﬁrpﬁ(' Ugﬂ
This expression shows that the ion beam density and required density of the cooling
beam increase with v, proportional to the maximum specific luminosity. The bunch
cmittances of the cooled bunches for various /s are shown in Fig. 2.10. These data
enable evaluation of the cooling times and of the IBS growth rates (Fig. 2.11).

In the colliding beam operational mode the equilibrium bunch emittances are
strongly affected by the beam-beam and probably by the space charge (for ion
bunches) instabilities. For that reason, the calculation of the equilibria parame-
ters, which take into account a balance between the beam cooling and IBS does not
make big sense. For a single beam operation, the estimations of such equilibria do
not approach any extraordinary regions of bunch parameters (see in Ref.[9]).
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Figure 2.10: Dependence of the ion beam emittance (left axes) and of the rms ion
beam radius (right axes) on /s. Solid cuzve and full dots: electron - proton collider,
dashed curve and full crosses: electron - U3, collider. Electron and ion energies
correspond to the maxium value of the specific luminosity, the number of particles
in electron bunch is chosen to fit the requirement Z = 10% 1/{cm?s).

2.2 Luminosity Lifetime

As far as the colliding bunches are cooled, the luminosity lifetime is determined by
the particle losses from bunches. We write

dL  fy . dN. . dN;
&t dne (*‘f'd? “ iz‘) =
or

L L 1 1 1
., b1 _ 1. 1 (2.28)

dt R R T

Here, 7. and 7; are the lifetimes of electron and ion bunches
1 dln N, 1 dln N;

Te dt T m dt
If T is the run time, the average value of the luminosity during the run

L gr L —exp(—T/7)
< Lo»e= / L{t) = Ly~ —F+,—-
Ty KO =ho (T/7)
will be smaller than its peak value (Lo; see also in Fig. 2.12) In particular, after the
lifetime 7 the luminosity depression is about 40% (Fig.2.12).
Below we discuss several examples, which are most specific for ENC operations
and which give main contributions in the buuches lifetimes.
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Figure 2.11: Dependence of the cooling time and IBS growth rate (symbols) on /s.
Solid curve and full dots: clectron - proton collider, dashed curve and full crosses:
electron - U3, collider. Electron and ion energies correspond to the maxium value
of the specific lnminosity, the number of particles in electron bunch is chosen to fit
the requirement L = 10* 1/(cin?s), the density of the cooling electron beam is taken
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Figure 2.12: Dependence of the average luminosity (< L > /Lp) on the run period
T.
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2.2.1 Radiative recombination lifetime

When passing the cooling device the ions can be lost due to their recombination with
the cooling electrons. Since the capture of an clectron occurs due to collisions with
small impact parameters, for the parameters of ENC the leading contribution to the
recombination rate gives the radiative recombination. For the conditions, specific for
the cooling devices, the recombination coefficient was calculated in Ref. [11]. In the
beams rest frame system it reads

b B be—bilng

Cree = 3227%cq [Ing + by + s + .
g o I 2°

(2.29)

Here, ¢ = Zar/(v/e), v = 1/137, v is the relative velocity of the colliding particles,
bp = 1.143, b =0.33, b, = 0.039,

bs = 0.068, by = 0.046.
The life time was caleulated using

2
e = i (2.30)
NeCree 1
[ is the length of the cooling section.

In the case of ENC, the recombination will take place in strong magnetic field,
while the bunch densities of electron and especially light ion beams will be very high
(on the cooling section n > 10" 1/cm®). It is not very clear will the described ra-
diative recombination process still downinate, or the recombination coefficient will be
modified due to effect of the wagnetic field and/or due to high (phase space) densi-
ties of the cooled hunches. For example, the measureents at NAP-M [12] indicated
much faster decrcase in the recobination coefficient with an increase in the velocities
of the Larmowr circles that with an increase in the electron Larmour velocities. The
growth of the recobination coefficient with an increase in the magnetic field was also
observed at ESR [13]. The pature of these phenomena is not clear yet. For that
reason, additional studies of the recobination in very cold ion beams on the cooling
section are very desirable.

2.2.2 Lifetime of electron beam

The life time of electrons was estimated assuining that most important are the loses
of electrons due to their collision with ions at the interaction points. The dominating
process is the bremsstrahlung of electrons on the counter moving ions, when the
energy of the radiated photons exceeds the encrgy aperture of the ring. If the cross
section of this process is o, the rate of such loss reads

(ﬁ\rﬁ o GU{L

= 27 2.31
dt A'n;,’ ( )
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which yields the lifetime of an electron bunch

1 1dN. og (L)
2 _LYdNe _or (LN 232
Tor Ne dt Anb Ne ( )
Here,
222 .
onn e {111(47375) (_ I[AE,/E.] %) + %1n2(AEa/Ee)} . @239)
J.

while AE,/E. is the relative energy aperture of the electron ring. This limitation
is the most severe for heavy ion collider modes of ENC. As is seen from the Tables
2.2 — 2.4, the shortest lifetime of electron bunches is expected for the electron-Uj3e
mode of ENC, where it varies from 1600 to about 500 secownds.
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Figure 2.13: Dependence of the lifetime of electron beam due to elastic single scat-
tering of electrons on the bare uranium ions on 1/s.

These numbers can be compared, for example, to the lifetimes of electron bunches
due to clastic single scattering of electrons on uranium ions (Fig.2.13), when typical
lifetimes are in the 6 — 9 hours region. The last process can be, however, iinportant
populating tails in the transverse distribution of electrons (sec in Fig.2.14). In the
tail regions the particles are strongly affected by the beam-beam resonances, which
may transport them to larger oscillation amplitudes.

Rough estimation of the tail population can be obtained multiplying the produc-
tion rate of the particles with amplitudes excecding some amount of o, (Ca = \/ ea/€)
by the synchrotron radiation damping time. For the optimum luminosity conditions
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Figure 2.14: Dependence of the tail population on /s. Solid and dashed lines describe
the electron-Uj%, mode; characters describe the electron-proton mode. Dashed line
and full crosses give a Gaussian tail population.

relevant production rate reads

)
TeE”

Jo .
==, 2.34
C_;g’“f B , fO Mg ( )

; 2

(di-fi) : 1zsi foF(¢)
A

As is seen from Fig.2.14, this effect is not important for the electron-proton mode,

where for most energies the tail population in electron bunches is determined by the

fluctuations of the synchrotron radiation of electrons. On the contrary, for electron-

U9z, mode the contribution of the Coulomb collisions to the tail population dominate

(sce in Fig.2.14).

The evaluation of the beamn lifetinie due to common effects of the Coulomb scat-
tering and beam-beam instability demnands tedious simulations. For the case of ENC,
that should also take into account the space cliarge of the ion beam so that the codes,
which were developed for the electron-positron colliders, very likely will not work.

2.3 Parameter Sets

Described facts and equations were used for the caleulations of the parameter sets
enabling the lmninosity of clectron-nucleon collisions Z = 10%% 1/[cm®s| in the energy
range

10 [GeV /1] < /s < 30 [GeV/y]
In our estimations we considered as liniting cases the electron-proton, electron-
deuteron and electron-Ujz, operational modes of ENC. General parameters of ion
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Table 2.1: General parameter list

Closed orbit perimeter R " 1 km
Collision frequency 60 MHz
X = €/€ 1
Curvature radius in bending magnets 60 m
B-function at 1P 10 cm
Rms bunch length 10 em
Ban 12 m
Dy ow 16m
Momentum compaction factor 0.006
B3-function in cooling section 200 m
Length of the cooling region 50 m
Cathode temperature 0.1 eV
Longitudinal magunetic field in cooling region 0.5 T
=& 0.05

and electron rings of ENC for these estimations are listed in the Table 2.1. The as-
suited perimeters of the rings are more relevant to the electron-proton mode with 30
GeV protons (BR = 100 Tm). As is seen from Fig.2.4, if we demand the maximum
specific luminosity, such a magnetic rigidity of the ion ring can enable the opera-
tion of ENC in the electron-ion mode with A/Z = 2 only at low energies (/s ~ 10
GeV/u). Wider ion encrgy ranges are possible, if the ion energy is shifted down
the energy, corresponding to the maximum specific luminosity. However, in such a
case, the suppression of the specific luminosity (L/N, « ) and the requirement to
maintain the designed luminosity demands higher electron beam currents and higher
energies of electrons. On its turn, those result in the increase of the necessary power
of the RF-system of the electron ring.

According to Fig.2.4 in the desired interval of the center of mass energies more
relevant magnetic rigidity of the ion ring is BR = 200 Tm. For the case, when the
magnetic system of the ion ring of ENC is performed using the normal-conducting
elements, the perimeters of the closed orbit must be enlarged till approximately 2
km. A limitation, for some reasons, of the perimeters of the ENC rings by the values
~ 1 km, will make necessary to use for the magnetic system of the ion ring the
super-conducting elements.

The results of the calculations (see in Tables 2.2 and 2.4) show that in the consid-
ered limiting cases the high luminosity performance in ENC alsough is feasible, but
encounters various problems. For example, in the electron-proton operational mode
of ENC (see in the Table 2.2) huge cooling beam densities big cooling beam currents
are required to ensure short enough cooling times of ion bunches. For electron-
positron colliders &, varies proportionally to A\!/? (or, even A%}, Even if we adopt
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this scaling rule for ENC, the cooling times of proton bunches still are too long to
ensure & = 0.05. More reliable requirement for the cooling times will be figured out
during future studies. A comparison of the Tables 2.2 and 2.3 shows that shorter cool-
ing times can be achieved in the electron-deuteron mode due to (A:)op o (4/2)7/2

The colliding electron bunch intensities, which are necessary to ensure L = 10%
1/[cm?s], are rather high. That will results in embarrassments due to collective
interactions of these bunches with surrounding electrodes requiring a serious R&D
study of the necessary damping feedback systems. Again, the electron-deuteron mode
meets less problemns.

In the electron-Ugs operational mode the main limitation on the luminosity per-
formance occurs due to short lifetime of electron and uranium bunches (see in the
Table 2.4). Since (L/N.)par < (A/Z)** and o o< Z2, the lifetime of electrons due
to their bremsstrahlung on the bare ions varies according to

1 1
Tor X OTigsi & g

This problem is specific for electron-heavy ion modes of ENC. Scaling the electron
beamn lifetime fromr USZg (500 s) to lighter ions we find that it approaches to one
hour only for Z ~ 15. For all intermediate cases, it is short enough to demand
the preparation of clectron bunches in additional booster synchrotron prior to their
injection in ENC.

The radiative recombination lifetiie of bare uraniwm bunches can be made longer
using artificial excitation of the Larmour motion of electrons prior they enter the
cooling region. The radius of the Lanuour circle, corresponding to the cathode
temperature 0.1 eV is r, = 1.5 gan, while the minimum value from the maximal
impact parameters of adiabatic collisions varies in the range 260 pm — 90 pm. An
increase in the electron Larmowr velocities by a factor, for example, 3 decreases the
value of the Coulomb logarithin for about 20%, while the lifetime increases 3 times.
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Table 2.2: Parameter set for an electron-proton collider, calculated assnming that
(Avg)in = &; RF-voltage in the proton ring 50 kV, and &; = 0.05.

Vs [GeV] . 10 | 20 30 |
Specific Luminosity (x1072) [1/cm?s 23 | 6.5 12

' N; x 10710 o 36 [ 26 | 21
Proton Beam Current [A] 0.35 | 0.25 | 0.2
Proton Energy [Gev] 17.21 1 24.34 ¢ 29.81
Emittans [nm)] 57 14 6.3
Momentum Spreadx 10° 7.1 5 4
Z/n [Ohm] 1.8 | 3.3 4.5
A froea/ o 014 | 01 | 01
IBS Growth Time [s] 6.4 1.6 0.7
Cooling Timne [s] 0.13 | 0.03 | 0.02
Betatron Cooling Time [s] 33 | 08 0.4
Longitudinal Cooling Time [s] 0.14 | 0.036 | 0.02
Density of Cooling Beam {x10~1%) [1/cmn?] 04 | L.15 | 21 |
Current of Cooling Beam [A] 14 9.9 8
Rms Beam Radius [cm) 0.34 | 0.1 0.11
Current Density of Cooling Beamn [A /cm?] 19 55 101
Radiat. Recombination Lifetime {h] 87 61 50
N, x 1070 " 433 | 153 | 83 |
Electron Beam Current [A] 4. 1.5 0.3
Electron Energy [GeV] 1.45 | 4.1 7.5
Emittance [nm)] 57 14 6.4
Synchr. Radiat. Energy Loss per Turn [MeV] | 0.007 | 0.43 4.9
RE-Power [MW] 0.028 | 0.63 4
Z/n [Ohn] 0.027 | 1.0 8.5
A froea/ fo 6.2 | 0.034 | 0.0016
Bremsstrahlung Lifetime [h] 50 22 15




30 : ~_ Design Concepts of the ENC

Table 2.3: Parameter set for an electron-deuteron collider calculated assuming that
(Avp)w = &; RFE-voltage in the ion ring 12 kV, and & = 0.05.

Vs lGeV] T 10 2 | 30
Specific Luminosity (x107%') [1/cm®s] 55 | 15.5 | 285
N, x 10770 ; 7 " L1 1077 | 063 |
Ion Beamn Current nA] 104 | 74 60.
Ion Energy [Gev/u] 14.47 | 20.47 | 25.07
Emittans [nm] 143 | 3.6 1.6
Mowmentun Spreadx 10° .3 2.1 1.7
Z/m [Ohn] 7 13.7 | 19.4
A frond] fo 0.2 | 0.13 | 0.12
IBS Growth Timne [s] 1.13 | 0.28 | 0.12
Cooling Thme [3] 1 0.012 1 0.003 | 0.001
Betatron Cooling Tiue [g] 0.3 | 0.07 | 0.03
Longitudinal Cooling Time 5] 0.013 | 0.003 | 0.001
Density of Cooling Beam (x 10710 [1/cm?] 0.5 1.4 | 25
Current of Cooling Beam [A] | 4.2 3 2.4
Rins Beain Radius [em] 0.17 | 0.085 1 0.056
Cwrrent Density of Cooling Bean: [A /cin?] 23 65 120
Radiat. Recombination Lifetime [h] 52 36 30
N, x 10710 T T T T 18731 | 6.439 | 35 |
Electron Beam Current [A] 1.75 | 0.62 | 0.34
Electron Energy [GeV] 1.73 | 4.9 8.98
Ewmittance [nn] 14 3.6 1.6
Synchr. Radiat. Encrgy Loss per Turn [MeV] | 0.013 | 0.86 9.7
RF-Power [MW) 0.023 | 0.53 3.3
Z/n [Ohu] . 0.1 3.7 | 31.3
A froad] fo i 1.3 | 0.007 | 0.0003

Bremsstrahlung Lifetime [L] 44|20 | 14|
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Table 2.4: Parameter set for an electron-Uj, collider caleulated assuming that
(Avr)w, = &; RF-voltage in the ion ring 7 kV, and & = 0.05.

Vs [GeV] " " 10 20 30
Specific Luminosity (x 1072} [1/cmn?] 76 | 214 | 39.4
N; x 1077 ‘ 7.5 1 532 ] 435
Ion Beamn Current mA] 66.5 | 47 38.4
Ion Energy [Gev/u] 13.57 | 19.19 | 23.51
Emittans [nm] 8.6 | 2.1 1
Momentum Spreadx 10° 2.1 1.5 1.3
Z/n [Ohm] 11.5 | 23 33
Afioa.d/f() X 103 3 2 2
IBS Growth Time [mns] 6 2 0.7
Cooling Time [ms] 4 1 0.5
Betatron Cooling Time [ms] 120 30 13
Longitudinal Cooling Time [ms] 5 4 0.6
Density of Cooling Beam (x10~7) [1/an?| 56 | 158 | 29.
Current of Cooling Beam [mA] 28.8 | 20.4 | 16.6
Rins Beam Radius [cm)] 0.13 | 0.065 | 0.044
Current Density of Cooling Beam [A/cm?] 0.27 | 0.76 1.4
Radiat. Recombination Lifetime [s] 786 | 556 434
| N x 10710 ' ' ) 132 [ 47 | 25
Electron Beam Cwrrent [A] 1.3 | 045 | 0.24
Electron Energy [GeV] 1.8 | 52 9.6
Emittance [nm| 856 | 2.14 | 0.95
Synchr. Radiat. Energy Loss per Turn [MeV] | 0.017 | 1.1 12.6
RF-Power [MW] 0.022 | 0.5 3.0
Z/n [Ohm] 0.16 | 6. 51
A fioad/ fo 0.73 | 0.004 | 0.0002
Bremsstrahlung Lifetime [g] 1672 | 766 | 520




Chapter 3

Beam-Beam Instability

The motion of a particle passing the interaction region is perturbed by the space
charge fields of the counter-moving bunch - the so-called beam-beam interaction.
If the bunches move in identical rings the collisions occur with the rotation period
divided by the number of interaction points (IP). For that reason, such a perturbation
results in numerous resonant phenomena. Their strengths and relevant increases in
the particle oscillations amplitude depend on the values of the particle oscillation
tunes. That a manifold phenomenon may result in the instability of both coherent
and incoherent oscillations of colliding buuches, limiting the value of the collider
luminosity (see, for example in Fig.3.1).

Due to nonlinear dependence of the beam-beam kick on the particle offsets (see,
for example, in Fig.3.2), the interactions of colliding bunches result in numerous non-
linear effects: in the dependence of the tunecs on the particle oscillations amplitudes
and in the excitation of various nonlinear resonances. Dependences of particle tunes
on amplitudes result in the spreading of the bunch image in the working space of
tunes (v,, v, and v,) over some area -- the so-called footprint of the bunch and in the
saturation of the particle amplitude blow-ups.

Although, a detailed description of the Deamn-beam instability in a particular
ring is very complicated, there are several parameters, describing the most crucial
features of this instability. One of those is the so-called beam-beam parameter (§),
which describes the amplitude of the perturbing kicks and which is equal numerically
to the tune shift of linear oseillations of particles per one interaction point. Expecting
siiilar behavior of colliding bunches in similar conditions we may design new colliders
scaling the results, obtained studying this instability on previous rings.

When designing a high lmninosity electron-nucleon collider, where the particle
cnergies are not very high, the choice of a good working point should take into account
the instabilities of ion bunches due to their space charge. The iutensities of electron
bunches are not limited due to space charge effect. Then, a joint requirement of the
stability of colliding bunches against the beam-beam and space charge instability
demands an ewplovient of asymmetric lattices. The tunes in the electron ring
can be chosen slightly above integer resonances (the case of two interaction points).
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Figure 3.1: An example of the dependence Figure 3.2: Dependence of the beam-beam
of the luminosity on the tune. Relativis- kick on transverse offset of a particle. The
tic ete™ bunches, which have round cross strong bunch has a round cross section
sections (o, = 0,), one IP, equal betatron and a Gaussian distribution in transverse
tunes, synchrotron radiation damping ~ coordinates.

1000 rotation periods, £ = 0.1, Ly is the

luminosity without beam-beam perturba-

tions.
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In the ion ring the total tune shift for linear betatron oscillations is equal to the
difference betwecn the Laslett tune shift (Avy) and the tune shift due to the beam-
beam interaction (for two IP Awy = 2¢, where £ is the beam-beam parameter)

AVt = 25 - AI/L

In the case, when the Laslett tune shift cxceeds the beain-beam one (Avy, > Aug),
the stopbands of the beam-beam and of the space charge resonances occur above the
resonances of the unperturbed lattice (in the simplest case, above v = n/m, where n
and m are integers). Hence, the ion tunes should be chosen slightly below integers.
Indeed, the ratio between Avy, and Avg depends on the beam intensities and sizes.
For that reason, a good position of the working points in ion ring will depend on the
operational mode employed.

In general, two main approaches are used to study the limitations due to beam-
beam interactions of bunches. These are the so-called weak-strong bunch approxima-
tion and the so-called strong-strong bunch approximation. The weak-strong bunch
approach is based on the tracking of the motion of a particle (or of some ensem-
ble of particles; weak bunch) neglecting the perturbation of the strong beam by the
weak one. This method is a most widely used for designs and yields numerous uscful
predictions concerning the single particle beamn-beam dynamics.

3.1 Linear Effects

The effect of the resonance perturbations due to beam-beam interactions is usually
studied within the framework of the so-called weak-strong bunch approximation. It
implies a study of oscillations of a particle fromn the weak bunch in a given field of
the counter-moving strong bunch. So that a selfconsistent behaviour of the colliding
bunches is ignored. The siwplest predictions concerning the stability of the particle
oscillations can be obtained in the linear approximation in the particle transverse
offsets. If a particle moves in the interaction region with the average velocity ¢, and
the strong bunch - with the velocity —e, each time passing IP a particle feels the
kicks, which in the linear approximation in the particle offsets and for a Gaussian
density of the counter-moving buuch are described by the following equations (see in
Appendix B.1)

7 z AN Z ;’2
W BRI e ta),
dS CO (0—.1: + Uz)
(3.1)
D AN, Ze*
T
(ES (30’_2,(0':“ + O'z)

Here, N, is the munber of particles in the counter-moving bunch, o, and o, are its
r.nns. horizontal and vertical sizes, Ze® = —eye2 are the charges of particles, ¢ is
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the speed of light and s is the path along the closed orbit. The linear density in the
bunch A(s) is supposed to be a periodic function of s, which repeats with the period
of the collisions.

3.1.1 Beam-beam instability of short bunches

Between the final quadrupoles the unperiurbed g-functions vary according to

2 2

982(3) = ﬁz + ’Zj, ,81.(5) = 63: + %

b

Then, if the rms bunch length is small as compared to min(8., 8.) [c. < min(S., 5.)!,
we can replace A(s) by the periodic §—function. Using a linear mapping between IPs
(with the betatron phase advances fig .y), we obtain new tunes

COS [ty = COS flyo — 27E, Sin ple, (3.2)
and new G-functions '
Bo= B b2, (3.3)
sin p,

Here, we introduced the so-called beam-beam parameter for vertical oscillations

__Nzes,
- 2apeo,(on + 0,

&= (3.4)

Similar parameter

5 . NzZ@z,Bl-
“ T 2mpeo 0.+ 0.)
describes the beam-beam kicks for the horizontal oscillations For a ring with two

interaction regions we have g = wv. In a linear approximation in &, Eqgs (3.2) and
(3.3) yield

(3.5)

AgB, .
Av, ~ 2¢, F— ~ —27E, Cot plag. (3.6)
M0
The oscillations are stable provided that |cos p.| < 1, or (for two IP)
=0

1
éz = éth = §7T cot (2 ) y 0= Ve < 1. (37)

The stability diagram for (sec in Fig.3.3) indicates the stop-bands below the reso-
nances ¥ = n. Above the resonances the width of the stability diagram dramatically
increases. Such a position of the stop-band relative the resonance value of the tune
occurs due to the positive sign of the tune shift for particles with ejes < 0 (a true
resonance condition reads v.q + Av, = 7). For the same reason, above the resonance
the value of the G—function in the IP can be substantially smaller than the unper-
turbed value (see in Fig.3.4). As far as the luminosity of the collider is proportional
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Figure 3.3: The stability diagramn for lin- Figure 3.4: Dependence of the F-function
ear betatron oscillations. Two interaction on the tune of unperturbed betatron oscil-
points. lations. Two interaction points; £ = 0.05.

to l/o,0, x 1/ V3.3, we utay expect relevant increase in the luminosity in such
a region. The value of J-function increases, when 14 approaches the lower border
of the stop-baud. In this region of the tunes the huninosity drops. The described
behavior of the stability diagram and of the dependences of S—functions on the tunes
make more preferable the choice of the working point in (v, ».) when these tunes
only slightly excecd the integers.

The tune shifts for colliding beans with a round cross section are obtained, if we
substitute in Eqgs (3.4) and (3.5) 0, = 0, = 0. In that case, we write

. f\’thf"zﬁz . NzZ(?z

e, = VDOl eI (38)
dmpea? dmpce.
where ¢, = ¢2/{, is the vertical bunch emittance.
Similarly, for horizontal oscillations we have
NyZe?
x 2 - (39)
A pee,

Hence, the values of the bean-beam parameters for the vertical and horizontal oscil-

lations will be equal (&, =&.), if €, = ¢€,. j ..’[

3.1.2 Hour-glass effect

If the colliding bunches are not short as compared to the value of the S-function
at the interaction point, the caleulations related to the beam-beain instability must
take into account that in the interaction vegion the low- & insertion makes a walist in
the bunch shape. That results in the so-called hour-glass cffect.



3.1 Lineauxj Effects ‘ 37

Betatron Oscillations

In the hour-glass region the calculations of betatron tune shifts must take into ac-
count longitudinal distributions of particles in the bunches. It means that simple
expressions for the beam-beam tune shifts can be obtained using the perturbation
theory. For long colliding bunches apart from assuming £ < 1, it also demands an
asswnption that the so-called disruption parameter is small:

’D=47r§%/l

Then, the tune shifts can be obtained averaging the equations for the phase variables.
For two IP sinmiple calculations result in

2 A(2

o 20N (3.10)
0:(8)[ou(s) + 0.(s)]

The integral in this equation is essentially simplified, if F-functions of the colliding

bunches are identical and if 3.(s) = 8.(s) = 3(s). In such a case, we write

8:(s) 3(s) 1

N Ze2 Iz
Av, =22 a /
o

27“p(’ .

o()o(s) +0.(8)] ~ Blve + Valye Ve + Vel e

so that Eq.(3.10) is reduced to the following

N. Z /2
Av, = 22¢ N / dsA(2s)
2rpc[\/€ +e)e Jo
JVzZG
i ek 3.11
2mpel /€. + € S (3.11)
If also the vertical and horizontal emittances of the strong bunch are equal (e, =
€. = €), the colliding bunches will have at the interaction point a round cross sections,
while the tune shifts of the vertical and horizontal oscillations become eqgual

Av, = Ay, =26 = ZN)ZC
dmpee

(3.12)

Note, that in both cases the tune shifts of betatron oscillations do not depend on the
bunch lengths. If we repeat the calculations for a particle, executing the synchrotron
oscillations (s = ct+a. cos(2,), s = wor.), the tune shift in Egs (3.11) and (3.12) will
not depend on the amplitude of the synchrotron oscillations either. In other words,
for colliding bunches with the round envelopes or with the round cross sections the
synchrotron motion does not increase the dimension of betatron resonances in the
space of oscillation amplitudes.

For flat colliding bunches (o, » o, and 3, > 3.) more typical is the region,
where o, >~ 3, <€ 3, and, therefore
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In this case, the tune shift of vertical betatron oscillations substantially increase in
the region, where o, > §, (see in Fig.3.5). For off-synchronous particles one also
should expect an increase in Aw, with an increase in amplitudes of the synchrotron
oscillations. Apart from the blow-up of the width of the beam footprint in the vertical
direction, this fact results in the increase of the dimension of betatron resonances and,
hence, in more freedom for particles to leave the bunch core, traveling along these
resonances.

The described dependences of betatvon tune shifts on the bunch length show that
the round cross section geometry of colliding bunches gencrally simplifies the particle
dynamics in the colliding bunches.

Synchrotron Oscillations

The longitudinal mwodulation of the potential drop of the counter-moving bunch due
to the bunch waist results in the energy kick, when particles pass the interaction
region. On its twrn, such kicks yield the tune shifts of synchrotron oscillations due
to beam-beam interaction. Simple calculations using equations in Appendix B.1
(sce also in Ref.[15] ) result in the following expression for the tune shift of linear
synchrotron oscillations

Av,~ -2

 NZefapl, ¢ (%Ro) (3.14)
drpev 32 . '
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Here, a, is the momentum compaction factor of the ring, v, is the tune of syn-
chrotron oscillations. For the discussed parameters of ENC ( UZ;—ion bunch: 3 = 10
em, oy ™~ 0.02, v, =~ 0.001, T = 1000 m, € = 2 x 1077 cm) Eq.(3.14) yields

(Afff) ~ —0.6¢;.

ve /;

For the electron ring the value of v, can be taken about 50 times higher so that
even taking into account larger emittances, the hour-glass tune shift for synchrotron
oscillations in electron ring will be correspondingly smaller.

Finally, we note that in both cases distortions of the RF-potential well due to
interactions of bunches with surrounding electrodes may give the contributions com-
parable to the described here beam-beamn tune shifts of the synchrotron oscillations.
A comprehensive study of the perturbations of synchrotron oscillations of colliding
bunches demands more careful simulations.

3.1.3 Flip-flop phenomenon

Numerous limitations on the luminosity performance can be set up by sclf-consistent
variations of the bunches parameters due to their beam-beam interactions. In general,
this is a very complicated problem. However, useful predictions can be done in the
cases, when the limiting phenomenons are described in the linear approximation on
a particular perturbation. An example of such a problem presents an analysis of the
coherent stability of colliding bunches (see, for instance, in Ref[10]). When solving
these problems, we usually assume the parameters of nnperturbed bunches and of
the ring lattices to be given.

Another scope of problems, related to the self-consistent behavior of colliding
bunches, was pointed out a while ago in Refs [16] and [17], where the self-consistent
enittances of colliding bunches were calculated within the framework of a simplified
model. That model assumed Gaussian distributions in the colliding bunches and a
linear dependence of the beam-beam kicks on the particles offsets. Though giving
a limiting view on the problem, the model predicted qualitatively correctly the pre-
viously observed spontaneous breaking of the symmetry of colliding bunches due to
their beam-beam interactions (the so-called flip-flop effect). Nawmely, it was found
out that collisions of bunches with equal unperturbed be.m sizes, betatron tunes
and betatron functions at the inferaction point may resulf in a sudden blow up of
the transverse beamn size of one bunch and corresponding shrink of the size of its
counter-imoving partner.

This phenomenon can be described using Eq.(3.3), written in the following form
(see, for example, in Ref.[16])

sin ¢ _
By = ﬁ()ff'f---oi~ (3.15)
sin py
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For a ring with two interaction regions we have u = 7. The oscillations are stable
provided that |cos u+| < 1, or (for two IP)

1 TVo+
St <& = - cot (— ) , O=we <1 3.16
Gt > G o 5 = Vo = ( )

Here, the indexes 4 mark the ion and electron bunches, Fox is the unperturbed
G-function at IP.

Defining
B 0
8. VT A
we write
_suu) | singe) )
sin{poy)’ 7 sinfpe-) '
and
N_Z¢?
_ (0) _,e(0)
= e = . £ =g,
&+ y%(pc)#ﬁ y&y, & &
where

N_Z¢ 25(] ,[30 N_Ze 2
¢, = e o Vel 18
T dn(pe)io? T Bl dn(pe)se (3-18)

Similar parameter

b Mz 219

describes the beam-beai kicks for central particles in the counter-moving bunch.

Using Eq.(3.15), we find (By = 27&4+©)

¥ = 1—DBly’ + 2By cot(poy)
(3.20)
v = 1 —DB%2% + 2B_xcot(po-)
that in the case of the strong-strong interactions, the S-functions of the colliding
bunches are not independent, but must be found as the roots of Egs (3.20).
For the case of syinmetyical collisions

By =DB_=2D, pay = po- = jto,

we write
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1> = 1 B%® + 2Bycot(po) (3.21)
y® = 1 B%x% 4 2Bz cot(o)-

The S-functions of bunches present those roots of Eqs (3.21), which satisfy the
stability conditions

D<a< @({{0@’ D<y< CMQ) (3.22)
B B

Simple calculations show that Eqs (3.21) may have both symmetrical (z = y) and

non symmetrical (x # y) solutions. The roots, corresponding to the symmetrical

case (r = y) read

B cosi o) + \/13’2 + sin? (uto)
B (1 + B2)sin(up) '
These solutions exist for all pp (see in Fig.3.6). Asymmetric solutions exist only in

(3.23)

1E+1 -
BB ]
1E+0 -
1E-1 .
] Figure 3.6: Dependence of the self-
, consistent S—functions on the unper-
1ol [ | | | turbed tune. Symmetrical roots.
0 02 04 06 08 10 Dashed curve shows the stability limit
Vo /8o = Btan{uo/2).
the regions, where
2B cot (o)
A = s = (. (3.24)
These roots read
1 A2(B2 —3)+4 1 \/ﬁ(ﬁ)’??))#zl
yo= A4y N = = AT TR 3.25
AN 1+ B2 ’ZL 2[ 1+ B2 (3.25)

These roots correspond to the flip-flop case, when transverse size of one bunch
(ved) becomes essentially larger than that of its counter-moving partner (see in
Fig.3.7). Note, that in the region cos(ue) > 0 such solutions appear only in the case,
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Figure 3.7: Dependences of the §-functions on the unperturbed tune. Flip-flop
solutions. Dashed curve shows the stability limit 3/8, = B tan(g/2).

when the beam-beam parameter is unrealistically large (right picture in Fig.3.7).
Note also, that in realistic region (B < 1) and in linear approximation the stable
flip-flop solutions occupy relatively narrow band in tunes (see in Fig.3.8).

An inspection of the solutions of Eqs(3.20) shows that initial asymmetry in un-
perturbed tunes (o4 ) and F-functions (Fo.) does not cure the instability very much.
In such a case, the flip-flop effect may take place in the region

cot(pos /2) _ 1 L cotipo-/2)

B T osinpo-” sin(gog) B )
Typical behaviour of the non flip-fop solutious is shown in Fig.3.9.

Although our calculations were performed in the linear approximation in the
particle offsets, we may expect {and that is observed in collider operations) similar
breaking of the symunetry of colliding bunches, if the non-linear beam-beam kicks are
taken into account in a self-consistent way. In such a case, the flip-flop phenomenon
can be expected near the lower borders of the stopbands of the non-linear beam-beam
resonances. For the case of ENC, such a possibility demands more carcful study.

3.2 Nonlinearity of the Beam-Beam Force

Nonlinear dependences of the beamn-beamn forces on the particle offsets result in nu-
merous limitations on the huninosity perforirance. First, it produced the nonlinear
dependence of the particle tune shifts (Ar) on the amplitudes of the particle oscilla-
tions. Since the force is a decaying function of the particle coordinates, for ENC the
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tune shifts are spreaded within the range
0<Ar <&

It means that the bunch forms a surface in the space of the tunes. A projection of
this surfacc on some plane (v, v,), (¥, V), or (v, vs) is usually called as a footprint
of the bunch. An example of such a footprint is shown in Fig.3.10. The symmetrical

0.2

0.2+

0.1

0.0 | | |
0.0 0.1 0.1 0.2 0.2

Figure 3.10: An cxample of the footprint of the sort buuch (¢. < #); round cross
sections, & = 0.1

shape of the footprint is specific for bunches with the round cross section.
Apart from producing the tune shifts, the beam-bean interaction generates nu-
merous nonlinear resouances, when

Ve + Mol + MgVs = T (3.26)

Since for the counter-charged particles the beam-beam tune shift is positive, one-
dimensional beam-beam resonances occur below the resonance tunes (v, = my/n,
where m,, and n arc integers, @ = z,3,8). Due to the dependence of these tune
shifts on the amplitudes of oscillations of particles the resonant conditions define
some surfaces in the space of amplitudes of particle oscillations so that the particles,
which are trapped in the resonance, can travel along those surfaces, increasing the
beam size, or decreasing the beam lifetine.

The strengths of these resonances is deterined by the harmonics of the Hamilto-
nian of the interaction of a particle with the ficld of the counter-moving bunch. For
the head-on collisions, the deflecting beamn-beain forces are the odd functions of the
displaccients of a particle from the bunch center. It means that only even harmonics
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of the interaction Hamiltonian in phases of the particle oscillations will contribute in
the beam-beam perturbation (m, = 2k,). The bunch separation at the IP breaks up
this symnetry exciting new families of the beam-beam resonances. Such a separation
can occur, for example, if the bunches execute at IP coherent oscillations.

If S—functions of the electron and ion rings in the inferaction region are equal,
then, for short colliding bunches (¢, < 3) with a round cross section both betatron
tune shifts and the strengths of the beam-beam resonances do not depend on §-
function at IP. In this case, the perturbation of the betatron oscillations of a particle
is described by the potential é7(s)U(r7/¢2) (for the counter moving bunch suffixes
(+) and (—) change their places). Writing

X = \/ELLJ& cos(¢y), 2= \/6+J; cos(¢s),

A (R

and

we find . | |
rE By Jucos®(¢n) + T, cos?(¢)

o

2 4 € + €,
Hence, the perturbation does not depend on 3 provided that 3, = 5 = 3.

The beam-beam resonances make the phase space of the particles very non-
uniform. For the lower order resonances such a non-symmetry occurs not necessarily
in the close vicinity of the resonance. That can be traced inspecting dependences of
the phase harmonics of the bunch distribution function in the phase space

AN, = / dJ/ f(] W) exp(—imap).

on the unperturbed tunes (see in Fig.3.11). Visible decreases in amplitudes of the
shown haymonics indicate decreasing in the strengths of relevant resonances.

3.2.1 Effect of the beam cooling

A possibility to reach in ENC the luminosity in the range of 10% 1/[cms] per nu-
cleon is strougly based on the employment of a strong cooling of the ion bunches.
Mainly, such a cooling is necessary to ensure a possibility to reach as high as possible
the threshold value of the beam-beam parameter for ion bunches. We remind the
reader that in the case, when the bunch intensities are limited by the beam-beam
interactions, the luminosity of a collider:

N?Mﬂ

_le 3.2
2754 [€; + € (3-27)

= A

can be written in the following form

4W§ § i /c €064
L= : L e 3.2
f ( ) ,8* c? €; + € ( 8)
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Figure 3.11: Dependence of amplitudes of the 2nd, 4th, 6th and 8th haymonics of
the phase density (AN,,) on the betatron tune. Short colliding electron-positron
bunches with a round cross section, one IP, £ = 0.1. The data was calculated for the
nuniber of turns, corresponding to 5 synchrotron radiation damping times.
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According to Eq.(3.28), for given bunch emittances, a strong decrease in the threshold
value of & will result in a corresponding decrease in the luminosity of the collider. For
example, in conventional hadron colliders, which do not use beam cooling, the typical
threshold value of ¢ is about 0.001, which is approximately two orders of magnitude
less than that, achieved for ete™ colliders. In these conditions an essential increase
in the luminosity of hadron colliders without the beam cooling can be done only by
stacking of huge ion currents.

The beam-beam resonances of higher orders can be suppressed by the beam cool-
ing. That is why the threshold values of £ for electron-positron colliders essentially
exceed those for hadron colliders. An exact evaluation of the necessary cooling rate
is a very difficult task. In the case of electron cooling, it also is embarrassed due to
nonlinear dependencies of the cooling rates on amplitudes of particle oscillations.

A rough criterion can be estimated comparing the power of the beam cooling (Aa?,
where a is an amplitude of oscillations) and the powers of the beam-beam resonances
{Vin{a)). In the first approximation of the perturbation theory the amplitudes V;, are
exactly equal to the absolute values of the harmonics of the beam-beam Hamiltonian
in betatron phases and azimuth (), if € is chosen as an independent variable. For
that purpose, we note that for bunches with a round cross section the values V,,, can
be presented in the following form

2

o
Viula) = %—-Qm(a/a), m =2k, (3.29)
where o is the rms bunch radius. The cooling will suppress the resonances, if for
some amplitudes holds the following condition

Quefo) s () (3.30)

wa E

An inspection of the Fig.3.12 shows that for the synchrotron radiation cooling this
condition holds for resonances above 1/15 for amplitudes ¢ < 5. In these calcula-
tions we accepted that the power of the electron cooling decays when the particle
leaves the bunch core. The cooling decrements for small amplitudes (a < o; Ao)
were taken the same, or Ay = 100Asg. As is seen, equivalent suppressions of the
beam-beam resonances for ions occur, when the electron cooling decrements for small
amplitudes 100 times exceeds that due to synchrotron radiation. This number is cer-
tainly too big for practical applications. Fortunately, the beam-beam resonances of
long bunches can be significantly suppressed for high amplitudes of betatron oscilla-
tions and provided that the amplitudes of synchrotron oscillations are not very big
(see, for example, in the next subsection).

We would say, however, that effect of the clectron cooling on the beam-beam
instability and especially on the threshold value of £ must be more carefully studied
in the future.
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Figure 3.12: To comparison of the powers of the beam cooling and beam-beamn
resonances v = 1/5, v = 1/10 and v = 1/15. Dashed curve (small dashes) shows the
power of the synchrotron radiation cooling (SR-cooling). Lower dashed curve (long
dashes) shows the power of electron cooling with same cooling decrement for small
amplitudes as the SR~cooling.
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3.2.2 Long bunches

For long bunches (¢ ~ 3) exist long intervals of phases of the betatron oscillations,
when a particle crosses the interaction region at some angle (8 ~ a/3). That results
in two important effects:

e the suppressions of the strengths of at least some beam-beam resonances;

e in the excitations of the synchro-betatron beam-beam resonances.

The consequences of these effects are different for bunches with round and flat cross
sections.

For bunches with identical 3-functions and round cross sections at the interaction
point the dependences of strengths of the beam-beam resonances (V) on amplitudes
of betatron oscillations and on the amplitude of synchrotron oscillations as well as
on the bunch length can be factored

Vo= &V Gr) Yome (@5, ), 29 = Iy + ). (3.31)

Here, a,, a. and a, are amplitudes of the horizontal, vertical and synchrotron oscil-
lations. In this equation the factor Y, describes the so-called phase averaging effect
[18]. For short bunches (¢, — 0) of a round cross sections Y, .., = 0m, 0, while for
long colliding bunches |Y,...] < 1. A more close inspection of typical dependences of
these factors on the bunch lengths and on the amplitudes of synchrotron oscillations
of particles (see in Fig.3.13) shows that an increase in the length of the interaction
region provided that o, =~ 3 substantially decreases the strengths of the beam-beam
resonances of the core particles {a; < o) and almost does not affect the strengths
for the particle in the bunch tails (as > ¢.). For that reason, the strength of the
beam-beam instability for long bunches can be suppressed, if the diffusion processes,
populating the longitudinal tails of the bunches, are suppressed.

If colliding bunches are flat, then usually the horizontal bunch size (o) essentially
exceeds vertical one (o) and 8, > £.. Such a bunch is a long one, if

¢BZ iy 03 << 6{3’;'

The resonances of horizontal oscillations are almost not affected by the phase averag-
ing. The strengths of vertical betatron and synchro-betatron oscillations are strongly
suppressed for small amplitudes of synchrotron oscillations. However, for large ampli-
tudes of synchrotron oscillations (a, 3 ;) the strengths of these resonances increase.
So that the suppression of resonances for flat bunches requires stronger beam cooling.

All these features make as a more preferable designing of ENC to have a round
cross section and the rms bunch length approximately equal to #-function at the IP.
In such a case, the phase averaging gives “the averaged suppression coefficients” for
resonances with £ > 8 in the range ~ 0.1. That makes feasible the high luminosity
operations, provided that the cooling times for small amplitudes are in the millisecond
r(iff;on. For longer cooling times, we probably may usc the eTe™ scaling that & ~
Ao 7.
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3.2.3 Coherent beam-beam instability

The beam-beam effects produce a twofold influence on the stability of the coherent
oscillations of colliding bunches. First, the dependence of the particle tunes on am-
plitudes results in the enlargement of the bunch frequency spreads. This increases
the Landau damping of coherent oscillations and thus, increases the widths of the
stability diagrams for cases, when the bunch interacts with surrounding electrodes.
The widths of such stability diagrams correspond to the tune spreads about 0.17 x &
(see, for example in Ref.[10]).

The beain-beamn interaction may produce a resonant instability of coherent os-
cillations of colliding bunches [19]. The coherent tune shift for this effect is about
twice as large as the incoherent tune shift. As far as coherent bean-beam oscilla-
tions become unstable due to the mode-coupling instability, for short bunches they
are not stabilized by the Landau damping due to the bean-beam tune spread (see,
for example, Ref.[20], or Ref.[10]).

Most phienomena for incoherent and coherent beam-beam instabilities are very
similar. If £ > 0, the stopbands of one-dimensional coherent beam-beam resonances
are found below the resonant tunes. For long bunches (o, ~ §) the strengths of
the coherent beamn-beam resonances are suppressed for small amplitudes of coherent
oscillations [21]. Dependences of relevant suppression factors on the bunch length are
very similar to those, shown in Fig.3.13. Since the incoherent beam-beam tune shifts
are not affected by the phase averaging, the phase averaging of coherent beamm-bean
resonances may open the possibility to suppress the instability of higher modes due
to Landau damping.
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The growth of the unstable coherent beam-beam oscillations is limited by a nonlin-
ear dependence of the coherent tune shifts on the amplitudes of coherent oscillations
(this nonlinearity also affects the spectra of these oscillations). However, the values
of the stationary amplitudes are usnally well outside the bunch radii. If, for exam-
ple, for some particular coherent resonance (v = n/m, where n and m are integers)
holds the condition £ > |v — n/m)|, then the amplitudes of the stationary coherent
oscillations can be evaluated using

; T
a?, ie, A=v—— <0,
) |A| m
An equivalent increase in the bunch effective cross section limits the luminosity sim-
ilar to the instability of incoherent oscillations.

3.3 Ion Space Charge and the Beam-Beam Insta-
bility

If the ion energies are not very high, due to deep cooling of ion bunches the perturba-
tions of the ion motion due to their Coulomb repulsion 1ay have as strong effect as
the beam-beam perturbations due to the interaction with the counter-moving bunch.
In general, both effects produce the (nounlinear) tune shifts of the unperturbed oscilla-
tions and the resonant perturbations of the ion phase space, creating there numerous
buckets (or, the so-called islands). If ions populate these buckets (due to a scattering,
or due to some other mechanism), the phase space density of the ion bunch dilutes
resulting in a decrease in the luminosity. The nonlinearity of the force perturbing
the ion motion depends on the bunch radii (the radius of the electron bunch in the
case of the beam-beam interaction, and the radius of the ion bunch in the case of the
space charge instability).

In conventional cases, when either beam-bean instability, or the space charge
instability dominates, an increase in the bunch radii can substantially decrease the
strengths of the leading nonlinear resonances. In the case of the presently discussed
ENC ([8]), both kinds of perturbations may have comparable strengths especially for
highly charged ions. Since the beam-beam interaction increases and the space charge
repulsion decreases the betatron tunes of ions, depending on the bunch densities the
common effect of these perturbation can produce both positive and negative tune
shifts of the ion betatron oscillations. For that reason, some features of the beam-
beam interactions and of the space charge instability in ENC may differ from that
in conventional machines.

In this section we discuss the limitations on the luminosity performance in ENC
due to common cffects of the beam-beam and of the space charge interactions of ions.
For the sake of simplicity, we assume that the bunches have round cross sections.
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3.3.1 Ion tune shifts

Since we expect that the bunches blow up due to resonant perturbations, important
issues are associated with the values and with the amplitude dependences of the
tune shifts of the particle oscillations. In this section we calculate the tune shifts
of betatron oscillations for synchronous particles. The unperturbed oscillations are
described by the following formulae

€ro= \/J;L',d:c(s) Cos (d)a: + Xz (3)): Pe = p_dsa
T . dz
2= Bs) cos(s + xa(8), P =D (3.32)
(h/) £z Va2 d ) . - 1
Tds T Ry dslested= g

Here, we neglect the cffects due to the lattice dispersion, p = AM e is the momentum
of the synchronous particle, pJ../2,1,... are the action-phase variables of betatron
oscillations and 2w R is the perimeter of the closed orbit. The charge distributions
in the bunches, producing the perturbing fields arc taken as Gaussian ones

NeeAo(s + ct) r? )
NiZel(s — cf) rd

Here, suffixes ¢ and ¢ mark the ion and electron bunches, A;.(s) are relevant linear
densities, ¢;. are rms bunch radii, Ze is the charge of an ion. The total force
perturbing the ion motion is the sum of the contributions from the electron beam
space charge (F'), acting at the interaction region, and from the ion bunch space
charge (F®), acting along the closed orbit

F®O = @ . pl, (3.35)

For the charge distributions, given in Eqs (3.33) and (3.34), the calculations of F(e-?)
result in the following expressions for the tune shift of, for example, horizontal beta-
tron oscillations of the synchronous ion (two interaction points; see, for example in
Ref.[10], or in Appendix B3.2)

-JTF UTZ - J;z: Jz RS TAd
AI/J:(JTRH Ja) - 25(‘21 ( “5 . ) - AVLQ;B ( B ) . (Jdb)
€ € € &
Here,
7oz L2
¢ N2 (3.37)

ATP; CEe
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is the beam-Deam parameter due to space charge of the electron bunch,

Apy = N AT (3.38)

is the Laslett tune shift of the ion bunch,

Q.(r,2) = fol dt exp (tw : z) Iy (%) [Io (ii’) — I (Z’)] , (3.39)

and I,(z) is the Bessel function of the imaginary argument. The tune shift for
vertical oscillations is obtained from Eqs (3.36) and (3.39) substituting = «— x. Eqgs
(3.36) and (3.39) enable various calculations concerning the tune distributions in ion
bunches. Simple expressions for the tune shifts are obtained for one-dimensional
cases, when

and
Q{1 =0,2) = exp(—2/4)|[To(2/4) + I, (2/4)]. (3.41)

As it was expected, the common cffect of the beam-beam interaction and of the
space charge of the ion bunch results in a reduction of the tune shifts of betatron
oscillations of ions. If Ay = 2€ # Ay, and the electron and ion radii are not equal,
the dependencies of, for example, Av, on the amplitudes of the horizontal (\[JL /€:)

and vertical (y/.7,/e;) oscillations are non-monotonous functions of their arguments
(sce in Fig.3.14). If the amplitudes of oscillations increase, the tune shift Ay, initially
also increase and tends to zero after passing the maximuu. According to Fig.3.14
and if the difference 2¢ — Ay, is not very small, the position of this maximum occurs
outside the ion bunch and sightly outside the electron bunch. For that reason and
in the region, where 2¢ > Ay, the resonant conditions
AL}:L‘(‘I’L" Jz) = Am,n = B = Uy, (342)
m
where n and m are integers, are held for two sets of amplitudes. One set occurs close
to bunch cores, while the other — well outside. In the case of collective resonances,
that inay cause a resonant coupling of the core and tail particles of the bunch.
If 26 < Awy, the resonant condition in Eq.(3.42) yields unique roots, when A, ,, <
0 and the doubled roots when A,,,, > 0. The position of the stopbands of relevant
beam-beamn (or the space charge) resonances is correspondingly shifted from the
found for the conventional case (Avy, =0, or £ = 0).
The plotting of the footprints for the described cases (see in Fig.3.15) indicates an
increasc of the resonance spot area, when the difference in the bunch radii increases.
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Figure 3.14: Dependences of the tune shift
of the horizontal oscillations of an ion on
the amplitude of the horizontal oscilla-
tions (left) and on the amplitude of ver-
tical oscillations (right). From bottom to
top e./e; = 1, 4, 7, 10; upper pictures:
§ = 0.05, Av;, = 0.15; left bottom pic-
ture: £ = 0.05, Ay = 0.05.
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3.3.2 Simulations

Described properties of the tune shifts of the ion betatron oscillations may affect both
the space charge and the beam-bean instabilities of the ion bunch. A comprehensive
simulation of the beam-beam and of the ion space charge instabilities is a very hard
task. However, it seems that, in general, the beain-beam interaction producing more
sharp perturbations may result in more dangerous instabilities. In this section we use
a simplified model to examine how the common action of the beam-beam and of the
space charge fields affect, for example, the beam-beam instabilities of ion bunches.
For these simulations we take the weak-strong beain model so that the motion of a
test ion was traced. Twice a twrn the test ion felt the beam-beam kick according to
A€ X

e =P ST (3.43)
Here, d is the clectron bunch radius. Between the kicks the particle was transported
using (see, for example, in Ref.[22])

@ v c(J/ey  Bs(J/e) T [ VeDPrs
= VA L +V1-A , (3.44
( p,t/p ) l 7"’(‘1/6)/1‘3 C(J/E) p:r:/p v 5/167'33 ( )
where the factor A = exp(—AT5/2) describes the damping of oscillations between the
kicks, 7, p(k) are the independent Gaussian randomn number generators, providing the
correct rms bunch sizes without beam-beam iteraction (< r2, >= 1, < 1y, >=0,
< Pty >=0),

c(J/€) = cos(wivp — Av(J/e))), s(J/€) = sin(w[vo — Av(J/e)]),

Vp 18 the unperturbed tune and

Av(r) = Wﬁ/_\zﬁ L, X = J
l+r++/1+2 €
is the space charge tunc shift. The particle displacements 2 were measured in units
of v/Be, while the particle momentum — in units of \/;/ . Initial conditions for these
calculations were chosen at the origin (2, = 0, pein = 0). To simplify the calcula-
tions the cooling decrements were assuied to be independent of the amplitudes of
oscillations.

The calenlations with this simplified inodel show that in the case, when Avy, > 2
the safe region of the tanes of betatron oscillations is moved from the regions vy > n
(7 is an integer) to the regions, where vy < n (see in Figs 3.16 and 3.17). Note, that
in such a case, the positions of the centers of the resonant buckets will depend both
on the electron bunch and ion bunch currents. For the chosen ratio of Avy, and € a
difference in the electron and ion bunch radii results in an additional blow up of the
ion bunch, when vy > 0 (sce in Figs 3.16, 3.17 and 3.18). Figures 3.19 show that in
the region 1 > n an instability occurs due to resonances of high order.
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Figure 3.17: Dependences of the test ion action variable on the time (number of
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Figure 3.19: The phase portraits of an ion trajectory after the fivst 2000 turns in ENC
(left) and its last 200 twrns (vight). € = 0.05, Avy = 0.15, 1y = 0.15, A = 0.001; 1:
€ / €; = 10.



3.3 Ton Space Charge and the Beam-Beam Instability 59

3.3.3 Working point for ion ring

The limitations due to both the beam-beam and the space charge instability are
mainly caused by non-linear dependences of relevant deflecting forces on the particle
offsets from the equilibrium position in the bunch. Non-linear behaviors of these
forces result in the dependences of relevant tune shifts on the particle amplitudes of
oscillations and in an excitations of various non-linear resonances, when the particle
oscillations tunes approach resonant values.

In the discussed cases, the tune shifts due to beam-beam interaction, or due to
ion space charge, are the decreasing {(in absolute value) functions of the amplitudes.
For instance, for the beam-beam interaction Av,(a) has the following asymptotes
(nsp is the number of interaction points)

1, a & o,
The resonant condition, for example,
vo(a) = vy + Avp(as) = n/m, (3.46)

and Eq.(3.45) show that the positions of the resonances in the tune space relative to
the lines v, = n/m depend on the sign of the tune shift of small oscillations. If, for
example, A{0) is positive, Eq.(3.46) holds only in the case, when v, < n/m. So
that the resonance stopband occurs below the resonance v, = n/m. On the contrary,
if Aup(0) is negative, the stopbands of resonances n/m occur above the resonant
value v, = n/m. Such simple reasons become cructal for evaluation of the threshold
value of the Laslett tune shift of ion bunches in the case of ENC.

For relativistic electron bunches the tune shifts of betatron oscillations are deter-
mined by the beam-beam interaction only. Since these tune shifts are positive (see in
Fig.3.20), the stopbands for resonant perturbations of the electron bunches are placed
above the resonances v, = n/m. It means that the oscillations of electrons will be
more stable, if the working point of the ring in v-space is tuned as close as possible
to 1., = 1. In such a case, 1, can be removed form strong lower order resonances like
vy = 1,1/2,1/3,1/4, while the perturbations due to resonances of the higher order
can be suppressed by the synchrotron radiation damping. A choice of the working
point in the corner close to some integer is a cominon for electron-positron collider.

The values of the tune shifts for betatron oscillations of ions due to beam-beain
interaction and due to space charge repulsion compensate each other (see in Fig.3.20):

AI/;, = TLIP& — AI/L. (347)

Depending on the ratio of the tune shift due to beam-beam interaction to Arvy, the
quantities Ay; can take both positive and negative values so that the Laslett tune
shift compensates the beam-beam tune shift. Generally, due to different spectra of
the beam-beam and ion beam space charge perturbations such a compensation does
not takes place for the strengths of relevant non-linear resonances.
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In the case, when nypf > Avy, the total tune shift A, > 0. As was already
discussed, in this case the most preferable is to place the working point slightly above
integers. It occurs, if the value of Ay, is equal to some fraction of the beam-beam
tune shift (n;p&):

AI/L,M = C'f?,[péi, C < 1. (348)

We also note, that since the particles oscillations are stabilized due the dependence
of Ay; on @, the blow-up of the ion bunch emittances due to these perturbations will
be smaller, if C' does not approach 1.

Let us now consider the stability conditions of ion oscillations for the case, when

Avy > np€. (3.49)

Since Ay; is now negative, the stopbands of resonances of incoherent oscillations of
ions are placed above the resonant values v, = n/m. From this point of view, the
most preferable become the working points, where the tunes v, and v, are placed in
the corner below integers. Again, the higher order resonances must be suppressed by
the ion beam cooling.

On the other hand, a correct choice of the working point must cusure the stability
of both incoherent and coherent oscillations of ion bunches. As far as the space charge
forces depend only on relative positions of ions in the bunch, they do not affect at
least the dipole coherent oscillation of ion bunches. For that reason, the equations
describing dipole beam-beam oscillations in ENC will not contain the Laslett tune
shift of ions. Hence, the stability conditions of these coherent modes will have the
same form like that for electron-positron bunches. Nainely, independent of the value
of the Laslett tunc shift the stopband for the dipole coherent beam-beam oscillations
always occurs below the integers. It means that in the case, when Eq.(3.49) holds,
the stability conditions for dipole coherent beam-beam oscillations contradict to the
stability conditions for incoherent ion oscillations. Since the instability of the dipole
beam-beam mode is very strong, practically, such a contradiction means that the ion
ring of ENC can never reach the region of the paramecters, wherc the Laslett tune
shift exceeds the beam-beam tune shift.

3.4 Parasitic Crossings

After a head-on collision at the main interaction point the colliding bunches must
be separated in order to avoid the parasitic interactions at the neighbor interaction
points. If the bunch-to-bunch distance is D, then two first parasitic interaction
point (PIP) appear, when As = +D/2. Usually, the g- functions at these points
are not small, so that the bunches must not overlap there. Provided that bunches
arc not shielded electromagneticaly, their interaction at such parasitic crossings will
contribute to the beam-beam perturbation and may result in additional limitations
on the collider luminosity performance (see, for example, in Refs [2], or [1]). In the
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case of ENC, the bunch-to-bunch distance is D = 5 m, so that two first parasitic
crossing points occur at D/2 = 2.5 m, which is inside of the discussed detector.

Although the beam-beam interaction at parasitic crossings is a manifold phe-
nomenon, its strength (and effect on the bunch dynamics) can be described quali-
tatively by the values of corresponding tune shifts. If, for example, the bunches are
separated at PIP in the horizontal plane by the distance d, then simple calculations
result in the following expressions for the linear tune shifts per one PIP (see, for
example, in Ref.[2])

N Ze? 3,
AV:{: = _i Ze__éjla
2mped?
(3.50)
Ay, = Vb
2mped?

where, 3, arc the values of g—functions at PIP. Usnally, the beam separation dis-
tance d is measured in units of o (o, for the separation in the horizontal plane).
Defining M = d/o, and using o2 = G.¢., we arrive to

AI/.T,‘ = _'{}}726)2"'?’ - 513
2mpee, M2 M?
(3.51)
8Z g:?:
T M

These equations show that in the case, when M > 1(which is typical}, the tune
shifts due to beam-beam interaction at PIP are small as compared to the tune shift
of the horizontal oscillations from the main interaction point, except the case, when
4’3;4 - M2
B
The last possibility may occur for very flat colliding bunches, which is more close to
the region of paraineters of the future B-factories.

To conclude this section we make two notes. First, as can be seen from Fig.3.2,
if M > 1, the strongest nonlinearity of the beam-beam kick at PIP occurs for the
amplitudes of oscillations /J3 =~ d, so that in some sense d defines the dynamic
aperture of the interaction rvegion. The second, if the bunches collide at PIP at some
angle so that their average velocities are not antiparallel, the beam-beam interac-
tion at PIP will be accompanied by excitations of the synchro-betatron resonances.
Such resonances also occur due to a non-zero dispersion function at PIP for head-on
collisions at the main IP. The effect of the parasitic crossings on the luminosity per-
formance must be studied more carefully during design of the particular scheme of
the ENC.
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3.5 Conclusion

A common effect of the beam-beam interaction and of the space charge repulsions
of ions results in the compensation of the tune shifts of betatron oscillations (a
compensation of the resonant harmonics of the perturbing forces, generally, does
not take place). If the bunch radii of the electron and ion bunches are equal, the
beam-beam tunc shift, or the Laslett tune shift must prevail in order to ensure the
stability of the bunches. In such a case, the luminosity will be determined by the
smallest threshold value of £, or Avy,. The dependences of the tune shifts of betatron
oscillations on the amplitudes are the monotonous (strictly positive, or negative)
functions so that the resonant conditions in Eq.(3.42) result in unique positions of
the resonant buckets. The sizes of these resonances in amplitudes of oscillations will
generally exceed that, calculated for the conventional cases.

For colliding bunches of different sizes such a compensation results in a non-
monotonous dependences of the tune shifts of betatron oscillations on the amplitudes.
Correspondingly, the resonant condition in Eq.(3.42) may have the doubled roots.
Due to a resonant coupling of the oscillations in such buckets these double-root
solutions may embarrass the collective stability of the colliding electron and ion
bunches. Since the widths of the buckets in the space of J is inversely proportional
to (9Av/8.J)., where J, gives the center of the bucket (a root of Eq.(3.42)), in the
vicinity of the maximum value of the tune shift the widths of the buckets dramatically
blow up. If the Laslett tune shift of the ion bunch prevail, the ion bunch footprint
enlarges, while the space charge resonant stopbands are extended in both sides from
Vpz = M.

Described simplified simulations indicate that in the unstable region of the un-
perturbed ion tunes the incoherent beam-beam instability blow-ups the ion bunch
stronger, when the emittance of the electron bunch is higher than that of the ion
bunch. On the other hand, we may expect stronger suppression of the high order
resonances due to the phase averaging effect (see, for example, in Ref.[10]). For that
reason, a reliable choice of the clectron and ion bunch emittances ratio for the case
of ENC demands more careful simulations.

The described contradiction between the stability conditions of incoherent os-
cillations of ions and dipole coherent oscillations of the colliding ion and electron
bunches eliminates a possibility for the Laslett tune shift of ion bunches to exceed
the beam-beam tune shift. Moreover, to prevent abnormal blow-up of ion bunches the
beam-beamn tune shifts must significantly exceed the ion bunch:.'L‘,aslett tune shifts.
Say, if the collider has two interaction points so that Awy = 2¢, it seems that a
safe value for Avp could be Avy, < £ In this case, in an analogy with clectron-
positron colliders the working points for electron and ion rings can be places in a
corner slightly above integers.

The requirement to reach in ENC the highest possible luminosity demands to
maintain &; as high as possible. In that case, the reachable values of the Laslett tune
shifts also will be high. Since the position of the working point in the colliding beams
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operational mode contradicts to the stability conditions of a single ion beam, it is
very likely that there will be necessary to develop a special scenario for the initial
filling up of the ion ring. An obvious possibility of the subsequent filling up of the
electron and then of the ion rings will very likely suffer due to permanent bearm-beam
interaction of electron and injected ion bunches.

The mentioned problems are avoided in the positron-ion collider, when the beam-
beam interaction decreases the tunes of colliding particles. In this case, the threshold
value of the Laslett tune shift is not limited anymore by its comparison with the
beam-beam tune shift. Since both tune shifts are negative, the working points of both
positron and ion ring can be chosen in a corner below integers (like for proton-proton,
or electron-electron collider). Both rings can be filled up more or less arbitrarily,
deflecting bunches at the interaction points. Morcover, an employment of positrons
as the ion partners eliininates the limitations due to accumulation by electron beam
of the ions, produced by the ionization of the atoms of the residual gas by electron
bunches.

Apart from direct collisions, the tails of ion bunches can be populated due to ion
drifting along the beam-beamn resonances. This effect occurs when the dimension of
the resonance surface is higher than the dimension of the resonance. If, for example,
Av,(ay, a.) = n/m, — v,, the cooling of radial oscillations will result in the vertical
blow-up provided that da./da, < 0. For this reason, a decrease in the dimension
of the oscillations tune shifts is very desirable. For the case of the space charge
predominant ion bunches, such a requirement demands careful simulations.



Chapter 4

Cooling of Ion Bunches

According to the disign concepts described in Chapter 2, the high Iuminosity perfor-
mance of ENC is possible only in the case, when ion bunches are strongly cooled. The
cooling rates must be sufficient to suppress the intrabeam scattering in ion bunches
and the beam-beam resonances at least of higher orders. Both these requireents to-
gether with the requirement of the collider luminosity 10%® 1/[cin®s] demand the ion
beam cooling times in the region of several milliseconds.

For bare ions two cooling techniques have been successfully tested up to now.
These are the stochastic and electron coolings. Both possibilities were examined for
ENC operations.

4.1 Stochastic Cooling of High Energy Ion Bearns

In this section we follow to ENC note [23].

4.1.1 Theoretical limit for the cooling time

The stochastic cooling systemns cool the beain using special wideband feedback loops,
detecting and correcting the deviations of particles from the reference orbit. The
cooling occurs due to self-action of a particle via the feedback system. For a given
particle all others prodice in the cooling system the noise signals, exciting additional
deviations of the particle motion from the reference orbit. The common effect of
the cooling signal and of these noise signals results in a decrease of the stochastic
cooling time with an increase in the number of particles in the beam, if it exceeds
some threshold value. This threshold number of particles in the beam occeurs in the
region, where the damping decrements of coherent fluctuations of the beam become
comparable to its frequency spreads. For that reason, the threshold is higher for
higher bandwidth of the feedback cirenit and is smaller for higher Z2/A4.

The theoretical linit for the cooling timme 7 that can be achieved by stochastic
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cooling is given by
oo e
%4
with
Ngpr  equivalent mumber of ions to be cooled in coasting beam operation, and
W bandwith of the stochastic cooling systeumn.

For bunched beam operation with

kr  bunches in the ring
Np  ions per bunch, and
B as the bunching factor,
one has
f\fﬁff = Jli.’[; . ?B - 1/B

4.1.2 Numerical example for ENC operation

The comparison of the stochastic cooling rate 1/7,u, with the eftect of intrabeam
scattering 1/7ps shows that stochastic cooling should not work for ENC operation.
For the case of {/7** this simple estimate should be also correct, however, the required
RF-voltage amplitudes have to be scaled with respect to the ion charge Z and the
ion mass A.

P U92+
Npg 3-101° 3. 107
kg 200 200
B(0.1m/5m) 0.02 0.02
Ny 3. 101 3. 10"
W(GHz) 10 10
Tonin (8) 3- 10 30
T1ps(s) 2. 10° 0.003

4.2 Electron Cooling for the Electron-Ion Collider

The electron cooling method uses the cnergy exchange between hot ions and cold
electrons due to their Coulomb collisions. ¥For that purpose, the electron cooling
device is placed in a special cooling straight section of the ion ring. Starting from
experiments at NAP-M [12], [24] [27] this cooling method was successfully tested on
many low and mediun energy ion storage rings (see, for example in [28]).

Although various schiemes were discussed as suitable for different energy ranges
(see, for example, in Ref.[29]), traditionally, DC-electron beams are used in the oper-
ating electron cooling devices. T such a scheine the electron beam after accelerating
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till the required energy is transported to the cooling region and then, to the collector,
where it is decelerated till as low as possible energy. Since in the cooling region the
ion and electron beam average velocities must coincide, the cooling electrons must be
accelerated till the energy v;me®. For ENC that covers the region 7.5 — 16 MeV. The
power consumption in such a scheme is determined by the lowest possible difference
in the particle energies at the cathode and at the collector. This parameter is the
most important for the majority of the electron cooling devices. In the high energy
region the required power can limit the performance of the cooling device. Generally,
the cooling times are sensitive to the angular divergences in electron beam so that it
must be focused. Tipically, such a focusing is performed using the longitudinal mag-
netic field accompanying electrons from the cathode till collector. For high energy
cooling devices and long cooling sections the quadrupole focusing is also discussed.
It is seems, however, that with the quadrupole focusing it is difficult to provide as
short betatron wavelength of the cooling electrons as it is enabled by the solenoidal
focusing.

Radial distributions of the cooling electron velocities may result in the redistribu-
tion of decreents between transverse and longitudinal ion motions. Generally, that is
accompanied by the shrinking of the cross section area of electron beam providing the
ion beam cooling. In order to exclude such undesirable redistribution, the dispersion
function of the ring must be vanished along the cooling region.

The operations with high intensity cooled beams have indicated phenomena,
which can limit the cooling rates of the intense beam, or even result in its heat-
ing (see, for example, in Refs [30] and [31]). These phenoimena are not yet well
understood. Nevertheless, such possibilities should be taken into account designing
the cooling device for ENC demanding additional studies.

4.2.1 Cooling force

The measurements at NAP-M have figured out a strong effect of the magnetic field
of the cooling device on the efficiency of the cooling. Without magnetic field the
cooling force in the beamn rest frame system reads

. _dmnZ 2{?4{1?90_,1 V- Ve

J(ve)dPu,. (4.1)

m v —vef?

Here, L..q s the so-called Coulomnb logarithm

pma.x s 2 2
Lu)ol =In ( — s Pmax = 11111'1{’1)/{;)1:,,’7"0, CL}, Pmin = € /771-'[) »

Pmin

7 is the time of flight of a particle through the cooling electron beam, v is the ion
velocity, v. is the electron velocity, w, is the electron beam plasma frequency.

In general case, an effect the longitudinal magnetic field on electron-ion collisions
separates three different regions of impact parameters [32].




68 e 'Cooling of Ton Bunches

e Small impact paramcters.

82

'U,f[

CUL > Yy = Pmin = T_TLU‘;Z’ (42)
where va = v —vy.. In this region, the magnetic field does not affect collisions.
For the "flat” distribution functions in electron velocities

Vie 2 Ve = \/262%1/3/771, Vie =/ T1L/m,

where T'| is the transverse temperature of the electron beam, the contribution
in the cooling force from this region reads

drnZiet v Vol Wr,
Fpom e i f‘ 1 —2-”-/—52‘-- , U Ve (4.3)
m v, e2/(muv?)

o Internediate hmpact parameters. In this region, an electron during collision
time 1makes several Larmowr rotations near the ion
Ule VA
TR =L > p > = (4.4)
wr, Wy,

That results in the following contribution in the cooling force

dnZ<et v
F=— = Infv./v): 4.5
mo vt (vLe/v); (4.5)
o Large hmpact parameters.
Pmax > £ > or, (46)

In this vegion, an ion collides with an electron Larmour circle as a whole. The
contribution of this region in the cooling force in adiabatic approximation can
be estintated using
2 4 2 ,
_2mnZetvi(vi — 2y))

F — T - 1 mar Py P & 4‘H
1 o 3 0 Oman/PL)s V> Ve (4.7)

All these expressions are calculated in the logarithmic approximation (Lger >3 1)
and assuming pair collisions of particles. In the dense ion beam (n; = n), the last
asswuption can hold only for iimpact parameters obeying the following condition

P Pimgr = (,n'?")_L/S

In the region p > ;.. a0 electron shinultaneously collides with several ions and gets
energy from all of them. Resulting reaction force will contain both the contribution
from the cooling force of the particular ion and the forces, describing the intrabeam
influence of the cooled ions on each others. Recently [33], using a simplified model
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it was shown that such an influence of the cooled particles may decrease the cooling
rate, or even result in the beam heating, when either ion bunch intensity increase, or
the bunch momentum spread decrease. For that reason, the ion bunch density must
not strongly exceed the density of the electron beam.

The cooling force reaches its maximum near v = vy

P = 2Z€*0%°. (4.8)

At the NAP-M facility, when the magnetic field in the cooling section was about
0.1 T, the dependences of the longitudinal cooling force and of the cooling decrements
fit well an assumption of a partially magnetized electron beam [34]. In that case, the
cooling force grew proportionally to 1/vi.. The minimum transverse cooling time
in these measurements was less than 50 ms. For the case of ENC, the goal for the
design of the cooling device is the ensure a predominance of the adiabatic region in
the cooling of ion bunches.

4.2.2 Experimental background

In order to prove the ideas of the fast cooling a single pass installation was con-
structed {35]. It included an electrostatic accelerator of H~ ions (encrgy 830 keV), a
solenoid with a very homogenous magnetic field (AB/B = 107°) in the range 0.1 -
0.4 T, an electrostatic ion energy spectrometer. In order to study the dependence of
the cooling force on the sign of the ion charge the H~ ions could be stripped using
the special magnesium target, which was placed at the entrance in the solenoid. The
electron beam was formed in the electron gun, which was placed in the magnetic field
of the solenoid. Then, it was transported along the solenoid magnetic field to an elec-
tron collector. The interaction of ions with the electron heam resulted in variations
of ion energies and transverse velocities, which were detected by the electrostatic
spectrometer. The measuwred data showed that (Fig.4.1) the cooling force for neg-
ative ions (H™) was several times higher than that for positive ions(H*). With an
increase in the electron current the cooling force grew up and attained its maximum
value at a current of 5 mA (for B = 0.3 T; see in Fig.4.2). These measurements also
indicate a significant increase in the maximmum cooling force with an increasc in the
magnetic field of the cocling device (see in Fig.4.3).

The observed limitation on the cooling force occured due to an increase in the
longitudinal electron beain temperature. The last can increase during transporting
the electron beamn to the cooling section duc to intrabeam scattering of electrons.
In a strong magnetic field only fast collisions contribute in such a blow-up of elec-
tron teperature. The suppressions of the intrabeam scattering in electron beam by
the magnetic field of the cooling device (see in Fig.4.4) can be described using the
following empirical equation:

T, 2iL. [m 2.8¢?
dT,  me?j m ( e ): (4.9)

E L ~ OXP ;
ds w V7. pu(e2nd + T.)
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Figure 4.1: The cooling force (ion encrgy
losses after passing of 2.4 m cooling section)
versus the electron energy for A and H .
B=04T, I.=3 mA.

where p; = V2T mc?/(¢B) correspouds to the average Larmour radius of the elec-
tron beam. Initial temperature of the electron beam for such calculations was taken
in the form

T, =T*/(2W) + 2¢*n'/2.

Fig.4.5 shows the results of measurcents of the cooling force like Fig.4.1 but in
the bean rest frame systen, reported in [35, 36] and in [28] (ESR). A comparison of
these data shows that the cooling forece, measured in [28] is about 20 times less than
the value, which could be expected for the case, when the longitudinal magnetic field
is high. All these data were fit using the following simple cxpression

Arnet Lovor v

F=- —
m (vE 4?32

(4.10)

The values ©. and L., were used as the fitting parameters. The found optimal value
Leooy=2 presents a reasonable value for the Coulomb logarithm of the fast electron
cooling.

The ion beam in ENC will have small emittances and small transverse momenta
in the cooling region. Typical values of the transverse momenta (Ap/p = 3 x 1079)
correspond to v; = 10° emi/s, which is very close to the maximum of the cooling force
(see in Fig.4.5). It means that an increase in the nagnetic field in the cooling section
can increase the cooling rates.
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Figure 4.2: The maximum cooling force
losses versus the electron current (energy
losses after the cooling length of 2.4m) for
H* and H- (B = 0.3 T). The solid line
refers to the results obtained using the ex-
pression Fra. = ke?n?/?, k=1.82 for H-
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Figure 4.3: The maximum cooling force (in
units of ¢?n!'/?; dashed lines) and the opti-

mum electron beam currents (solid line) ver-
sus the solenoid magnetic ficld.
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4.3 Effect of the Magnetic Field on Cooling

4.3.1 Drift of the cooling electrons due to ion space charge

The electric and magnetic fields of the ion bunch, when it pass the cooling region,
produce the drifting of cooling electrons and, thus, increase the relative velocities
of these electrons and ions. Since the drift velocity depends on the distance of
an electron from the center of the ion bunch, the spread of the drift velocities is
equivalent to an increase in the temperature of electron Larmour circles. In the
case of the magnetized electron cooling, dependences of the cooling rates on such
temperature can be very sharp, if it exceeds the thermal velocity spread in the ion
bunch.
The value of the drift velocity

vy = Al (4.11)
is determined by the force
NZ 2 1 — e _ 2 2 2
LINZE Lo e f207) (4.12)
V2roy? 1

Here, N is the nunber of fons in a bunch, Ze is their charge, o, is the bunch length,
o is the rms bunch radius and H is the magnetic field of the cooling device. In order

1.6 , ,

0.8 =

v jo(el B)12

0.4 —

0.0

rlo

Figure 4.6: Dependence of the drift veloe-
ity (@) due to the space charge of the US,,
bunch on the distance in electron beani.
N =36x 107, v =12, ¢ = 2.4 x 1077 ¢,
g, =10 cm, H = 1000 G.
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to evaluate relevant limitation, we plot the ratio

Va
Cy /e/ﬁ(m;

versus the radial distance inside the ion beam (r/¢). As is seen from Fig.4.6, in the
displayed example the spread of the drift velocities exceeds the velocity spread in ion
bunch by the factor about 1.5.

For the discussed parameters of the future ENC [8] the compensating effect of
the space charge of the cooling clectron beam is negligible small. As is seen from Eqgs
(4.11) and (4.12) this effect limits the ratio of the linear density in the ion bunch to
the magnetic field in the cooling device. So that, if the bunch becomes shorter, the
maintenance of the given cooling time requires rele -ant increase in the magnetic field
of the cooling device.

4.3.2 Effect of the magnetic field on the cooling force

An enhancement of the cooling efficiency with an increase in the magnetic field of
the cooling device occurs due to two reasons. First, it reduces of the Larmour radii
of electrons increasing the width of the region, where adiabatic collisions dominate.
Second, strong magnetic field suppresses the blow-up of the longitudinal temperature
of electrons due to thelr intrabeam scattering. The cooling force comprises conven-
tionally three parts: "fast” interactions with very low impact parameters, where the
influence of the magnetic field is negligible; multiple interactions with impact param-
eters near the radius of the Larmour rotation; and ”slow” interactions at distances
essentially larger than the Larmour radius. The contributions of these components
and the decrement at a small and a large densities of the beam are shown in Figs.4.7.
As is seen, the field exceeding 0.5 T provides the cooling times in the millisecond
region.

The maximumn cooling decrements are very sensitive to the magnetic field at
the cooling section. In order to estimate the influence of the magnetic field on the
damping of final amplitude betatron oscillation damping there was made a calculation
of this damping at angles Ap/p = 107, 107°, 107°. As is seen from Fig.4.3.2, the
damping at angles Ap/p = 107* does not improve with the growth of the magnetic
field, but for smaller amplitudes the damping can be essentially improved with an
increase in the magnetic field.

4.4 Cooling Rates

Let us fivst calculate the cooling rate of, for example, vertical betatron emittance ()
assuming that the cooling force is determined by the following simplified expression
(all values are calculated in the beam rest frame system)
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F, = Azl v, (4.13)
m (18 + v2)3/2
Such an expression for the cooling force simulates the case, when the cooling electrons
are not magnetized.
We take that betatron oscillations in cooling section are described using (and
similar equations for z-oscillations)

""" dz '
T = LJ COS ., Vs — 4.14
feccosthu,  pa = po- (4.14)
so that I, = pJ, /2 is relevant action variable, while
2* 7\’ D
Jo= " 480, — F), 6, ="". 4.15
T g ( 23, ) ' P (4:15)

If the particles are distributed in the bunch according to a Gaussian function so that
the bunch distribution function reads (Ap is the deviation of the jon momentum from
the synchronous value p)

e T, Je s —c]®  [Ap/pP
——————— Y= BT 4.16
f= (2m)3€ 6,040 2e, + 2¢, + 202 282 (4.16)
then
. A
€ = / dU(L./p)f, dU =d*0dedzds, o0) = 2P
while
de, 1 df, 1 o1,
e _ r...:/r F, [dr
dt p/d dt f D d ., )= d“l/z
Now, using
o T
f)ffh = f\/Jz,dz sint, = 3, (94 2,(33 &) ,
we write
de 1 o i3
z g 16, — "% 2] F.f 4.17
dt p./d*“(“ 2,@;) ! (4.17)

To sclect the systematic variation of e, this expression must be averaged over the
closed orbit perimeter. As we mentioned, below we simplify calculations neglecting
the variations of J-functions along the cooling section (8" = 0). For more simplicity,
we also asstme equal vertical and horizontal g-functions in the cooling section (8, =
B. = 3) and equal vertical and horizontal bunch emittances (e, = e, = €).
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Using that in the beam rest frame system n. — ne/v, vi — ve(pL/p), vy — cfy,
we write

(= exp(—%)07 (4.18)

(271')36 00 az + 0%+ 6/ )

Here, a = v /{ye) and
 Z%4mnetLl 1

T APMMAT

e

The integration over coordinates (z, 2, s) yields (27)%?8¢o, so that

K 3% d*66; 865 .
o= L g 419
¢ @my3lred ) (g2 y g2)°7 o 2 282 (4.19)
Using the substitution
1 2 [
= \/7.?/0 dsy/s exp(—sw),
and calculating Gaussian integrals, we find
. - 5
& K_ / du/uexp(—a*u/2) (4.20)
€z 0 (1—l—eu/8) V1 Jr(S’u,/"f2
Simple expressions for the cooling rates (A = —¢,/¢,) can be obtained in regions,
where a® > (¢/8), (6/7) and hence
K Jr2°2 77 drpee
A ‘/_ — _KRLL Z (4 2 1)

- Vor 2 a¢ A mMuvd 1
and in the region, where ¢® < (¢/43), (6/7) so that

foo du\/u,
\/? 1 +eu/8) \/ﬁé fu/"/

After simple transformations the integral in the r.h.s. in this formula is expressed in
terms of elementary functions

amsm 1-—- z
\N/z 3/2 PR TR
A= 5 {4.22)
2w
z In|z 22 —1
VRSl

21 (22— 1)3/2
where 2 = (§/7) \/B/e and
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K Z?  dgn.e’l !
Ao = —n o om o DL 4.2
0 (6/‘()7)3/2 A PmMda (6/ﬁ)3/2 11 ( 23)

is the emittance cooling decrement of the monochromatic bunch. It is interesting to

note that in the asyiptotic region = 3 1 (or, § > v/€/ B) the cooling decrement in
Eq.(4.22) decrease proportionally to /8 only

K~y 7% dmn.eil

I .
A= Jms T Ay 077 Vel 8> /e (4.24)

4.4.1 Magnetized electron cooling

If the contributions of the adiabatic collisions in the cooling force predominate, the
vertical cooling force is deterinined by the following expression

p oo 2Rl Luvl — 20p)

, AL T =) 4.25
) m (V7 +vF)>? (425)

Here, we neglect the temperature velocities of the cooling electron Larmour circles
as compared to ion velocities. Substituting this expression in Eq.(4.17) we obtain
(again §' = 0)

“Z e ) 2
The integral in this expression is calculated in the spherical coordinates (8, o, ) with
the polar axes directed along 8, so that

K @y B00207 202 602 A%
By 067107 !Jlex (_1 ,i_ég_z_gﬁ), (4.26)

8, =0Osinwceosy, O, =0Osinasing, O =8dcosa.

The integrations over ¢ and @ yield

€z K gyt (1 —uh)(1 —3u?) 7re
A = = " f, —— R —n — 1 — — . 4_27
€. 2271 € Jo . 1 —qu? 4 342 (4.27)
Simple calculations result in
Ag ,
AN=—, .z 4.28
221 ) (4.28)
where
L+ 22% z
ST aresiny/l— 22— — T 2 <,
(i — 2502 wesin v/ TSE <
P,{2) = (4.20)
L+ 227 ) Sy 3z A
(2 ;71)5/2' In [” + Ve~ l] (=2 _ l)'Ij: > 1
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Note, that although the cooling force change the sign when vy < /2y, the
emittance cooling decrement is positive for all ratios between the betatron angular
divergency (e/3) and the bunch momentum spread (§). The effect of the local insta-
bility results only in a more sharp decrease in the cooling decrement with an increase
in &

Ao In(2z) — 3/2
Ao o SR

z» L (4.30)

4.4.2 Magnetized momentum cooling

The magnetized momenturn cooling force is determined by the following expression
(in the beam rest frame systemn)
g gty
m v
Then, for a Gaussian distribution in the ion bunch, the variation of the rms bunch
momentumn spread (4) reads

(4.31)

/ dT—Fuf
or
ds? WA 0165 03
@2 ___3..‘.._,,347”7’ s L/dSQ L exo | 2P0 %1 4.32)
dt (271)3/ Zed  myictp (6% + (9 / 2)5/2 2¢ ’)53
_ 31‘ 9 N
h 2 282
B SK y 1 —u?) B Y€
= — 1/262/d - qfl—ﬁ(sz.
The calculation of the integral in the r.h.s. of Eq.(4.32) results in
3-2 1-gq, (1+y?
/1 du w(l-w?) | T3 2 In 1—q g0,
0 1—quz | 3-— 2@ l—g¢q V=4
- -—oaresin S, ¢ < 0.
3¢ (90 1—¢
Substituting this expression in Eq.(4.32), we find
g, o4 (.39
dt  Vor AV '

where
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242 pewein(VI=F) |
N ) (1222 (1—22p 7+ 555 .
®(2) = 24 2* 32z 4+ V22 2 1) o (4.34)
(:3 — 1)2 (:2 . 1)5/2 y A&

2 2A o
A”:—é—z --_0 (I)( 2

g 0 2 4.35
3 or = ( )

where Ay is defined in Eq.(4.23). Since $(0) = 2, the momentum cooling decrement
in Eq.(4.35) diverges for small momentum spreads (§ < ’)/\/ ¢/5). In the region
§ < “{\/’e/ £ the momentum cooling decrements substantially exceed the betatron
ones (see in Fig.4.9).
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Figure 4.7: Dependences of the maximmum damping decrements of protons on the
magnetic field of the cooling device. From top to bottom the dashed curves show the
contributions due to slow, multiple and fast collisions; the solid line presents the sun
of these items; the cooling section length is 0.01 of the ring perimeter, the density
of the cooling electron beam is 107 1/cm? (left picture) and 5 x 10° 1/cm?® (right
picture).




‘OO
;‘N

Cooling of Ion Bunches

1E+3 T T Illllll F T T TTT

1E+2 -

Decrement (1/s)
=
i
|
\

1E+0 -

1E-1 =

1E_2 1 Logaa ] L poL L1y
0.1 1 TE+]

Maguetic field (kG)

Figure 4.8: Dependences of the damping
decrements of protous on the magnetic field
of the cooling device. From top to Dottom
the angular spread in the proton beawm is
107°, 107°, 107%; the cooling section length
is 0.01 of the ring perimeter, the density of
the cooling electron beam is 1.0 x 108 1/cn®.

IEIZ T T lllll][ LI | Il||||] T U T 1TV
1E+1
NA, ?
1 E
0.1 \ El
IE-2 : \ 3
]E_3 Lt vy g sl Lt 4 iqur:
1E-2 0. 1 1E+1
~ 2
Ee)

Figure 4.9: Dependence of the longitudinal (full diamonds) and of the betatron (full
dots) cooling decrements ou the bunch momentun spread.



Chapter 5

Intrabeam Scattering

Among other factors, the luminosity performance in the electron-nucleon collider
(ENC, [8]) can be limited due to Coulomb collisions in ion bunches. Depending on
the assumed operational mode these collisions may contribute to a decrease in the
lifethine of the lwninosity, or in a decrease of the luminosity peak value. The first
possibility may occur in colliders without ion beam cooling, where high value of the
luminosity is maintained due to huge beam eittances (and currents). the desired
value of the luminosity.

In an alternative mode the desired high value of the luminosity is achieved due
to strong electron cooling of ion bunches. Since electron cooling makes equal the
semperatures of an ion and electron beam we expect strong intrabeam scattering
(IBS) effect on emittances of especially heavy and highly charged ion bunch.

Another source of the bunch emittances blow-ups in a deeply cooled ion bunch, is
the space charge instabilify. In general, the space charge instability may affect both
transverse and longitudinal phase space of bunches. However, it seeins that reliable
predictions concerning an increase in the longitudinal bunch emittance should take
into account the effects due to both the space charge and the wake-fields of ion
bunches. That problem will be considered anywhere. Below, we shall neglect the
effect. of the bunch space charge on the longitudinal emittance, assuming that the
bunch length is maintained to be equal to the S-function at the interaction point,
while the bunch momentum spread is determined by IBS.

In a storage ring with an alternating gradient focusing IBS results in the bunch
self-heating - i.e. in the tendency of the collisions to maintain a permanent blow-
up of the bunch emittances [37, 38, 39]. As it was shown in Ref.[10], such a self-
heating mechanisni poses a lower border on the required value of the sum of cooling
decrements to ensure that the ion beam can reach an equilibrium.

The mentioned self-heating effect occurs due to collisions of ions transferring the
particle imomenta from the transverse to the longitudinal motion and due to betatron
modulations of the beam partial velocity spreads along the closed orbit. The first
possibility can be illustrated studying a 90°—collision of a couple of ions, which had
before collision the opposite-directed and, for example, horizontal momenta (see in
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Fig.5.1). Let the horizontal betatron oscillations of a particle be described using

Py

Figure 5.1: To the bunch self-heating
due to IBS. In the rest frame system
f——— —_— B of the bunch before collision particles
-, W, had momenta p, and —p,. After a
90° collision one particle gains and its
partner loses (in the laboratory system)
Py Ap = Lyp,.

4

— . D . g
T = \/Jﬁcos ¢+ D8, ‘(;) =1 =D+ —(x— D) —

.

- 8in @, (5.1)

273 5
where
_E=D)? e B ’
J = 3 + 3 » 2;’3‘1’ + Bd (5.2)

is the action variable and ¢ = v.0 + y., & = d¢/ds = 1/ is the variable of the
unperturbed oscillations, D, (s) is the dispersion function of the ring,
I

=D, .~ D,

i

s is the path along the closed orbit. The energy of betatron oscillations is expressed
in terms of the action variable

- Popliy
£, =0 g
2Ro

The beam self-heating occurs, when collisions result in simultaneous increases in the
beam momentun spread and in the cnergies of betatron oscillations of the colliding
particles. For a single 907 collision we have

- 2 . 8 \?
T RNy =X
e ﬁj +f , ;. I

and

(1,2) (17 + DJ:(')')Z 8, .
—]f - I Tels

g Tt

s0 that
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AELD (g(l) + 5(2))f - (g(l) + 5(2))1,”

onmPi 2 Dii 2} ) .
— - r\'/ e + (D — [)) . 5.3
2 ([0 53
The average value of AE(2) along the closed orbit will be positive provided that
. (Hds I ds
~ 2 — b2 —_ 5.4
1/ /; ]._.[ %(8) /0 H FB(S)’ ( )
where D2(s)
8 .
H o= =7 4 B(s)P%. 5.5
PRt (5:5)

In the smoothed focusing approximation (3 o~ Ro/v., ® ~ 0 and D, ~ Ry/v,)
the last expression is reduced to v > v2 ~ ,. It also shows that a requirement to
increase the threshold nalue of v deands a decrease in the average value of H.

5.1 Bunch Entropy Growth Rate

In aring with an alternating gradient focusing the Coulomb collisions of ions result in
a systematic growth of the total phase space volume of the bunch (see, for example,
in Refs [38, 39, 10]). The blow-up of the bunch phase space volune occurs due
to collisions transferring the particle momenta from the transverse to longitudinal
motion and due to the dependence of the position of the closed orbit on the particle
energy.

For the bunch with a Gaussian distribution function the corresponding growth
rate, which is cqual to the sum of the partial increinents

Ao Lde  Lde  1dF
e, dt e, dt o 8% dt’

can be estimated using the following expression (see, for example, in Appendix C.1)

(5.6)

K_IB'S . N,-,(ZZ/A)ZI’?Z,CL]BS
A== <G>, Kips= - - -
€4€,0,0 2y

(5-7)

Here, N; is the number of particles in the ion bunch, r, = ¢?/M¢?, ¢, and ¢, are
tiie horizontal and vertical bunch emittances, § = Ap/p is the rms bunch momentum
spread, Ze is the ion charge and A is its atomic number, Ligs = In{pmax/Pmin ) is the
Coulomb logarithm for fast collisions and

11 dS .
<G >= /0 TGs), (5.8)

is the form factor, describing the effect of the lattice focusing on IBS. Prior to dis-
cussing the properties of < G > we note that for collisions in a focusing lattice
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among the candidates for pmax we have also to consider pna.. = Av)/wy, where wy is
the frequency of betatron oscillations of particles and Avy is the longitudinal relative
velocity of colliding particles. Equation (5.7) holds for the so-called fast collisions,
when

o (Zer A
Pmin — AMAD? 14 o .

In the case of the strong focusing lattice, the integrand in Eq.(5.8)
BRI N (ST
o Vo= + (@~ g wllas + (as -~ 04)u?)

depends on the betatron functions of the ring via the angular bunch divergencies
Gz = Fr../€x and via the eigenvalues (g+) of the matrix

3 (5.9)

(by —¥a, P 1 (D2 5 1 i
- D i — _ '1
* l‘”f’“r«'@’ 7a. ] “T (,83 ) (5-10)
which read
=G (o rP0t o ST REF). G

The function G(s) is a non-negative function of a.(s), ¢=(s) with the following prop-
crties

G(paz, gy, pig-) = G(dz, g4, 9-),
and
Gla, = g =¢-) =0.

In a storage ring with an alternating gradient focusing the last condition never holds.
Without beam cooling intrabean scattering always results in a permanent increase
in the total phase space volune, or in the entropy of a bunch. In general case,
the function G(s) is expressed in teris of the elliptic integrals (see, for example, in
Appendix C.2).

In order to evaluate the effect of the wmodulation of the betatron functions on
the behaviour of the IBS forin factor the value < G > was plotted as a function
of the bunch momentum spread. Rewmaining parameters of the ring and of the ion
bunch were taken from Ref.[8]. We compared two possibilities: the FODO-lattice
(neglecting the effect of the clectron-ion bunch interaction region), and, as an alter-
native case, the lattice which enables o, < 0. The last possibility although does not
eliminate the self-heating of the ion bunch, will probably a useful option against the
beam-bean1 instability as well as against collective instabilitics due to interactions of
ions with their smrounding electrodes. The betatron functions for these lattices are
shown in Figs 5.2 and 5.3. Although the maximum values of the modulation factors
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Figure 5.2: Dependences of the betatron functions (left) and of the modulation factor
(®, right) on the distance along the closed orbit (s) for the FODO-lattice in a ring,
described in the Ref.[8].
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Figure 5.3: Dependences of the betatron functions (left) and of the modulation factor
(®, right) on the distance along the closed orbit (s) for a lattice consisting of the
cells with the negative momentum compaction factor.
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(®) for these lattices differ more than one order in magnitude (see in Figs 5.2 (right)
and 5.3) (right), the difference in the corresponding values of < G > is not very high
(see in Fig.5.4). Moreover, within accuracy of about 10 % the value of < G > calcu-
lated for the FODO-lattice coincides with that, calculated in the smoothed focusing
approximation:

T :
(G,) \/a—m—_ 'f aresin (\/ “ (11> -3, a= r}/ (n + 1[5(52) > 1.

Note also that for chosen parameters Fig.5.4 indicates larger deviations between the
upper and lower curves for larger bunch momentum spreads and for larger bunch
emittance.

We remind the reader that all these calculations hold provided that the collisions
of the most particles are fast and that the IBS can be described within the framework
of the logarithmic approximation. A beamn cooling till very small bunch emittances
and momentum spreads may break such assuinptions and eliininate relevant limita-
tions on the bunch phase space density due to IBS.

5.2 Equilibrium Emittances

Provided that the sum of the cooling decrements exceeds A, the bunch will reach an
equilibriun. The equilibrium emittances are found using the following equations

€y = _f\rr:(eur — 64:0) + (éa:)lb’s = Oa
= =6 — o) + (&)iss =0, (5.12)
82 = =\ (02 = 62) + (6%)1ps =

Here, A,... are the cooling decrements and e, are the equilibrinm emittances, cal-
culated neglecting IBS {o = x,2,8). The values (é.)rps describe the blow-up of
the bunch due to IBS. Tu general case, these values are determined by the following
expressions (sec Appendix C.1 for detail)

dﬁz I&’[HS U s l‘-\r(Z /A)>’]" (/LIBS
e ), Kipps = -~ 2P g3
(df ) ‘ €665 JO D) (8)G=(s), Kips 27r’7 o (8.19)
()152' I\Ibg , 1t d? :' ”
' = ' .r 14
( dt ) €,.6,65 Jo I -Gals), ; (5.14)
déz I‘fugg IT ¢jg ; 2
= E Mo A\ Ts ZGLD s 5.15

where the form factors G, G, and G,. are determined in Egs (C.16), (C.19) and
(C.21). Since
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Figure 5.4: Dependence of the IBS form factor on the momentum spread of the ion
bunch (left) and on the emittance of the ion bunch (e, = €, = ¢). Both curves are
calculated for the lattices shown in Figs 5.2 and 5.3 and for the bunch of the bare
wranium ions moving in a ring with BR; = 100 Tm (y; ~ 12); for the left graph the
horizontal and vertical emittances are taken to be e, = ¢, ~ 4 nm; for the right -
Ap/p = 0.0001.
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Lfdey  Lfde L fd"Y L
€\t ) g € \dE ) g 02\ dt ) s ’

where the function < G > is determined in Eqs 5.7 — 5.9, we find that the equilibrium
conditions in Eqgs (5.12) can be rewritten in the following form

2
€40 €20 5
Aot A+ A= <G >= A= 4+ A5 4 = >0, (5.16)
€ € &

To simplify the study of equilibrium emittances on the bunch current below we
consider a special case, when betatron oscillations are described in the smoothed
focusing approximation:

R Ko
~ 2 Do~2) =0 (5.17)

Vi Vi

f(f T

In this case, the form factors in Egs (5.13) - (5.15) are reduced to

(L~ 3u”)

L
Ge= [ du 2 = = , Qla,u) =a+ (Va, —a)u® (5.18)
0 \/ Qa)Qa.)
and
Gs+ G G — G-
T v T {
G:-: - 2 1 GCI: - 2 ' (51‘3)
Here,
1 .
G (ap,a ,a.) = p, [(“/3@5 —a )G+ < G >] , (5.20)
a

the function < G > is defined in Eqs (5.8) and (5.9), ey = (0:+0,)/2, @z = Be2/€upa
It is easy to find that G_(a,a— = 0,a.) = 0. The integrals in Eqs (5.18) — (5.20)
can be expressed in terns of the elliptic integrals of the 1st and 2nd kind (see, for
example, in Appendix C.3).
With these assumptions the stationary solutions of Eqs (5.12) (é, = 0) obey the
following equations

KrpsGe | {7 1 G B
a\ b T i - - S GS . ) Yo = w0 = Vi
A_,(E,, € 0) e ’“,/5 5 + 5 Y, D, Yer,
I{ (7 ‘ﬁz Gs —+ G,
A€, —€n) = — 612 % [* 5 ]: (5.21)
2 ot 'y EA T

Ae(62 — 62) MBS 20

€646,

Since the roots of these satisty the known relationship
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62— §2 = . :
Y 72_,\[5

2,2 — € —
Ve (i\_\:g[_eaf_ﬁffg] ij lex 5 6‘.’.?1) , (5.22)

only two equations from Eqgs(5.21) must be solved. This equation shows that the
ratios between the equilibrium momentum spread and angular divergencies in the
equilibrium bunch (\/ €22/ B22) do not depend on the cooling beam current, but only
on the ring focusing and on the particle energy.

Above transition energy of the ring the equilibrium between the intrabearn scat-
tering and the beam cooling results in the flattening of the bunch in the horizontal
direction (e, > €.). For initially round bunch €, = ¢, = € and 3, ~ 8, = 8 we have
G. =0, while

2 2
€ ¥ TE
G, = - ®rgs (,Yg - (I) , g=1-——=_

B : e
11— 3P 1 fw+3
Grssw) = [ duy 0, = (" axctan v — 3. 5.23
res(w) | dug— = ( 7 arctan v/w ) (5.23)
If v > 7., then
2 2 2
i i Te
?(2‘ —q = 762 — 1+ ,8? > 0.
Hence, G, > 0. The equilibria equations in this case read (A\; = A, = X)
Kips (v 1
€ T €&y - = — = | @15 )
: o+ Nee, \n2 2 IBs
Kips
o g MTBSg o 5.24
€ €0 2ec. IBS (5.24)
. Kips .
52 — §24 IBS 2g
O Aeees3 s

So that €, > €0, 8 > o and €, < e

5.3 Space Charge Effect

As was already mentioned in the casc of ENC, the parameter sets occur in the
regions, where at least the betatron bunch emittances are strongly affected by the
beam-beain, or the ion bunch space charge instability. Typically, these instabilities
result in much stronger bunch emittance blow-up thanr intrabeam scattering, which
means that betatron equilibria equations in Eq.(5.12) are strongly violated. Although
the blow-up of the bunch phase space due to these instabilities is a complicated
phenomenon, from numerous observations and computer simulations we expect that




927 o - o Intfﬁbeam Scattering

€ = ¢€p + AESP, Ae = €p, (525)

where

Z* N, II

e ey & A
A AnvAvy, 270, G <Ay,
AGSJ) = (526)

Z Nevp
Admvy€’
For a given /s and in the optimuwm luminosity conditions the bunches and ring
parameters are set to hold conditions &, = & = Avy. It means that for all energies

we can take ,
A Nirpll
o= = |- T (5.27)
A J Ax2730,.Av;,

If the longitudinal phase space of ion bunches is not in the space charge dominated
region, the intrabeam scattering may define the equilibrium bunch momentun spread
due to its balance with longitudinal heating. In the smoothed focusing approximation
(Be.2{8) = Buz; Du(8) — D), assuming that the bunch length (o) in maintained to
be a constant, while d, >> dy and using Eq.{(4.35), we write

fq', > AV{,.

B L[5 Kmsr o
a7 2K 5B iy sy g 58), 5.28
R T Ry 15s(2v/8/8) (5.28)
or
ds? Avpy? 27/
g = Qe - [ JPWE ﬁ/ﬁ)} (5:29)
dt 2neredy/ B0

Here = (3/7)\/8/¢ and (g = 7*/4?)

A A it

Z2\ /2 danereryel
Q o= - V’ ~ H .
RN

Since z®(z) =~ 2z, when = < 1, and ®;55(0) = 7/2, while 2®(z) ~ 1/z, when 2> 1,
and

R P }
Brpg(z) ~ - |- arcsing/ T - 3|,
ris(z) 2g—1) l\/gl V g
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Figure 5.5: Dependence of the IBS mo-
mentum heating rate (solid line) and the
momentum cooling rate (dashed line) on
the relative momentum spread in the bunch
(3/7)4/8/el.  Blectron-U%y ENC mode,
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Eq.(5.29) may have a stable fixed point (§ = 8., sce in Fig.5.5), if

Aviy* 1 g +2 . fg—1
e = f - T M T S —— b " 3 - - r.31
Ne > (Ne)en Sr1d g -1 {\/ i a:e(:bm\/ p 3 (5.31)

A comparison of (n.), and the ion bunch density (in the cooling section), which
is required to reach the necessary luminosity in ENC, shows that in the optimum
luminosity conditions (A, = &, two interaction points) the momentum heating due
to intrabeam scattering of ions docs not eliminate a possibility for bunches to reach
an equilibriun (see in Fig.5.6). The calculation of the stationary momentum spreads
(2s) for the bare uranimm ion bunches in ENC (8 ~ 12 m, D ~ 1.6 m, 3 ~ 200
n, o. = 10 cin ) shows (see in Fig.5.7) that its value is about constant z, ~ 0.2
[0t 0.2’“/'\/6/ 3; see also in Fig.5.5] in the energy range /s = 10 + 30 GeV/u

In the storage ring with an alternating gradient focusing IBS increases the total
phase space volumes of buuches. The blow-up of the phase space volume occurs
both due to modulations of betatron functions and due to the coupling of horizontal
(radial) and longitudinal oscillations, which is specific for motions along the closed
orbits. At high energies of particles the diffusion with the energy transfer from
betatron to the longitudinal oscillations predominates. For that reason, at higher
particle energies the bunch self-heating mainly occurs due to the radial-longitudinal
coupling. According to results, shown in Figs 5.4, the effect of the modulation of
betatron functious on the growth rate of the total phase space volume of the bunch
(A) is as weaker as smaller is the momentwn spread of the bunch.

Without beam cooling the blow-up of the beam emittances may contribute to the
lifetine of the huninosity of ENC, if initial values of emittances are small enough.
We also remind the reader, that the rates of the blow-ups due to IBS decrease, when
the bunch emittances increase. For that reason, the luminosity decays due to IBS
slower than by an exponential law.

In the strougly cooled ion beam, IBS will affect the values of equilibrium emit-
tances only in the case, when it overcomes the bunch blow-up due to the space
charge instability. In particular, if the last mainly affects the blow-up of betatron
emittances, the balance Detween TBS and the beain cooling results in a very weak
dependence of equilibrinin momentum spread on the bunch current.

An effect of the space charge instability on the longitudinal bunch emittance
should take into account contributions due to the bunch wake-fields. The calculation
of the equilibriwin beamn emittances in such a case demands additional study.

5.4 Touschek Lifetimes

IBS collisions with the longitudinal momentum transfer exceeding the separatrix
width
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AN b 5.32
D 2mpchay, (5.32)
determine the beain lifetimme. This the so-called Touschek lifetime can be estimated
using [40]
1 zs NiZehaMc? Ape.
— 2 ToTTT oY >< I 1:7_ 2__ '_®(X), X P '—’_.1
T 4vV2A4 7 e/eByioeV e/

where ) is the RF harnouic number (in our case, it is equal to the number of
bunches), « is the momentum compaction factor, V' is the accelerating voltage, 1, =
e?/Mc? ~ 1.5 x 167 ¢ and

3 . x [redu 3y+2—xylny feodu _
0 = e 3 [T Mgy XN R oy
(x) ST o nu -+ 5 " e (5.34)

F

(5.33)

The dependence of the lifetime on the accelerating voltage and the beam emittance
(®(x)) is shown in Fig.5.8. Figure 5.9 shows that even for the bare uranium ion
bunches the Touschek lifetime does not limit the ENC performance. This value
decrease with an increase in /s. It occwrs due to the fact that in the optimum
luminosity condition the bunch density increase faster than 7.
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Chapter 6

Conventional Collective Effects

The high huninosity performance is possible only in the case, when both the bunch
current (o V) and the total beam current (o< n,/V) are not strongly limited. Apart
from other reasons, these values can be limited by conventional collective instabilities
due to interaction of bunches with surrounding electrodes.

In this Chapter we estimate strengths of various collective instabilities and possi-
ble ways to avoid corresponding limitations. Specific features of the coherent insta-
bilities in a bunched beam are determined by the ratio of the incvement (decrement)
of coherent oscillations to the frequency of synchrotron oscillations. If coherent rise-
times (1/7.0n,) are longer than the frequency of synchrotron oscillations (7eonws > 1),
the synchrotron modes of the bunch are uncoupled. In this case, the suppression
of the instability demands a damping of particular betatron, or synchro-betatron
modes. Otherwise, occur the so called mode-coupling instabilities.

6.1 Single-Bunch Effects

These issues usually provide the basis for estimating the longitudinal and transverse
wideband impedance budgets of the ring. The instabilities due to single-bunch col-
lective effects arc more important for rings, where the munber of bunches is not very
high and, therefore, the current in a single bunch can be relatively high. Important
are cases, when the single-bunch interactions with special devices result in a damping
of coherent modes of a bunch. Such a damping due to interaction with the either
passive, or active devices seems be useful in all cases.

6.1.1 Head-tail instability

A slow head-tail instability oceurs due to excitation of coherent oscillations in the
tail particles of the bunch by coherent oscillations of its head-on part. Synchrotron
oscillations of particles change their position in the bunch, which provides instability
of coherent oscillations of the whole bunch. The instability occurs due to wake fields,
which are proportional to the average displacement of the bunch. For that reasom,
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the oscillations become unstable, if there is a phase advance of betatrou oscillations
of particles along the bunch. In storage rings, such a phase advance is provided by
the ring chromaticity (w,,. = w, .(Ap)), which results in

ety
o} T2
vz = Y, .+ —T— (P COBY,,
bow =UR, g cosy
where 1/ , is the phase of betatron oscillations of the synchronous particle, a, = Royp
is the amplitude of synchrotron oscillations of a particle, 9, is the phase of that
oscillation,

dwz dy 1 dv, 1 1

b e = Uy = s —
dwo dInwo a,dlnp Poy2 AR

Above transition energy of the ring «, < 0. Then, for the natural chromaticity of
the ring (dvy /dlnp < 0) the value dv, /dInw, is positive.

For the case of ENC, the strength of the head-tail instability was estimated using
the following simplified expressions for increments of the unstable modes (vertical
betatron oscillations)

b = —2 Z—Q f dnIm(Z  (n)]JZ_(pon + m.(), (6.1)
I quO U'i ,E/"‘i
T T2r 7 » T Rydlnw

Here, q is the charge of a particle, o = 0./ Ro, m, = £1 and Z, (w) is the transverse
coupling impedance of the vacuum chamber. Since ImZ, is an odd function of its
argument and since

> JL(@) =1,
the total sum of decrements in Eq.(6.1) is equal to zero. It means that at least
one {betatron [m. = 0], or synchro-betatron [m, # 0]) mode is unstable. In our
estimations we used an assumption that the vacuum chamber can be described as a
so-called @ = 1 cavity

W Z Zy
2w o~ 8 '*—-ifi’——, Z(o}g"_a 6.2
[’y Wy

where w; = ¢/l is the cutoff frequency of the vacuum chamber, [ is its radius and
Zo 1s the equivalent cavity shunt impedance. Substituting Eq.(6.2) in Eq.(6.1), we
obtain {m = m,)

oo dex
o (1—12)? +a?

T

B = o (7262 = Q) ~ 2 (b2 + )], b= o (69)
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Assuming that the ring chromaticity is deterinined by the lattice natural chromatic-

0.8 T | |

0.6

0.4
&
2o}

0.2

0.0

0.2 1 1 1
0 2 4 6 g

Figure 6.1: Dependence of the form-factor
in the increment of the head-tail instability
on the betatron phase advance on the bunch
length (¢ = (o.dv/dInwy)/Ry). Solid line
— betatatron mode; dashed line - the first
synchro-betatron mode.

ity

we find that in the case of ENC, the value of the phase advance of betatron oscillations
on the bunch length (£) is about 2.5 (ions). For that reason, the integral in Eq.(6.3)
was calculated nwnerically. The results are shown in Fig.6.1 and in the Tables 6.1
and 6.2. An inspection of the tables shows that the increments of the betatron
modes exceed the beam cooling decrements. Hence, some damping mechanism must
be foreseen in order to damp the instability for all energies of the particles. In
particular, careful compensation of the ring chromaticity decreases the increments,
which can eliminate the instability for higher energies.

The instability is thie most severe for low-energy rings. As is scen from the Tables
6.1 and 6.2, in these cases, the increments of the instability can approacly, or become
even higher than, the frequency of synchrotron oscillations. The data in the Table
6.2 shows that for bunches of U%%, increments of the head-tail instability are smaller
than the cooling decrements. For that reason we may expect that the heavy ion
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Table 6.1: Head-tail increments for betatron collective mode in electron-proton col-
lider. Parameters in this Table ave taken close to that in the Table 2.2; (Avg)w = &;
RF-voltage in the proton ring 10 kV and & = 0.05, I = 5cm (Z/n)q, = 1 Ohm.

[VE(GeV) 73 [ 20 [ 10
Proton Energy Gev | 30.94 | 25.94 | 15.94
N; x 1071 1.541 | 1.838 | 2.992
Ton Bunch Current mA 0.7395 | 0.8818 | 1.434
A 1/s 11.72 | 8376 | 4.213
(ws)s 1/3 377.7 | 412.4 | 525.6 }
6; 1/s 53.57 76.2 L201.6
‘Electron energy Gev | 75 | 4 | ﬁﬂ
N, x 10710 5.652 | 9.591 | 41.34
Electron bunch current mA | 2.713 | 4.604 | 19.84
Ae 1/s 100 15.17 | 0.9709
(wo)e 1/3 24130 | 9400 | 2378

Gels [ 8108 | 2580 | 27800

Table 6.2: Head-tail increments for betatron collective mode in electron-Ujs, collider.
Parameters in this Table are taken close to that in the Table 2.2; (Avp)w = &; RF-
voltage in the proton ring 10 kV and & = 0.05, [, = Sem (Z/N)ar = T Ohm.

(Vs (Geviw) 1 30 ] 20 | 10
Ton Energy Gev 30.94 | 20.94 | 1594

N; x 1077 2.003
Ton Bunch Current mA 0.1105

3.699 | 4.859
0.1632 | 0.2142

Ai 1/s 16770 | 11040 | 3862
(ws)i 1/s 234.8 | 285.3 | 326.8
8 1/s 3.004 | 6.752 | 11.64
Electron cnergy Gev | 75 | 5 1.6
N, x 1071 0.8446 | 2.725 | 6.177
Electron bunch current mA | 0.4 1.3 2.9

Ae 18 100 | 29.6 | 0.97
(we)e 1/3 24130 | 13140 | 2378
5 1/s | 1201 | 5862 | 4154




102 Con\__rentional C_ollectivf_e Eﬂ'ectg

beams will suffer less due to this instability. Note also, that for a given (Z/n)., and
a ring perimeter the increments in Eq.(6.4) increase with a decrease in the vacuum
pipe radius (/1) proportionally to 1/[.

6.1.2 Mode-coupling instability

Since both coherent frequency shifts and increments of coherent oscillations increase
with an increase in the beam current, it inay occur that a coherent interaction will
couple the synchrotron medes of the bunch, and the multipole number m, will no
longer classify its coherent modes, Typically, the coupling of synchrotron modes of
the bunch breaks the stability of the coherent oscillations. Although careful cal-
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Figure 6.2: Dependences of coherent fre-
quency shifts of the betatron and of the first
synchro-betatron mode on the bunch cur-
rent. The bunch becontes unstable, when
these modes merge.

culations of the collective spectra in cases of practical interest requires the use of
numerical methods, the lowest iustability thresholds can be evaluated using a simple
model, where the bunch wake is produced by a pure resistive impedance

Z

W

2

Z_]_:Z

s

while all the particles in the bunch have the same amplitude of synchrotron oscilla-
tions. Such a dependence of the coupling impedance on the frequency corresponds
to a step-wise dependence of the wake-fields on the distance inside the bunch. Using



such a model it is easy to show (see, for example, in [41]) that oscillations become
unstable, when the betatron and the first synchrobetatron modes of the bunch merge
(see in Fig.6.2). If we define the coherent frequency shift, calculated for the bunch
with the zero length:

qu /»oo
Qg = — o Z1{n), 6.6
Z2pry Jeoo dn l(n) ( )
That occurs when
|| = 55w (6.7)

Substituting here Z, from Eq.(6.5), we find the threshold value for the coupling
impedance

2y, AL O
- 7 €Ib ﬁm,Ro
Here, 27 [y is the perimeter of the orbit, for electrons Z = A = 1, for ions E is the
energy per nucleon, G, ~ R/, is the typical value of g-function in a ring. This
equation holds, if the bunch length (¢.) is shorter than a typical "wake” length. If
the bandwidth in frequencies is W, then Lyar. = ¢/(27W), so that Eq.(6.8) holds, if

(6.8)

C C
WK 6.9
D(,b < T4 ( )

In the region, where W > ¢/(0,), the right hand side in Eq.(6.8) gets additional
factor ~ (2mo,W/c) so that instead of Eq.(6.8) we write

AE % ¢
<y e, W 6.10
< v, Zel, ﬁa‘vRGO n P (Us) ( )

Here, n. = 2aW/wy . Several examples of the threshold wideband impedances with

bandwidths (W) in the range

¢ c

— W —

Dy, o
are given in Table 6.3. In this Table we also give the value of the iinpedance, averaged
over the harmonic band n, = Ry /14

(Z/M)ew = Z /1.

In spite of significant difference in the tunes of synchrotron oscillations for ions and
electrons, the threshold values of impedances for electron and proton ring do not
differ too much for all sets of parameters. For the region /s = 30 GeV, the proton
ring is 4 times harder electromagnetically than the electron ring; for /s = 20 GeV,
both rings present about same problems. In low energy region (/s = 10 GeV) the
stability of bunches in electron ring requires about 30 times less threshold impedance
than that for proton ring. The reason is that in such cases, the currents of electron
bunches must be higher in order to achieve high lwninosity.
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Figure 6.3: Stability diagram for the mode
coupling instability due to cubic nonlinear-
ity of betatron oscillations (full dots; Aws, ==
rd, J, aﬁ is the action variable for verti-
cal oscillations). Dashed lines show stabil
ity diagram for a "monochromatic beam”
(6w, = 0). Oscillations are nnstable in the
regions 1 aund 3. For bunches with round
cross section, when dw, = x,J, — k,J, with
Re = K., the stability diagramn will have
more symmetrical foruu.
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Table 6.3: Threshold values of the wideband impedances for the electron-proton
mode of ENC; (Avp )y, = &; RF-voltage in the proton ring 10 kV and § = 0.05,
I = Scem.

Vs(GeV) T 30 ] 20 | 10
Proton Energy T;EV)" 30.9 , 25.9 | 1?9
N; [x1071°] ? 154 | 1.84
I; (A) 0.15 | 0.176 | 0. 287 ;
v, x 101 2 2.18 | 2.79
Z Ohm 204 2520 1210 |
(Z/)av 0.79 0 38
| Electron Energy (GeV) ﬁ?'ﬁ' "k% ‘]
‘ >< 10— 10 5.
Ie (A) 0. 54 0 92 (
RF Voltage (MeV) 9.88 0. 02 |
v 0.013 | 0. 005 0.001
Z Ohm 1.4 x 10% | 1702 40 [
| (Z/N) e 4.4 l 0.54 | 0.013 |

The synchro-betatron mode-coupling instability can be damped due to frequency
spread of betatron oscillations, if it exceeds w,. ' Such a spread can be produced by
the nonlinearity of the beam-beam force, or by a special family of octupole magnets.
The stability diagram for the last case is shown in Fig.6.3.

6.1.3 Longitudinal single-bunch effects

In most projects of the future (electron-positron) factories the limitations due to
longitudinal single-bunch effects are addressed to the growth of the bunch length with
its intensity. It implies that stability conditions for longitudinal coherent oscillations
hold due to Landau damping, or due to effect of a wide-band damping system. The
theory of the bunch lengthening is yet far from its completion (sce, for example, in
[43]), and particular designs are typically based on the half-empirical rules. Generally,
the interaction of a bunch with the wideband environment results in two kinds of
effects: in a distortion of the RF potential well, and in an instability of synchrotron
coherent oscillations. It seems that the experimental results indicate that a flattening
of the RF-well and associated bunch lengthening is observed at a lower beam current.
This gives at least some basis to consider these two mechanisms of bunch lengthening
separately.

A character of the potential well distortion due to bunch wakes is determined

1The lllbl',d.blhfy ot the ('oupied wnchro—betahon modes cannot be damped by the frequency
spread of synchrotron oscillations [42].
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Figure 6.4: An example of the deformation
of the shape of the bunch linear density with
the bunch inteusity and of the RF voltage
of the ring due to a pwe resistive wake;
N/Ny = 0.

by the ratio of the real and imaginary parts of the longitudinal coupling impedance.
If the real part dominates, the resulting linear density of the bunch becomes very
asyminetric, while the synchrotron frequency dependence on the amplitude of the
synchrotron oscillatious indicates a dip (see, for example, in Ref.[44] and [45] and in
Fig.6.5), which may result in additional iustability of both coherent and incoherent
oscillations. In this case, the strength of the bunch lengthening is given by the
parameter

N gL Z v, Iy

=T o .
Ny vV:Eo,
In the asymptotic region N/N, 3 1 the bunch length varies according to (see also
in Fig.6.6) )

G5~ (75)oy/N/No, N > Ny, (6.11)

For the case of ENC, when colliding bunches are long (o, > [,) the inductive
part of the impedance may predominate. In such a case, the selfconsistent linear
density of the bunch is an even function of the distance inside the bunch, while the
wake-fields result in additional defocusing of the synchrotron oscillations of particles
(see, for exammple, in Fig.6.7). In this case, the Dunch length asymptotically varies
according to (sec also in Fig.6.8}

7o~ (0:)0(N/Ny)'?, N > No,
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where N (2T R
N _ BlZ/m)oIl By (6.12)
No  o:.hVsing, (5
The depression of the synchrotron tunes due to interaction with an inductive element
of the vacuum chamber can be described by the following formula

2
]/2 — VSO
* 1+ N/Ny’

where v, and vy are relevant tunes of small synchrotron oscillations. Such a de-
pendences of synchrotron tunes on the beam intensity decreases the thresholds of
instabilities due fo the coupling of the synchrotron modes. Note also, that in the
case, when the synchrotron tunes are comparable to the beam-beam parameters, the
distortions of the accelerating RF by the beam wakes may also affect the geometry
of the beam-beam synchrotron and synchro-betatron resonances in the space of the
amplitudes of the oscillations.

1E*4 Jllll T T [l[]]li T T ||||'||| T T ll,l,l‘g
Zmn=0.01 Ohm .-°° i
IE+3 L 5
R §
ek ‘,’ E
5 1E+2 ) 4
= = :
t o+ ]
o lEr1 i =
O . §
5 3
CQ 1 —
L 2 E
Z/m=1 OChm E
0,1 Lo Lol ol L ||||n|—

1E+1 1E+2 IE13 1E+4

RF - Voltage kV

Figure 6.9: The 20 % safe margins against
the bunch lengthening for the bunch current
and RF-voltage in the case, when the bunch
interacts with an inductive element of the
chamber. Solid line corresponds to Z/n =
1 Ohm, dashed - Z/n = 0.01 Ohm,; full
dots show the required currents of proton
bunches; full crosses — the required currents
of electron bunches (see, for example, in the
Table 6.3).

Safe margins for the bunch lengthening can be estimated using the formula for
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o /oo obtained using the perturbation theory. It reads ?

o3 L(Z/n) RS

e RV () e Wt At At 1. 6.13

o v hV sin ¢, o2 7 + (6.13)
Here, £ is the harmonic number of the RF system, V cos ¢, is the accelerating voltage
and (Z /n)o 1s the value of the impedance below the cutoft frequency. If, for example,
we demand that the bunch lengthening should not exceed 20 %, then the bunch
current should be below . ]

0.2hV sin ¢, ( o )‘5
(Z / ’n,)() Rg

For low Ri-voltages that may request very low longitudinal coupling impedances (see
in Fig.6.9).

6.2 Multi-Bunch Effects

If the bunch wakes last longer than the bunch-to-bunch distance the interaction of
bunches couples their coherent osciilations, which can cause a multi-bunch instability
of the beam. It is clear in advance that the worst stability has a beamn containing 7
identical bunches. In this case, the symmetry of the stationary state relative to the
rotation on the angle 27/, results in the propagation along the beam of uncoupled
multi-bunch modes with wave-vectors of

o= 2T 01,y L (6.14)

Ty
This increase in the degrees of freedom of a multi-bunch beam makes its dynami-
cal features more siwilar to the case of a coasting beam and, therefore, even more
unstable when n; increases. The main difficulty in this case is caused by the multi-
plication by the buuch-to bunch interaction of the multi-turn stability diagram of a
single bunch. Let 3() be the multi-turn part of the decrement of a dipole mode of a
single bunch. Due to the multi-turn interaction it is a periodic function of the tune
14
Iy +1) =d(v). (6.15)

Somewhere between v = 0 and v = 1 the function 4(v) usually changes sign, which
defines the width of the stopband of the instability. As an example, we can take
that this happens when v crosses the point = 1/2, as in the case of a resistive wall
instability, or an instability due to interaction of the beam with a low-Q cavity. If,
now, the beamn coutains ng identical bunches, and interacts with the same system,
the decrement of the a-th mmlti-bunch mode is defined by the same function, which,
however, depends on v and a through the following combination:

—Tw(r) = nyd (V:- a) . (6.16)
e

B Y TS e -
“To simplify equatious in this section we write Z,, instead of Z)(n)
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If, for instance, the stability condition for a single bunch is
0<r<1/2
for np bunches we must simultaneously satisfy n, stability conditions of the form
0<v+4a<m/2, a=0,1,...,m—1. (6.17)

It means that, if some mode with a mode-number of a < ny/2 is stable, its reflecting
partner np/2 — a would be unstable. Although the fact of instability seems to be
independent of v, the sum of the decrements of all multi-bunch modes

'n,g,—l

> ba,

a=0

does not depend on the bunch-to-bunch coupling. Moreover, it is exactly equal to
the sum of the multi-turn parts of the decrements, calculated for particular bunches
while neglecting their coupling. In this sense the correct choice of v can simplify the
stabilization of unstable modes.

The multi-bunch instabilities can usually be suppressed by a relevant decrease of
the QQ-values; by the varying the parameters of the bunches (typically the tunes) along
the beam *; and by using suitable feedback systems. The 1-st and the 3-d possibilities
have been more carefully inspected to overcome the multi-bunch instability in, for
example, future B-factories (see, for instance, in {2], or [1]).

In some sense, multi-bunch instabilitics due to the interaction of the beam with
some parasitic cavities or modes can be considered to be less dangerous. Once the
parasitic element is specified, definite efforts can be spent to decrease its impedance
and to cure the instability. It becomes less easy, however, for the case when the
beam interacts with the fundamental mode of the accelerating RF-system. Recently
[1], the instability of this kind has been reported as a serious limitation on the
performance of B-factories with long rings. For short bunches (o, < Agp, where
Agp 1s the wavelength of the accelerating field), the maximum increment of coherent
oscillations of the beam due to its interaction with the fundamental mode of the
RF-system, containing N, accelerating cells, is defined by the parameter:

el(Z/Q) h*a

1 b — 1= Nc*"'i — 3
/T b T()E 41/5

h= w}?p/wo. (6.18)

These values were caleulated (see in Tables 6.4 and 6.5) for parameter sets, given
in the Tables 2.2 and 2.4 for (Z/Q) == 200 Ohm, which is typical for the normal
conducting cavities. As is seen, for the proton ring the beam cooling never suppresses

*As was already mentioned, the stability of a single bunch is determined by the proper choice of
the working point, and in this sense coherent oscillations of & single bunch can be done stable easily.
Hence, we may conclude that a multi-bunch system can be stabilized by a suitable distribution of
bunches along the orbit.
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Table 6.4: Multibunch longitudinal increments in electron-proton collider; RF-
voltage in the proton ring 10 kV, (Z/Q) = 200 Ohm.

Elcctron energy Gev
\ Electron beam current A \ 0. 0426 )9208 3. 969
\ Ae 1/s \ 100 15.17 0 9709
U/ T 1/5 13.24 | 108.2 | 4608
} (wWa)e /s \ 24150 J-9400 2378

L {_ (Gev) { 10

| Proton Energy Gev T 30 94 94 15.94

l Ion beam current A ’ 0.1479 k 0.1764 | 0.2867

|\ 15 \ 11.72 | 8076 4.213

| 1/ T 1/ 2305 | 4 1504

[ Lwi 175 o 377 | 4 9206
y

Table 6.5: Multibunch longitudinal increments in electron-Ujsg collider; RF-voltage
in the proton ring 20 kV, (Z/Q)) = 200 Ohm.

T @ 0
3004 | 20.04 | 15.04
0.022 \ 0.0326 | 0.0428

L Vb (GL\/) - ‘
Ion Energy Gev/u
\ fon beam current A \]
A 1/ ’ 16770 | 11040 | 3862
L/ Tps 15 21.42 | 39.03 1397
\( » 1s 12348 285.3 | 326.8
Al
|
B

| Electron encrgy Gev 5 1.6
)081 ‘ 0.261 0.593

. Electron beam current A
100 \ 29.63 | 0.9709

% s
L1979 | 17.59 | 688.5 |

} 1/'Ttrab£ 1/‘/3
| (ws)e 1fs 24130 | 13140 | 2378 |
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this instability. For that reason, the feedback system must be foreseen to ensure the
beam stability. On the contrary for the uranium beam the cooling rates always exceed
the growth rates of the instability, so that such a feedback will not be necessary. In
electron ring the synchrotron radiation cooling decrements are higher than 1/7.
only for the energy about 7 GeV (see in the Tables 6.4) and 6.5). Hence, relevant
feedback system will be necessary in this case either.

The dependences of the multi-bunch longitudinal increments on the synchrotron
tune and on the mode number reads (see, for example, in {1}, or {10])

0y = MS2exp (— Wf?’) F(vg,mv, +a), m==1, (6.19)
N1,
Fla,y) = — eos@ma)—p - cos(@mog)—p (6.20)
O T e 1= 2p cos(2ra_) +p> 1 —2pcos(2ma) +p* |’ '

gt +y . ( wh
=" p=expl——-1].
* L P P s

Here, v, = wi/wy (Wi is the frequency of the cavity mode k), and @, is the loaded
Q-value of the cavity. From Eqgs (6.19) and (6.20) one can see that integer ratios h/n;
are the roots of the decrements (increments) of all multi-bunch modes. Thercfore,
tuning of the cavity in exact resonance with the beam (1, = f) eliminates this
instability. In real operation, however, to compensate for the reactance due to beam
loading and to minimize the reflected power, the frequency of the fundamental mode
of the cavity must be shifted down the resonant frequency wgpg to

WRF “2V sin ¢,

where, V cos ¢. is the accelerating voltage. Due to this detuning, the phase advance
of the wake of the fundamental mode on the bunch spacing gets a fractional part of
27, which increases both the increments of unstable modes and the decrements of
the stable modes of the beam.

Inspections of the dependencies d,,(a), for example, for the proton ring (see in
Figs 6.10 and 6.11) indicate that except for a single mode the increments are at least
10 times small as compared to . That circumstance can simplify the design of the
necessary feedback system.

Qe LZ/Q) (6.21)

6.3 Instabilities Due To Captured Ions

When the beam moves along a closed orbit the collisions of particles with atoms of
the residual gas produce the positively charged ions. A train of electron bunches
presents for ions a sequence of focusing lenses, separated by time intervals, in which
ions are defocused due to their space charge. Provided that the betatron oscillations
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of the ions are stable, they can be trapped in the beam and can perturb the motion
of electrons. Generally, two effects are associated with the ion-trapping. The first
is a tune shift and spread due to ions, which can be estimated by (see, for instance,
146))

__ Nire

Av = ,
27ve

= Vets, (6.22)
where V; i3 the number of the stored ions. For realistic parameters [46] the value of
Av can reach .05. Due to the nonlinearity of the Coulomb force this effect increases
the Landau damping of coherent oscillations of an electron beam and, in this sense,
can be considercd as being a positive one. On the other hand, since Landan damping
dilutes the phase-space volume of the beam (see, for example, in [10]) it generally
can Ihmit the performance of the ring.

However, stronger limitations can be caused by the interaction of stored ions with
coherent oscillations of the beam. Although the description of instabilities due to this
interaction is very speculative, some of its general properties can be predicted using
the analogy of this instability and the instability of colliding bunches. In particular,
we may expect the unstable colhierent oscillations below the resonances

MV, + M, =1, mym; > 0, (6.23)

where integers m.,; define the multipole numbers of collective modes of the electron
and ion beams. The increments of this instability would be proportional to

NNwor,

50 o W(]UAV&,‘, X Woi/ - A-"/éz s (624)

and will slowly depend on the multipole numbers (m,, m;}. Herc, A; is the atomic
weight of the ion and r, = 1.5 107'% ¢m is the classical radius of the proton. For
the reasons described in the previous section, we can expect that such an instability
will be hardly suppressed by Landau damping. Since the configuration of electron
and ion beams, which have different transverse sizes, is more stable [10], we may also
expect the flip-flop iustability of the beamms.

Tons will definitely not be accummlated inside the beam if the bunch spacing is
chosen to make the betatron oscillations of the ions unstable. This criterion defines

the critical ratio R = N,/n;, (see, for instance in {46, 47]) when the ions are swept
out of the beam due to their overfocusing:

T (6.25)

Here, r = 0. /0, is the bunch aspect ratio. If we take, for example, A; ~ 30 (CO) and
€~ 21077 an, Eq.(6.25) yields Ro = 6 x 10°. This value exceeds the corresponding
ratios for all realistic parameter sets (see, for example, in Table 6.3) and, without
special efforts, ions definitely will be trapped in the electron ring. Additional cleaning
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can be achieved by using either clearing field electrodes, or missing the necessary
amount of bunches from the train. As it was found for B-factories, the missing of
roughly 10% of bunches from the beam can prevent ion trapping. This method could
be useful for the ENC either.



Chapter 7

Lattice Design

In order to provide the desired luminosities of ENC, the lattices of the electron and
ion storage rings must enable the following operational options:

1. final focusing of the colliding bunches at two interaction points;

2. longitudinal polarization of the colliding particles at the main IP;

3. maintenance of the necessary and equal emittances of colliding bunches;
4. required cooling of the ion bunches;

. synchronization of the revolution frequencies of electron and ion bunches;

(874

6. required beam intensities;

7. required lifetimes of the bunches.

The simplest scheme of a storage ring, which provides these functions is a race-
track with four 90° arcs and four straight sections (Fig.7.1). Two straight sections
must be foreseen for the interaction regions, one — for injection and for RF-systems
and another one for the emittance control of electron and ion bunches.

As it was already mentioned in Chapter 2, the operations of ENC in the energy
range

10GeV /u < /s < 30GeV /u

and with ions from protons till US%s demand the magnetic I'igiditigs for ENC rings
for the electron-proton mode in the range (BR); < 100 Tm, while the electron-ion
modes — in the range (BR); = 100+200 Tm. Below, we describe a preliminary lattice
design for ENC assuming (BR); = 100 Tm. The main goal of these calculations is
to show that desired of storage rings options can be are not too tight.

For the same reason, we do not discuss herc the insertions, which equalize the
horizontal and vertical cmittances of electron bunches. Generally, such insertions
are necessary to increase the threshold values of € due to round cross sections of
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Figure 7.1: The sketch of the ENC rings.

colliding bunches. For long buncches, the expected enhancement can occur due to
the described in the Chapter 3 phase averaging effect and due to decreasing of the
betatron dimensions of the beam-beam resonances. It is not definitely clear, however,
how important is the last point. For long bunches the beam-beam interaction still
couples the betatron and synchrotron oscillations of particles. Without the phase
averaging suppression it may result in significant blow-up of the bunch area. As it
was mentioned in the Chapter 3, the phase averaging suppression strictly speaking
demands equal horizontal and vertical g-functions at the IP only. A more reliable
fattice design can be done in the future.

In this Chapter we address to the lattice design of the conventional optical func-
tions of the rings. The polarization coutrol and related subjects will be described in
the next Chapter.

7.1 Arc Lattices

The functions of the arc optics in the ion and electron rings are different. In the ion
storage ring the main goal for the arc lattice is the transporting of the beam between
the straight sections, containing special insertions. In order to avoid additional blow-
ups of the beamn due to intrabeam scattering and due to the space charge instability,
its optical functions should be as smooth as possible. As was shown in Chapter 5,
that can be done using, for exanple, the separated functions FODO lattice.
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In electron ring, the arc lattice significantly contributes to the producing of the
horizontal beam emittance. The equilibrium value of the horizontal emittance of the
bunch due to synchrotron radiation of electrons reads

a7 BdsH
=3.8x 107" Gg,- 5o nmy], (7.1)

where R is the bending radius, Il = 271,

D2 2\
H=—"L+4+p8.D — D, 7.2
(o 2151) 72

and G, is the so-called horizontal partition
I ds 1 —2n

= ———"-D, 7.3
Ge Jo 27R? [1 R a’] ’ (73)
n is the field index. For the lattices with the separated function magnets (n = 0) we

have

1 Roa
Y — 2oty 4
G- (=) (749)

Then, if the arcs consist of Np identical bending magnets so that 27K = Nglg,
Eq.(7.1) yiclds (@ < 1)

4
€r = 55 X 10 ,Ye/ dsH(s) [nml. (7.5)

—a

If the bending angle in a single dlpole is small (¢p = g/ < 1), then H x ¢%
and Eq.(7.5) shows that the equilibrium beam emittance varies proportionally to
v2oh(for a given /8, €, X ¥2¢%). On the contrary, the requirement to maintain the
luminosity at the level of 10°% 1/{cm?s] per nucleon, demands a decrease in the beam
emittance proportionally to v /%, which means that special tools must be forcseen in
electron ring to make the bunch emittance controllable. Presently we have chosen a
lattice scheme, where the arc lattices enable small emiftances at higher energy of the
electron ring. An increase in the beam emittance at lower electron energies must be
then provided using, for example, wigglers placed in an insertion with the increased
value of the dispersion function. Such an insertion can be placed in the straight
section, which in ion ring is occupied by the cooling area. As we told already, the
main goal of such a lattice design is to demonstrate its feasibility.

Presently, for the sake of simplicity, we design the electron and ion rings arcs
as consisting of identical items (dipoles and quadrupoles). The field strengths ave
certainly different for both rings due to different values of the designed BR. An
optimization of the arc lattice and improvements in the strategy of obtaining of the
required electron beam emittances can be done during the future work.

The magnetic systemn of the arc lattice was designed using the MAD program
[48]. The of following values
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e total length of the cell (Leey),

e the length of the lenses (Liens),

e the length of the bending magnet {Ig) and

e total number of the elements of periodicity (Ne.)

were used as the variable input parameters for MAD. As the output parameters we
used

o the heam emittance (e, for the clectron ring),
e the total circwunference of the aves (L)

H

e the length of the drift space (L to distribute the sextupoles for the chro-
maticity corrections),

o the ficld of the bending magnet (DBpenq) and
s the gradient field in the quadrupoles (Giens).
The output parameters were required to obey the following liinitations:
e<6 [nmf, C<600 [w|, Lgir>.15 [m), Grens <0215 [T/cm].

If the lengths of the bending magnets in electron and ion rings are equal, the values
{p and N obey the additional condition. We adopt that the maximum magnetic
field in the proton ring must be smaller than B, < 1.9 T for BR = 100 Tm. Then,

2w . Bm(urlb’ 2r

Q{)B,mal: = .y — lb’ C Vel 2 B_

= ALd — 22 330.7 iml.
ecll BR T zat:/BR [ ]

After examining different schenies [49, 50] the antisyminetrical FODO structure was
chosen as the standard cell (see in the Table 7.1 and in Fig. 7.2). The optical
functions for both rings are shown in Fig.7.3.

Law=s.55m

d

Lo
L=155m  'L=09m

Figure 7.2: Layout of the clewent of periodicity for both rings.
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Table 7.1: ENC standard cell for /3 = 30 GeV.

L A pala,metor ~[electron|proton]
B N 108
cell [T, M 555
INdm'ft X Lyrife, S m ATWIG_ZSN
each |lg,  m] 15 |
of |¢p/2=7/Neyw | 0.029088821q
2 |R=2g/¢p,  m| 53285
[magnetq B, T{ 4692 L 8767J
. Liens, 09
[ td G, Tjam| 2002
| lenses @ﬁ_fj — 2008

An inspection of the Table 7.2 shows that the obtained arc lattices are very
rigid (v, =~ 37 for electrons and v,, = 8 for protons) and are characterized by
large natural chromaticities. However, we can mention as an advantage that this
arc structure provides for the proton ring the transition energy below the injection
energy. The Table 7.3 shows that a special devices (wigglers) must be foreseen to
increase the electron beain emittance at lower energics.

7.2 Main Interaction Region

The ENC lattice should foresee two interaction regions. We remind the reader main
requirements to the parameters and layout of the main interaction region. It must
contain the detector solenoid (f Bdl = 5 T, similar to TOPAZ [4]) surrounded
by two spectrometer dipoles ([ Bdl = 1.7 Tm). The optical scheme of the main
interaction region (IR) should provide the following options:

e head-on collisions;

» equal and small §—functions (/& 10 cm) at interaction point (IP);

electron-ion beans separation at the first parasitic IP {(not less than (5+7)o1);

the longitudinal polarization of the bunches at 1P;

the required equipment inside detector should be placed in the cones between
o =3° and a = 10°.




Table 7.2: Optical parameters of the ENC arc cells.
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Figure 7.3: Optical functions of the element of periodicity for the electron (left) and

proton (right) rings.
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Table 7.3: Beam emittances for different regimes of ENC.

Vs Geviao | 20 |19
electron|E, GeV] 75 ]
ring IER . Tm % [13.3310.0/5.3

e, nm|453[1.29 073L21

“proton |E, GeVﬁf’)O—I TSO 1(ﬂ
| ring [BR, Tm, 100 83.33]100]53.3,

The optical requirements for the second interaction region are not well defined yet,
except for an assumption that the 3-function at this interaction point can be large.
For that reason, below we describe the design of the main interaction region, assuming
that both interaction regions are identical [51].

Since between the final focus quadrupoles g-functions vary according to

32
+¥a
s

the first final focus guadrupoles should be placed as close as possible to the IP.

For the closed orbit perimeter IT = 1000 mx and for the collision frequency 60 MHz
the bunch to bunch distance is exactly equal to the length of the detector solenoid (5
m). It means that the distance between the main IP and the first parasitic TP is 2.5
m. If we want to avoid the parasitic beam-beam interactions, then the separating
dipoles also should be placed inside the detector solenoid. Presently, the chosen
scheme provides the beams separation in the horizontal plane.

Additional embarrassments for the final focus system occur due to the spectrom-
eter dipoles (1 m long). It can be cured, if a spectrometer dipole is divided into two
parts, while the second lens of the final focus system is placed between these dipoles
(Fig.7.4). Such a scheme may also enhance the energy resolution of the spectrometer.

Bs) =

The separating magnet and the first lens provide a = 47 mrad deflection for the
electron beain which result is &~ 60 mm beams separation at the first parasitic IP (see
in Fig.7.5). These elements are placed inside the above-nentioned narrow cones. An
inspection of the main parameters of the elements around IP (Table 7.4) shows that
the required magnets although must be performed as superconducting, are not very
tight. The fignure 7.6 demonstrates the optical functions of the interaction region for
both rings.

A direct matching of the optics in IR and arcs has yielded the different lengths
of the TR straight sections for protons and clectrons (Table 7.5). This difference
is compensated by two special insertions (up- and down-stream from IP) with the
length L.y s = 36.74 m, which are matched with the optics of the interaction region
and arcs of the electron ring. They increase the total betatron tunes and total
cliromaticity of the interaction region (tunes by 2 x 1.0 and 2 x .5 and chromaticity
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Figure 7.4: Schematic layout of the interaction region around IP for both rings; upper
graph - electrons. Siuce the mirror symetry is assamed, only the right half of the
interaction region is shown.

Table 7.4: Parameters of the elenents around IP for ENC with 5* = 10 cm.

[: 71@(}3113}11’( [_ inside TOPAZ | 1) 2t i,?i‘i’feﬂltﬂii_ i TT
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Ji - o cm 81.64 _ 36.49 H lens L, CnT )36&)_
Fv (for __), ~uwad[ J‘? ()() _ 14 60 I(inside) G, T/cm ~ —.2576
B, T] H beams separation, ¢cm

[°

LG, _7 _7 7 Tf(llf‘ _ ﬁ ‘08(26 |[5.77 after solenoid and 10.93 after BIJ
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Figure 7.6: Optical functions of the interaction region + 2 arec cells for electron (left
figure) and proton (right figure) rings.
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Table 7.5: Main parameters of the interaction region.

~rng [ electron [ proton ]
:7 TnoTloﬂ;_ B ll@i;gggti 7 LV@IUC&I 5 “horizontal 2]
E@fff:ﬂ:j_ﬂmTi;__“fmfwﬂy
bitclt}og tune v # X 1. 0723184%2 X 8564822 x 620651 |2 x .510431
Omazs nt 445.6 - 275.0
Dewern ~  ml 5 | 0
hnomaﬁcl( 1tv B '_ﬂ_—: X 10.565 T_—j?_x' 6.6 Uﬂ;

by —2 x .451 and —2 x .930 correspondingly).

The places for the spin rotators aye foreseen in the electron aud proton interaction
regions; besides, the places for the cmittance control wigglers are foreseen in the
clectron ring.

7.3 Cooling Region Straight Section

The optics of the cooling straight section must provide the electron cooling area with
the cooling length of about 0.02I1, zero dispersion and the g-function of about 200
m. This area must be optically matched with the adjacent arcs of the ion ring. The
optical functions of the cooler insertion with a total length 60 m are presented in
Fig.7.7.

7.4 Synchronization of Ion and Electron Revolu-
tion Frequencies

Colliding electron and ion bunches must have identical rotation frequencies. The
required electron cnergies are ultra-relativistic so that for constant perimeter of the
closed orbit their rotation frequency is practically constant

ve ¢

=g~
On the contrary, the ion bunches in ENC are not so much relativistic. For that
reason, in the cnergy range /s = 10 + 30 GeV/u the rotation frequencies of ion
bunches may vary significantly (sec, for example, in Fig.7.8). This difference in
the rotation frequencies of clectron and ion bunches can be compensated varying
the perimeter of the closed orbit for different energies of ions. In general, such a
circumfercnce adjustinent reads

AT Aw g e Aw
e U N R 2 B (R Y S
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Figure 7.8: Dependence of the deviation of
the rotation frequency of an ion bunch from
the reference frequency on the ion cnergy
(7 = B/(Amyc?)). For this figure we take
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As is seen from Fig.7.9, the necessary variation of the closed orbit perimeter can be
rather high.

The variation of the ion closed orbit circumference with an increase in ion energy
can be done using special orbit bumps (see in Fig. 7.10). The amplitudes of the orbit
bumps and values of the required fields can be considerably decreased if the total
adjustment of the circumference is divided into several parts (see in Table 7.6). Each
bump provides the same bending angle as the replaced arc cells. For that reason, the
magnetic fields in the bump dipoles are different {correspondingly, B1 and B2 in Fig.
7.10). The betatron functions of the bump must be matched with that of adjacent
arcs. Distributing these bumps in the arcs, it is possible to save the length of the
technical insertions.

orbit for B,

Figure 7.10: The principle scheme of the element of the adjustinent system.

The Table 7.6 shows that the scheme with 8 orbit bumps (see Fig.7.11) enables the
lowest (as compared to schemes with one, or four bumps) required radial displacement
of the jon orbit. The operation with ion energies in the range from FEy = 25 GeV/u
to I, = 30 GeV/u can be carried out using magnets with large radial aperture
(about 20 cm, see in Fig.7.12). Wider variation of the proton (ion) cnergies still
will demand a tool enabling the radial displacement (of about 1 m, Fig.7.12) of the
bump segments. The fields in the bump magnets are reasonable. The magnets do
not violate the symmetry of the ring.
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Figure 7.11: The quarter of the ring with two orbit bumps.




X, m
7 T T T T T T
| { | E ref=16 GeV —
6L . .. . ... ... ... Ed=25GeV — |
; : E_u =30 GeV -
7
4LH ,,,,,,,,,, ‘3/’5 4

13 14 15 16 17
Z,m

Figure 7.12: One of the two orbit bumps inside the ring quarter with different mag-
nifications.
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‘Table 7.6: Characteristics of the adjustment systems for
Erep =16 GeV and IT = 1200 n.

GeV| E; =25 E, =30
A wmj o TT20965 0 L4800 |
| Buw ump 1111111}3'51_' 1 147 8 [ 1 4 8
Lm wl 035 | 35 | 35 § 035 | 35 | 35
Lo m. 6.65 | 3.5 3.5 || 6.65 | 35 | 3.5
Larige, Cwml| 746 | 1.5937] 779 1 784 [1.603 | 784
Lins,  m!33.230130.155 33,452 | 33278 39.212 33485 ]
Bus T 5.3596 | 1.336 | 0.706 [|7.0476 | 4.016 |0.0074
By T|5.3596:2.55771 2 |[7.0476; 3.31 | 2.591
Total Nuws, | 8 | 732 | 62 g8 | 32 64 |
Total Ni,e,  mj| 7 ' 16 | 48 7 116 48
Owbit bump, w3749 | 1118 | 690 | 4.127 1277 | 837
[ Dlﬁownu "o_f_fh;(rnb_i_t_ "bumps AR for F, and E; ]
| Dump number H T 4 g :i
AR, ~oom 373 16.9 14T




Chapter 8

Polarization Control

8.1 Electron Bunches

The radiation polarization time of electrons (7,) reads

Tpls€C] A e

(E[GeV))?|BIT]F

As is seen from Fig.8.1, the values of |B]3, which are necessary to reach the polar-
ization times 10, 20, or 30 min, essentially exceed the values provided by the ring
arcs. For that reason, the polarized electron bunches in ENC can be obtained either
using the polarized electron source (with subsequent acceleration of particles in the
injection chain accelerators), or using special wigglers (see, for cxample, in Table
8.1). Such a magnet was already produced in the BINP. Two such wigglers provide
the required polarization time (< 30 min.) for £ = 7.5 GeV, three wigglers - for
E =4 GeV and five wigglers are necessary for £ = 3 GeV '. As a payment, such
wigglers will decrease the equilibrium degree of polarization ., (see in the Table 8.1)
and will increase energy losses of the beam due to synchrotron radiation (SR):

AEgp ~3.31 x 107",
The contributions of these losses to the energy spread read (see also the Table 8.2)
op = 1.5 X 10787 To T,

where

T, = ngzds [T?m], Iz= ¥|B|3ds [T%m].

Since after passing the IP the bunches are separated in the horizontal plane, the
longitudinal polarization of particles at the 1P is obtained using two spin rotations

'For the energy 1.6 GeV the polarization time in the collider ring becomes very long. In this
case, polarized clectrons must be produced using a special source.
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Figure 8.1: The required average cube of the field modulus for different polarization
time depending on the beam energy; x — the contribution into < |B}® > of the arcs
for IT = 1.2 k.

Table 8.1: Wiggler characteristics.

Thebasicpole, T Teem| 709712
| compensating poles, T em | 2x1.581-35 :
| Magnet length, on 82

l_l}‘ﬂ‘l) - _ o ”T3_ 0.-0375
$IBPas o Than [ 45005
P hds/R ) - cm 2 1.17 -10-°

Fds/IRPTT Cem? | 1.33-107°

Loy = 924%  §ds/R[fds/IRP] % ] 812
Y'If one considers the variants with a different bean energy,
the wiggler field B doces not change.

2 for E =3 GeV, so that (BR). = 10 Tm.
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Table 8.2: Contributions of the electron SR in arcs and wigglers to its energy loss
and the bunch energy spread.

B G| 16 [ 38 [ 4 [ 75 |

' T, for arcs, T?m | 3.366 | 11.833 | 21.037 | 73.957
T for arcs, R Tsn} 0337 | 2225 | 5273 | 34760
T, for 1 wiggler, T m 7.794
Ts for Twiggler, ~ Tm, 45611

[required wigglernumber [ - ] 5 | 3 [ 1 |

[total Z,, ~  T°m]| 3336 | 5080 TL&.MT 8175

GowlZ,  Tw| 08% | 23038 | 1Al | S04
oy foraxes 26-1077[54-1071 [6.7-107 [ 1.2-107
oo total ifi"_;Eﬁ 024 10 24307 [18- 10

| AEgg for arcs, keV| 109 | 1350 | 4265 | 52138 |

| ABsp total, Med 011 | 0579 T 0001 [ 583
losses RE power ([ '(ﬁ"Fx'i kW 109 ‘ 1350 | 4265 | 52738 |

E*@mil ) (total) F ou | o | osl | asr ]

[52]. First, after the arc exit the spin is rotated from the vertical into horizontal
plane. This transformation is performed using the solenoidal spin rotator. Then, the
spin is turned in the horizontal plane by 90° using the vertical magnetic field. For
the matched particle energy and strengths of the rotating fields, the particle arrives
to the IP having its spin parallel (or, antiparallel) its momentumn.

It is convenient to select such a scheme of the rotator, when the vertical-horizontal
coupling of the particle oscillations is localized in the rotator. In this case, the 4 x 4
transport matrix of the rotator will be diagonal

(3 24)

It is also possible for the 2 x 2 matrix A to have a form of the matrix of the empty
space with the length (L}, equal to that of the rotator

(18,

To realize this schene [53] the rotator solenoids must be surrounded by two lenses,
which are turned in the (x — 2) plane on the angle oy o~ +7/4 2, while a nontilted
quadrupole should be placed between the solenoids {see IFig.8.2).

2More pret 1sely, bv

T

L
Qegilt 4(1 n (i.)’

T [T T
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The chosen parameters of the elements of the electron spin rotators are presented
in Table 8.3, while J-functions with and without rotator are shown in Fig.8.3.

Table 8.3: Main parameters of the solenoid spin rotator (e-ring).

fclen_lellf ]_rid.llle‘numbe _{ ]EF T/cm mgn(atdt)
o Jal ] 2 Jo2] 85| -4
Clenses | @2 | T2 |02 maAMI| SF
L L I g 1 jg 4i 75308/) no
Solemoid | ] T2 133 D=0G9T |
gt | SOIenOId o f - solenmd —[ q1
i i } ,7 — . . ,,L‘ ,‘ e i e e 3_(—_—44-
| g2 195 g2
18 20 22 24 26 28
azimuth, m
Figure 8.2: Solenoid spin rotator insertion (e-ring).
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Figure 8.3: Solenoid spin rotator influcnce on the g--functions (e-ring).

where @ = 0.001 15965 .. is the dimensionless part of the anomalous magnetic moment of the
electromn.
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8.2 Ton Bunches

To work with the polarized protons it is necessary to solve two problems:
e proton acceleration without losing its polarization;

e achievement of the longitudinal polarization in the interaction point.

It is proposed to solve both problems using siberian snakes and rotators which
are manufactured on the basis of spiral magnets. This decision is preferable since:

e smaller orbit disturbance than in the case of a dipole magnet snakes is achieved;

e power capacity of such snakes (~ [ B?dV) turns to be less due to a smaller
magnet aperture.

As is known, siberian snakes assure the independence of the precession frequency
of the spin of the particle energy, which enable conservation of the beam polarization
during its acceleration. In the last case, a correct choice of betatron frequencies
permits to avoid all dangerous spin resonances.

When a particle passes the snake, its spin changes the sign. It is equivalent to
a rotation of the spin on the angle 7 around some axes in the horizontal plane. It
is convenient to define the angle between this axes and the particle velocity (¢). If
¢ = 0, the snake is called as a longitudinal; if ¢ = 7/2 it is called as a transverse one.

The spin tune () will not depend on the particle energy, if two snakes are placed
on the closed orbit and are separated by the half of the orbit perimeter. In this case,
the value of v must be matched with angles ¢; and ¢, which are specific for these
snakes (for example, v = 1/2 for ¢y — ¢ = +7/2).

A "continuous” snake (with a random angle of spin rotation in it and direction of
its axis in the horizontal plane) was suggested by Steffen [54]. When dipole magnets
are used, its scheme takes the form [55] (see Fig.8.4):

S =(—H,~V,mH,2V,—mH,—V, H),

where H and V are rotating magnets in horizontal and vertical planes respectively,
and m > 1 (m is not obligatory integer!). The choice of H and V determines the
spin rotation angle (180° for 100 %th snake) and the direction of its axis. The same
kind of the snake can be constructed from spiral magnets. The main advantage of
this choice is the achievement of a smaller orbit disturbance than in the case of a
dipole magnet snake.

Though the field integral (f Bds) is higher when spiral magnets are used, the power
capacity of such a sunake (~ [ B2dV) turns to be, nevertheless, less, because of a
smaller magnet aperture. Each magnet is characterized by the undulator factor p:

cB

V= e k1
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Figure 8.4: Scheme of "continuous” snake. D, , are the orbit deviations.

where B is the amplitude of the undulator magnetic field. Along the undulator the
magnetic field is distributed according to

B, = —Bsinks, B, = Beos ks, B, =0,

so that & = 27/A is determined by the period A of field transformation in the magnet;
helicities of the utinost and all the central magnets coincide in pairs.

8.2.1 Acceleration of the polarized beam

In the Table 8.4 the parameters of the snakes are represented. The orbit deviation
is listed for A = 2.4 m.

Table 8.4: Parameters of the snakes.

g g § [ Bdi,| orbit deviation (cm) for
=g % schome 6 | ;| p different energies (GeV)
= = T 30 25 16
Al r PL= P, P = —ps| 45° | —.15| 49 | 255 26 | 31 4.8
B 4 pi=-pi,pe=-ps| 0° | 27 35| 245 | 20 2.4 3.8
C T =pL,pe=ps | O0° |26 1 52 | 309 1 2.0 2.4 3.7

Two possible schewes can be composed from these snakes. In one scheme, two
snakes of type A with opposite signs of the magnetic fields provide the acceleration
of the proton bean without depolarization. In the other scheme, the snakes B and
C are applied with the same result. Design of these snakes and their helicities are
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shown in Fig.8.5 and 8.6. The snakes A and B use the vertical field at the entrance
of the magnets, while the field orientation of the snake C is at 67° from the vertical
direction.

A A A ..

b ol o - —— o~

+ + + +
P, P B B

Figure 8.5: Scheme of the A—type and B-type snakcs.

A A A A

ot - . o — . —— ] |- - - ——

+ — + —
P B B P

Figure 8.6: Scheme of the C-type snake.

For A = 2.4 m the value p = 0.5 corresponds to the magunetic ficld of ~ 4.1 T.
The more precise values of the magnetic field would be obtained by direct integration
spin and orbit motion along the beam trajectory, taking into account fringe fields and
natural nonlinearities in helical magnets. The total length of the snake (all types)
cquals &~ 10 m. The length of the snake as well as the orbit deviation are reduced
proportionally to the increase of the magnetic field. Thus, the parameters are quite
satistactory.

8.2.2 Longitudinal polarization

Longitudinal polarization in the interaction point can be received using a spin rotator
consisting of spiral magnets. Schemes with a different number of such magnets are
posileltgrileicspakei 1ie arllcschelteislvowmel sltdw i abFig.8.7. The snake C uses the
horizontal field at the entrance of the magnets, while the field orientation of the snake
D is vertical.

It necessary to note that the separation magnets used in the interaction region
(with the angle ~ 47 mrad) introduce additional small spin rotation. It will be taken
into account in future.
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Table 8.5: Paramcters of the snakes.

e T — o — — N
S w | !
© |3 E ‘ | [ Bdi, | orbit deviation (cm) for
SNER o m e | different energies (GeV)
= scheme ‘ o | D2 P .
jw] ! ; Tnl 30 20 16
Cl 4 [pi=pip2=ps .?“'-_?'2_%__( 357 29 1TLT [720 | 32
I3 1 - [ -2090 5057206 | 199 | 23 2.7 1.2

“1

Figure 8.7: Scheme of the D-type snake.




Chapter 9

Injection Chain

9.1 General Description

The electron and ion bunches are delivered to the collider experiment energy in
a sequence of accelerators providing the bunches with the parameters which are
necessary for the experiments. As far as the planed experiments are going to use the
polarized bunches, the accelerators in the injection chain must be capable to preserve
the polarization of the accelerated bunches. Corresponding inteusity requirements
to injector accelerators can be found in the Tables 2.2 ~ 2.4 (see also in Table 9.1).
These data show that lifetimes of ion bunches are long enough for all ENC modes,
while the lifetimes of electron bunches can be rather short (several hundred seconds)
for the heavy ion operational modes. For these modes, a requirement to maintain
the average luminosity close to the level 10° 1/[cm®s] per nucleon demands the
full-energy injection of electron bunches in ENC. We remind the reader that the
top required energy for electrons in ENC is about 9 Gev. In order to avoid huge
energy losses of electrons due to their synchrotron radiation, the perinmeter of such a
synchrotron should be comparable to that of ENC. For that reason, with the increased
level of the guiding magnetic field such a synchrotron could be used to accelerate the
ion bunches either.

Additional desirable functions of the high energy ion/electron synchrotron can
be figured out calculating initial cooling times for ion bunches after their injection
in ENC. In these calculations we asswine that the ion bunches injection chain can
be based on the existing accelerators UNILAC and SIS after their relevant upgrade.
Below we shall use the parameters of the SIS given in Table 9.2 (see also in [58]):

The cooling time of an ion bunch after its direct acceleration to the colliding
experiment energy reads

I Z22Xe1erpCLen/Be

LA e o

Here, A, = n.2nf.¢ is the linear density of the cooling electron beam, /270.€ is its
1108 radius, € = €;,;%,;/7 18 the emittance of the injected beam after its acceleration
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Table 9.1: Intensity and energy requirements for the electron-proton and electron-
U2, modes of ENC.

N x 1070 T T T T T T[730656 | 2.585 | 2111
- Energy [Gev] 17.21 1 24.34 | 29.81
BR [Tim] 57.3 | 81 | 99.3
Radiat. Recombination Lifetime [hj | 87 61 50
M\f x 1071 [ 4332 ] 15,31 18336
‘ Energy [GeV] 14 | 41 | 75
\ BR [Tw] 4 67 ¢+ 13.6 25
Br_embstmlllujg _El_fetnne [U L "j 22.63 i£5 01
| Bare ura}}lum ions _{_ _[_ ! j
N, x 1077 T [ 75 [ 532 435
Energy [Gev/u] l 13.57 ‘ 19.19 | 23.51
| BR [Tm] I 117 \ 165 | 200
Radiat. Recombination Lifetime [s] L 786 | 556 | 434
N x0T ‘_13'2_'( 4668 | 2.541
Energy [GeV] } 1.8 5.2 9.6
| BR [Tin] 6 } 17.3 | 32
| Brewsstrahlung Lifetime [s] J 1672 | 766 | 520

Table 9.2: Short SIS Parameter List.

Perimeter [m]  ~ ~  216.7
BR (injection) [Tw] 1.8

| BR (top) [Tm] 18

I Magnet bending radius [t 10

| Straight section length I 5.99
Number of bunches 4
Bean emittance [nm] 5000
Bea energy spread 0.001 |

‘ Cycle period [s] 3
Tons T p Nel U
Kinctic energy [Gev/u] 45 20 1 |

\ (71 sunx 574 2.8  1.89

| Tons/cycle x10 20 10 2.0 |
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till the final energy (AvMc?).

The calculations of the cooling times with parameters given in the Table 9.2 yield
the cooling times, which from protons till bare uranium ions range from about a
half till several hours (see the second lines in Tables 9.3 and 9.4). These cooling
times are certainly too long especially for the collider modes working with heavy
ions, where the lifetimes of electron bunches are short. The required duration of
the ENC injection cycle for protons can be estimated as follows. According to data
from Table 9.2, the proton beam in ENC containing about 3.6x10'? protons using
relevant rebunching of the extracted from SIS beam can be obtained during 18 SIS
cycles (about 1 minute). After subsequent acceleration, the cooling of these bunches
depending on the experiment energy will take from 0.7 till about 5 hours. These
numbers estimate the required injection cycle periods of ENC, if the bunches are
cooled at the top energies. In this case, the low-energy beam intensity in the high
cnergy synchrotron can coincide with the extraction beam intensity from SIS.

Table 9.3: Cooling times of proton bunches in electron-proton collider; precooling
encrgy 4.5 GeV, the density of the cooling electron beam n, = 3 x 10° 1/cm?, energy
of the cooling beam 2.89 MeV.

Vs GeV 10 [ 20 [ 30 |
High energy cooling time (without precooling) {h! . 0.7 2.3 4.7
Injection precooling time [s] | 273 | 273 | 273 |
Injection energy Laslett tune shift 0.018 { 0.013 | 0.010
High energy cooling time [s] 35 49 60
Precooled emittance [nm] 908.3 i 642.3 | 524.4

Table 9.4: Cooling times of bare uranium bunches in ENC; precooling energy 1
GeV/u, ne = 3 x 10° 1/em?, energy of the cooling beam 1 MeV, the recombination
lifetime at SIS extraction energy is about 700 s.

High energy cooling time (without precooling) [s] | 1411 \ 4746T9650
Injection precooling time [s] ' | 0044 1'0.044 | 0.044
Injection energy Laslett tune shift 0.03 §0.020 | 0.017
High energy cooling time [s] 0.27 ‘ 0.27 | 0.27
[ Precooled emittance [nm)] 1470 i 1039 | 848.7

The injection cycle periods can be made significantly shorter, if prior to acceler-
ation the bunches arc precooled at the extraction energy of SIS, or at some interme-
diate energies. The bunch emittance after precooling is determined by the threshold




144 . S _ ) ) Injection Chain

value of the Laslett tune shift at the precooling energy. The precooling electron beam
density especially in the electron-proton mode cannot be as high as that in the main
cooling system. Taking as a reasonable value n, = 3 x 10° 1/cm® within the radius
0.5 em {the cooling bearn ciurrent about 1 A), we find the numbers, given in Tables
9.3 and 9.4. The gain is strong for the heavy ion modes of ENC, where the required
cooling times decrease from thousands seconds to 0.27 s. In the electron-proton mode
the precooling will result in significant benefit in the injection cycle periods only in
the case, if the full ENC intensity injection in the high energy synchrotron is possible.

High Encrgy Synchrotron

{ UNILAC e - linac

Injection, RF
Emittance Control

2-nd IP

Figure 9.1: ENC injection scheme using SIS
o O

as an electron booster
Matin IP

Ze

- Electron
Booster

(58

\ UNILAC

High Encrgy
Synchrotron

Injection, RF

Emittance Control

]
Ea

2-nd IP

Figure 9.2: ENC iujection scheme using ad-
ditional electrou booster
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Two examples of the ENC injection schemes with the full-energy injection in the
ENC are shown in Figs 9.1 and 9.2. The first one employes SIS either as the booster
synchrotron for electrons. Since the injection magnetic rigidity of SIS is 1.8 Tm, the
final energy of electron linac should be 540 MeV. The top magnetic rigidity of SIS
corresponds to electron energy 5.4 GeV. If the closed orbit radius is held 10 m, an
electron will lose the energy 7.65 MeV per turn. The perimeter of SIS may contain
up to 43 electron bunches, which is 1/5-th of the electron ring ENC current. So that
the required power of the RF-system can be estimated as 4.6 MW, These figures are
maybe a little bit high for the booster synchrotron. A decrease in the extraction
clectron energy form SIS twice reduces the required accelerating voltage and the RF-
power 3 times. Remaining acceleration of electrons can be done, if necessary, in the
high energy synchrotron.

If an employment of SIS as an electron booster is not desirable, the electron injec-
tion chain must be supplied with the electron booster synchrotron. The extraction
cnergy from this synchrotron could range from the lowest required electron energy for
ENC (1.4 GeV) till, say, 3 GeV (BR = 10 Tm). In that case, the required variation
of the magnetic field in the high energy synchrotron will be not too wide (10 - 200
Tm).

9.2 Electron Linac

9.2.1 General scheme of the electron linac

A list of the possible main injector parameters is given in Table 9.5.

Table 9.5: Main injector parameters.

~ Final cnergy 500 MeV
Number of electrons per bunch 5. 101
Repetition rate up to 120 Bz
Energy spread:  electron bunch +1%
RF frequency 2856 MHz
Klystron pulse power ~ 63 MW
Number of klystrons 3

The main components of the injector are shown in Fig. 9.3. The injector com-
prises a thermionic electron gun, a buncher, and 500 MeV electron linac [59, 60]. All
parts of this accelerator enable to provide a single bunch regime at the repetition
rate up to 120 He.

The thermionic 200 kV triode gun delivers 2 ns pulse current of 10 A. The emit-
tance of the beam is less than 1072 cim. This bunch passes the subharmonic buncher
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operated at the 16-th subharmonic of the basic frequency of 2856 MHz. The buncher
contains two quarter—wavelength cavities with drift gaps. The transverse focusing of
the beam is made using the longitudinal magnetic field, which is produced by current
coils, placed around the cavities. Such a bunching system provides a 200 ps bunch
on the exit of the S-band bunching section. S-band buncher operates at the back
travelling wave with exponentially increasing accelerating field and provides a 20 ps
electron bunch at the entrance of the first accelerating structure {62]. The short
bunch length is needed to provide a small energy spread (+1%) during a further
acceleration.

The 500 MeV linac consists of 9 accelerating sections which are 3 m long and
have a constant impedance structure operating at a travelling wave (27/3). The
transverse focusing of the bunch along the linac is realized by the solenoid field at
the first section of linac and two quadrupoles in each of the other sections. The
accelerating gradient in the first section is 25 MeV /m, and in the other sections it is
up to 18 MeV/m.

The 9 accelerating sections are powered by 3 RF modules witch can base on 8-
band klystrons 5045 (SLAC, USA). This klystrons provides 63 MW, 4 us RF pulse
at 2856 MHz. A SLED power compression system permits to obtain the necessary
gradients of accelerating fields. The output power of SLED is fed to three or four
accelerating sections. In order to maintain the reliable capturing, the first section of
linac have higher accelerating rate. It is attained by applying half of the RF power
from the power compression system of the first klystron to these section, then the
second half of this power is divided equally between two regular sections. The power
of the second klystron is divided half-and-half between four regular sections (the
power is divided by 3 dB hybrids). The third klystron feed two last sections without
any power compression system.

9.2.2 RF module

The RF module for example consists of a 5045 klystron and a high voltage pulse
modulator. The high voltage pulse for the klystron is produced by the modulator.
The modulator is a conventional line type modulator with an oscillatory charge of a
pulse forming network (PFN). It consists of a high voltage power supply, a charging
choke, PFN and a thyratron switch [61].

9.2.3 Beam diagnostic.

The beamn diagnostic system of linac can be divided by two parts. The first one
provides a single bunch diagnostic at maximum repetition rate and has no significant
influence on the beam. This system includes a wall ¢current monitor placed just after
the gun, and 9 Beam Position Monitors (BPM) mounted at the entrance of each
section. The second system includes 4 movable beam profile monitors and magnetic
spectrometer with Faraday cup placed at the end of accelerator. This system destroy
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the beam, but give us information about transverse bunch size, energy, energy spread
and total bunch charge.

9.2.4 RF control system.

RF control systewm includes the low power RF driving system, the RF measurement
system, the subharmonic buncher RF system and the system for sections and SLED
thermostabilising.

9.2.5 A rough cost estimation.

The S-band RF systemn forms the main part of linac cost. Including all expenses
comes from another systems of linac, the rough evaluation of the linacs cost should
be near 1000 k3 /100 MeV. Note, that this nunber will not be valid for the energy
range below 200 MeV.

9.3 The Full-Energy ENC Filling-up Scenario

Let us briefly discuss the ENC filing-up sccnario for the case, when the full-energy
injection is realized. The sequences of the required operations with electron and
ion beams for the first ENC filling-up procedure is listed below. With full energy
injection subsequent injections demand smaller amounts of particles and can be done
during a single injector cycle. Such further injections could be done for electron —
light ion modes once per 3 hours, or once per 10 hours depending on the experiment
energy. The electron-heavy ion modes of ENC demand more frequent (once 500 s
-1 hour) additional injections of electron and ion bunches. If the polarization of
electron bunches is made in ENC using the wigglers, the item 4 can be skipped. In
such a case, the ENC filling time with clectron beam is reduced to a single cycle
polarization time (10 20 min).

o Filling-up of ENC with clectron bunches (about 10 min per cycle, total about
50 min):
L. extraction from electron linac (Ey = 0.54 Gev) and filling-up of the elec-
tron booster synchrotron (about 40 bunches, during 1 s);
preacceleration in electron booster synchrotron 0.54 Gev — 3 GeV;

injection in the high energy synchrotron and acceleration till top energy;

waiting for the beam polarization (about 10 min or so);
deceleration till required energy;

injection in ENC;

Mo

bunch shaping (longitudinal and transverse);
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8. repeat injection cycle 5 times.
e Filling-up of ENC with proton bunches {(about 25 min per cycle);

1. rebunching of the SIS beam (4 — 20 bunches);

2. injection of 2 x 20 proton bunches in the high energy synchrotron (6 s);
3. precooling {about 5 min);

4. acceleration till desired energy;

. injection in ENC;

5

6. repeat injection cycle 5 times;

7. final cooling in ENC (about 1 min});
8

. switch off the bunch separation at the interaction points.
e Rumn.

In the electron — heavy ion ENC modes the filling-up of ENC with ion bunches
takes several seconds. The electron bunches must be changed, or must get additional
deposits about each 1-2 min. These time intervals are very short for the bunch
polarization and may demand the generation of electron bunches using the source of
the polarized electrons. According to data from Tables 9.2 and 9.5 the filling time of
ENC can be then reduced to several seconds.

Since the positions, width and, generally, the shape of the ion bunch footprints
essentially depend on the intensity of electron bunches (two interaction points)

N,
AV,-, = 2&_ — AVL; 5; X —,
{4
without special efforts short lifetimes of electron bunches may result in the decreases
in the lifetimes of ion bunches due to, for example, crossing of resonances by ion
oscillation tunes. For that reason, the working point of ion beam must be corrected
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Basic Technical Systems

As could be seen from previous Chapters, the required ENC beamn parameters can
be obtained using the storage rings employing technical systems, which are more
or less ordinary for electron and ion storage rings of this size and working in the
desired energy ranges. Detailed design of these ordinary systems is out of scope of
this study and can be done in a reliable way in the future. In this Chapter we focus
on the discussion of the technical systems, which can limit the ENC high luminosity
performance.

10.1 Main Interaction Region Magnets

One of the severe ENC design demands is a requirement to leave free of the optical
elements the snall and the large collision angle cones. For that reasons, the optical
elements in the interaction region, which are necessary to squeeze the beam at IP and
to separate the bunches at the parasitic IP must be placed within the equipment cones
(3° < < 10°, see also in Fig. 10.1). For the magnets placed close to the interaction
point the embarrassiments occur due to siall available transverse distances. Outside
the detector solenoid the required parameters of the quadrupoles become too tight.
For these reasous, the ENC 1nagnets in the main interaction region (see in Chapter
7 for their parameters) should be performed as superconducting ones. Examples of
such dipole and guadrupole ntagnets are shown in Figs. 10.2 and 10.3.

10.2 RF-systems

Since the required RF-voltage in the ion storage ring is only 50 kV, the designing
of the RF-systemn of this ring should not present any difficulty for light ion modes.
For the heavy ion operation modes relevant feedback systems must be foreseen to
compensate the cavity detuning due to their beam loading.

RF-systems of the high encrgy synchirotron (or of the upgraded SIS) should enable
the ion beam rebunching.
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spectrometer
r r=—=-n

detector,, s

Figure 10.1: Schematic layout of the optical elements in the main interaction region;
D - dipole, Q — quadrupole.

The RF-voltage in the electron ring must be sufficient to compensate their syn-
chrotron radiation losses. As is seen form the Tables 2.2 — 2.4, in the high encrgy
operational modes the required RF-voltages should be several MeV per turn, while
the RF-system power should reach 4 MW. These parameters are close to the RF-
system demands for the future B-factories. Examples of relevant RF-system designs
can be found, for instance, in Refs.[1] and [2]. Definite precautions should also be
taken to decrease the higher order modes impedances of the cavities. Designing of
the RF-system for electron ring should take into account rather high cavity detuning
in the low energy light ion operational modes.

10.3 Technical Design Study of the Cooling De-
vice

10.3.1 Cooling region solenoid

As far as an cmiployment of strong electron cooling is one of the main requirements for
the high luminosity performance, the optical system of the cooling region must ensure
small disturbances of both ion and electron motions. In Chapter 4 it was shown that
the required damping times are feasible, if the strength of the solenoidal field will
be close to 0.5 T. Since the angular divergence of the magnetic force lines simulate
additional electron velocity spread, it must be sufficiently small. A typical angulax
divergence in the ion beam \/ETFBC'W ~ 3 x 1078, determines the required divergence
of the magnetic force lines. Although such a level of the transverse magnetic field
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Figure 10.2: Sketch of the first superconducting separating dipole inside the detector
solenoid.
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Figure 10.3: Sketch of the superconducting quadrupole inside detector solenoid.

in the cooling region is a tight, an installation with close requirements was already
manufactured in BINP for SIS ion synchrotron [63].

In this Chapter we discuss an employment of the traditional DC-current device
for electron cooling of ion bunches in ENC [64]. The proposed recently scheme
employing the bunched electron beam from a linae, or another source still demands
additional study and testing.

10.3.2 High voltage accelerator

Configuration diagram of the proposed accelerator is shown in Fig. 10.4. Main
elements of the accelerator are the following: a high-voltage rectifier, accelerating
tubes, recuperation device rectifier. They are placed inside a tank filled with elegas
under a pressure of 12 bar. For the accelerator with the energy higher than 7 MeV
an additional electrode is supposed to be used to reduce its overall dimensions. Fig.
10.5 shows a sectional view of the accelerating tubes and a high-voltage terminal,
The tubes are located in a solenoid which creates magnetic field up to 0.1 T. Power
consuied by the solenoid is 8 kW/m. The high-voltage rectifier and solenoid are
transformer supplied. The recuperation rectifier, ion pumps with power supplies,
injector control unit, collector cooling system are located in the high-voltage terminal.
Power of the recuperation rectifier is 10 kW.

Alternative designes of accelerators for an energy of 5, 7, 10, and 15 MeV were
examined. Main parameters of the variants considered are presented in the Tabl
10.1:

The accelerator tank overall dimensions were determined meeting a condition of
providing the electric strength. When choosing a configuration the following consid-
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Figure 10.4: Coufiguration of the accelerator.

Table 10.1: Main parameters of accelerators.

}  Energy of electrons, MeV 5 [T 10 715
Height of tank H,  m lljlf 21 | 31
’ Diameter of coﬁunn DI,  m [ Toe
Maxiual dldlll( ter of ‘ra,nk D2, m  [25725] 3 | 1
\’rManq of tank, ~ tounes | 6 T 75 177 38
Mass of solonold - tonncq 5710115
Voluine of ‘rdnk ¥ 50 65195 310
’ SF6 '\/Ia‘;; - tonnes | 4 | 527 10 25 |
P()Wo; « OIlbIllll( d, _kVV____ ;6!? LQTJ}TJO 1200 |
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Figure 10.5: A sectional view of the accelerating fubes and a high-voltage terminal.
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erations were taken into account. In a case when the accelerator column ends with
a sphere electrode, the electric ficld intensity at the electrode surface is determined
from the relation £ == 2U/r; = 4U/rs, where r; and r; are radiuses of inner and
outer electrods, U is a voltage of a high-voltage gap. Hereinafter the equations for
the clectric fleld intensity are given at an optimal relation of the electrodes radiuses.
Iz a case when a tandemn arrangement is used, the high-voltage electrode is of a cylin-
der form, and the electric field intensity £ = U/ry = 2.718U/r,. In the latter case,
the tank radius is 1.47 times less and the arca is 2.17 times less than in the variant
with a sphere clectrode. As far as the accelerator lengths differs more than twice,
the tank volune at the tandem arrangement is slightly smaller. Besides, in this case
the rectifier and solenoid are spaced apart through the length, it allows to provide
their separate supplying and independence of energy and magnetic field adjustment.

As the practice shows the long accelerating tubes operate 1eliably at an acceler-
ation rate no wore than 1 MeV/n: The same gradient is close to a maximal one for
a high-voltage cascade generator. So the accelerator total length is determined on
this basis. The tank diameter is determined from a gas insulation electric strength
of about 200 kV/cim. Presence of gaps between the high-voltage rectifier sections
and accelerating colunn leads to 20 - 30 % increase of the maximal electric field in-
tensity as compared to the case with a smooth cilinder. Thus, the tank and column
diameters should be choosen meeting the condition of 150 — 160 kV/cm intensity at
a surface of the smaller cylinder. At a voltage of more than 7 MV it is advantageous
to use an additional electrode at an intermediate potential. In this case the intensity
is determined from the formula F = 0.423U/R; = 1.917U/R., and it is 1.4 times less
than that of the variant without an electrode at the sae outer radius.

The following data werc used to estimate the solenoid power consmnption. The
solenoid sectional view is shown in Fig. 10.6. Diameter of the accelerating tube in

Coil of solenoid EQWE’LS@EXL@

Cupper ring Accelerating tube

Figure 10.6: The solenoid sectional view.

an outer edge of the electrodes is 220 nun. Considering that a potential difference
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between the electrode and coil is up to 20 kV and that it is necessary to locate a
shielding ring protecting the tube fromr an alternating magnetic field component, the
coil inner diameter should be no less than 250 mm. The oufer diameter is determined
from the column dimensions, it is 425 mm. The section step is 40 mm, the coil height
is 30 mm. To obtain the magnetic field of 0.1 T it is necessary to provide 3200 A-turn
for every coil. At a filling factor of 0.7, the power in a coil will be 103 W at 20°C,
and 136 W at a maximal operation temperature of 100°C. Considering losses in the
shielding rings and rectifier, the power given off in the solenoid is 8 kW per meter
(for two accelerating tubes).

The solencid is supposed to be cooled by an elegas flow. A diagram of the cooling
system is presented in Fig. 10.7. The output at 10°C heating of the gas should be
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Figure 10.7: Cooling system of the solenoid.
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1500 m® /hour for the 15 MeV accelerator. At the gas flow rate of 1.5 m/s, a convective
heat transfer factor is about 80 W/(m?*-°C), this is enough for heat removing from
the solencid side surface. The collector is cocled by an additional cooling loop on
the heat tube principle.

When estimating the power consumption we took into account consumptions of
the solenoid, recuperation rectifier, high-voltage rectifier and 85 % efficiency of the
facility.

The total view of cooling facility is presented at Fig.10.8.

These data are the estimation parameters, they should be improved at a more
detailed consideration.
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Chapter 11

First Cost Estimations

Preliminary cost estimation for ENC is given in Tables 11.1, 11.2 and 11.3. Thesc
costs include only technical equipment. The building costs have to be estimated
separately.

Table 11.1: First cost estimations for electron accelerators of ENC.

Collidder Ring (1.5~ 7.5 GeV) 200 MDM
Special Equipment:

Final focusing systems

Spin Rotators 35 MDM
Emittance Control

Injector synchrotron (2 GeV) 20 MDM
Injectror linac (540 MeV) 10 MDM

Total o 265 MDM
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Table 11.2: First cost estimations for protoi/ion accelerators of ENC.

Collidder Ring (15 - 30 GeV)
Either NC-Magnets, or

: 200 MDM
Low ficld SC-Magnets

Electron Cooler {15 MeV, 1 A) 60 MDM

Special Equipinent:

Final focusing systeius

Spin Rotators 35 MDM
Ewmittance Control

Injector synchrotron
i\f&[(l’;ordmg to estimations of WG 4,/ yvipm

639 MDM_

_Total

Table 11.3: Totals from Tables 11.1 and 11.2.

" Electron accelerators 265 MDM
Proton/ion accelerators 639 MDM
TOTALCOST 90t NMDM
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Time Schedule

As it was shown in previous Chapters, a creation if the electron-nucleon collider
for the energy range /s = 10 + 30 GeV/u and with the luminosity 10%® 1/[cm®s]
is feasible provided that electron cooling device will ensure the required small ion
beam emittances. A possibility to reach necessary damping times was demonstrated
in the experiments at the installations NAP-M and MODSOL (BINP) as well as at
other electron cooling storage rings in US and in the Western Europe. However, an
extrapolation of data cbtained in the energy range of hundred MeV to that of several
tens of GeV still leaves some concern. For that reason, the experiments on ion and
proton cooling in a range of 1-5 GeV could be very useful. In our opinion, one should
move in this direction by two ways.

The first way is the creation of the electron cooling device with an electron energy
of 2 MeV. The principal feasibility to obtain the electron source with an energy of 1
MeV and 1A current with the recuperation of electron energy was demoustrated at
INP in 1988, that is why going from 1 MeV energy to 2 MeV energy is an ordinary
design problem requiring the proper qualification of designers.

The untrivial part of this work is the provision of electron beam niagnetizing
mode and of magnetic line collinearity at a cooling section with an accuracy better
than 3 - 5x107°. With the availability of finances (a rough price of the 2 MeV
installation with a 3 m long cooling section is 7-8 MDM) INP can create such the
installation in a period of 2.5 years. The experiments on cooling could be carried out
at the synchrotron SIS in Darmstadt. With the SIS extracted beam intensity, such
measurements could also be useful to prove the ion beam intensity limitations on the
clectron cooling performance.

The second way is the creation of the bunched beam electron cooling device based
on a longwavelength linear accelerator. This variant requires a detailed theoretical
comprehension taking no less than a year. If it turns out that there are no principal
limitations, it will be possible to create the prototype with an electron energy of 2
MeV and carry out the experiments also at the synchrotron SIS in a natter of 3
years.

Both for the first and the second cases the result of the model experiment can
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be reached in 2001-2002 years, after which it is possible to manufacture a full-scale
version of the electron cooler.

If the decision to realize the electrou-ion collider is taken in 2002, under the proper
financing the Project ENC can be completed by 2007.



Appendix A

A.1 To the Calculation of the Luminosity

Equation {2.1) calculated using a general definition of the luninosity in the following
form

L =2eny fo fd:z;dzdsdtp,;(m, 2,8+ ct)pe(z, 2,8 — cf). (A1)

Here, x, 2 are transverse and s is the longitudinal coordinate of a particle, ny is the
number of the colliding bunches, fy is the revolution frequency. For the sake of
simplicity, we neglect the deviation of the particle velocities from the speed of light
(¢). We take Gaussian distributions in colliding bumnches so that

(z,2.5) N N DT A 2(s) =02 {1+ C (A.2)
; : == T Ny e ey 2 N 4. - -5, v~ — — = = O- - - s
A= (2m)3/203 (8o, <P 201(s) 202]° o1 - G2

Here, ¢, and @ are the rms bunch radius and S-function at the interaction point. We
also asswine that the bunches have round cross sections at the interaction point and
cqual g-functions for ions and electrons. Transverse emittances for these particles
(and bunch radii of the colliding ion and electron bunches) still can be different.
Then, the integral over transverse coordinates (z, =) reads

N, 4 22 1 1
Ii(s) = k-.%\’N%r-/dﬂ:d:exp f—i--ri.i;,— —5
’ (2m)Poi.(s)oi(s) 21 +87/8) \ol; o,
_ NN ol /80101
(2m)20.(s)ot(s) (o1 + o1
N;N, 1

’"7":7"'.)"_ __:)'_ >< o T S~
@r)*(ol. + 0l 1+82/07




Substituting 1 (s) in Eq.{A.1), we obtain

_ 5 S S GO

L m,fo/dsd 2ct)1, (s) exp ( o
_ MefoNiNe > ds g Cf) N Cok
B (OT) (Olr + O—_Lz) —oo 1 + 52//62 03

1 fo Vi Ve /00 ds exp(— %/20 )
(27r) (TL(,+0'J_‘, Vi 1+s2/82

If we multiply L by the ion atonic number A (to calculate the electron — nucleon
luminosity), define ¢ = o,/ and

Ang foNiN.
0 = ez
(QT)(GJ.c + O-J_?)

we arrive to Eq.(2.1):

s;’,

o0 dse
\/ T 14 Czs“'
If we take o). = o;, Lo decreases by the factor of 2. If we can decrcase o; to have

01 > o without decrease in the bunch inteusitics (V;, IV.), we gain this factor 2
back.

L = Loy



Appendix B

B.1 Calculation of the Beam-Beam Kick

The perturbation of the betatron oscillations of a particle, when it moves across the
interaction point, is described by the following equation

E’%J_J__ :F_L=€1(E—|—1[V1 XH])_L. (Bl)
t c

Here, e, is the charge of a particle from the bunch 1, vy is its velocity, E and H are the
electric and magnetic fields of the counter-moving bunch 2 and ¢ is the speed of light.
The beam-beam instability occurs due to the perturbations from the quasistatic fields
of the counter-moving bunch. For relativistic energies (v 3 1) these quasistatic fields
of a bunch are almost transverse relative to its average velocity. If v, is the average
velocity of the bunch 2, we write

H=[2 x g,
C
so that
1
F = 81(E+ E[Vl X H])
1
= el(li“}—l—?[vL x [v2 x EJj)
i Vive Va
— €1 (E (l — (,’2) + ;_22 (VzE)) s
and (vy = —vy}, for example
dp. V4V
e (1) 2
DA

o~ 2€1Ez = —‘261—:',

~




where Ao = Ap(r, s+ vot) is the scalar potential of the field £,. The function Ag
obeys the following equation (y = ¢ + vat)

1 o*
A+ 2 o2 Ao = —dmep(ri,y), (B.3)

where p is the deusity of the counter-moving bunch. Since p{ry,y) is a periodic
function of s

(I'L U Z ,0,, I_J_)(_,lea?}’ k., = n/Ro, (B,4)

FE==—00

we shall find the solution of Eq.(B.3) in the form
Aolrr,y) =Y Au(ry)e™?.

Then, the amplitudes A4,,(ry ) satisfy the equation

2
ALA, — —ff” S An = —drepn(ry). (B.5)

Taking into account that
AL Ap x k] Ao > Ao/l3,

where /) is the typical transverse size of the vacuum chamber at the IP, for the
harmonics |n] < vRo/lL the second term in the left-hand side in Eq.(1.5) is negligible
small as compared to the first one and, thus, can be omitted. As shall be seen below,
the main contribution to the buncl fields yields the region kya > 1 (a is the bunch
radius), where we can neglect the effect of the walls of the vacuum chamber on the
bunch ficlds and, therefore, where we can write

Pk ‘ ‘
Ap(ry,y) = 4w Ne / G ‘ )2 t, exp(ékir)plky,y), (B.6)
olky,y) = /(iz-?l exp(—ikyr )p(ra,y). (B.7)

If we also write p(r.,y) = p(r )A(y), where Aly) is the linear density of the bunch,
we can rewrite Eq.(B.6) in the final form

dk,dk,
L’)
In order to calculate the transverse beam-beam kick in the linear approximation
we take

Ao(ri,y) = NaeaA(s + vgt)/ “exp(ikoiry)p(ke, kz). (B.8)

1 2 ol
pla,2) = 2; exp 2(-7—2 — éo‘
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so that
k‘zcr 2 k‘z 0'2
ke, k) = exp (—-i z g_j_z
and use the expansion
(kﬂl)

exp(ikJ_rJ_) ~14ikir — ——= 5

Then, we write

ldk
2

N|—|—
5
N9

S’

Ao (rJ.» ) NzCz)\(S + 'Ugt)/ (}f 2 4 k )exp( 7_71

Substituting this expression in Eq.(B.Z), we obtain

dps _
z B.9
a - (B-9)
where (e;e; = —Ze?)
22 L’.Z 2
e = 2N2 Z€*A(s + vst) ] -@f&-ﬁ ( -;”*—%;;--—Z—Z) .
J_ a

The integrals in this expression can be calculated using, for example, the substitution

oo
—sk?
= /O dse™""1,

= —2N,Ze’* (s + Ugt)f ) I (8), (B.10)

which yields

where

o0 2T 1z
I4(8) = [m dk., exp [mki(ai/.‘z + s)} = (*¥ ) , Q=2

o2+ 28

Now, we have to calculate

Uz (01 "|’ Uz)




Hence, we obtain

AN Ze ,
e = o oy e et (B.11)
and
dp. AN, Z e
oeE o T lET TN AT B.12
ds (O'Z((f;l - sz)/\(s + sz) ( )

B.2 Coulomb Tune Shifts

Let us, for example, calculate the tune sift of the horizontal ion betatron oscillations
due to the ion bunch space charge in the first approximation of the perturbation

theory. We write
i, N,
Ay, = —
g wo < di > <dpL * >

_ ‘?Rg /” ds fzﬂ dihdip, Ox PO,

5
27r)2 YA (B-13)

Using that for relativistic ions (v > 1, v; >~ ¢) F¥ = ZeE,x/(7?r,), where r] =
2* + 22 and E, is the radial component of the electric field of the ion bunch, we
rewrite Eq.(B.13} in the following fornn

9]?0 n aLs 2n dz/) (@ O
= —Ze = B.14
Ve / f (2n)2 8.J, r Erlrs, s = ). ( )

For the bunch with a IOIIIId cross section we have

2N; Ze; z?
E(rp,s = )= — P ,f( ) d;z::z; exp ("5&2)

or
NAZePA(0)20 (1 ds [ diud
Av. = i(Z¢) )“EUQRE Q‘iv / 6,/' ’u / dt exp .15)
Vi 40 HO',-'
= —AV},(QR:('IMJZ)‘
Here,

2
Avy = Ni(Ze) A (O) (B.16)
JJ'p,( ;;6
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is the Laslett tune shift, and

1 ds 8, o i, 1 2
Ga=2), HS(JZ(;Q)/ quzw)w cos (w-’“)/o df exp ('t;of

If the modulations of the S-functions along the closed orbit are not very deep, we
can replace in integrands in Eq.(B.17) the expressions 3,.¢/07 for 1. That results in

) , (B.17)

2 wd' = 2 2 z &
Q. = 2/0 déw)w (¢b) f dtex ( /€8 W’);;JCOS (¢)>(B.18)

e (=5 7) 0 (5 o (52) - 5 (50)]




Appendix C

C.1 IBS Diffusion Coefficients

The blow-up of the buuch emittances due to intrabeam scattering (IBS) is described
by the Landau kinetic equation

a . 2 1
d{ = dplaN/d Dot (1) (fl dfw - af—fg) . (C.1)

Here, NV is the munber of particles in the bunch, f(p,r,¢) is the distribution function
of the bunch, w.g(w) is the collision tensor, « is the relative velocity of the colliding
particles and we use a convention that repeated subscripts mean the summation:

44114-8(); = Z A{zBa-

E=L,2,8

We assmine that without collisions the bunch distribution function is a Gaussian
1 o Js Js

(p,r )= e exp— - — A T2 C.2

F@rt) = o Sipeese, P ( 2, 26 263> (©2)

Here, € (v = 2, 2,8) are the bunch emittances, I, = pJ,./2 are the action-variables
of the unperturbed oscillations

3 . 2
2, i1
J.o o= — + 0= -0
“ 3, TP ( T ) )
1 ° pe B A
[( £ p 2113’? p

g, ve .  Int {A 2
s Vg ( P) |
RD I?ﬂ Vy p

the values (7, are the - functions of betatron oscillations, 3’ = d3/ds (s is the path
along the orbit), ¢ and Ap/p describe the synchrotron oscillations of ions, v, is the
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synchrotron tune, # = 1/4% — 1/42, II = 27 R, is the perimeter of the orbit. For
synchrotron oscillations we also shall use €, = ¢,6, where ¢, is the r.m.s. bunch length
and § is the r.m.s. relative momentum spread of the bunch. The bunch distribution
function in Eq.(C.2) is normalized according to

f Epdr — ] dTf =1. (C.4)

Let us find, for example, the equation describing the variation of the vertical
emittance of the bunch

i ,
o / drJ, .
Using Eq.(C.1), we obtain
dé (’:)J afz 3f1 )
Erd’p d* B e ) C5
/ DG P2 dp T W (fl apzﬁ aplﬁ fz ( ‘))

According to Eqgs (0.2) and (C.3) we can write
1 1
—Inf = —-Auspaps + - BaﬁPaTﬁ + - Caﬁ7 ol'g
and, therefore,

Of2 dfl .
fdpé;_iw = Aas(pr — p2)pf1fo (C.6)

0. _ 28 (&_ 8, )
9p.. p \p 26,

we rewrite Eq.(C.5) in the following form

Using also

de. . 8,
_(_it — /dd’f'djpldap?.pg'qzwzﬁAﬁ’\q’\flfz’ q=p; — P2 (07)

The calculation of these integrals is simplified substituting p; = P + q/2 and p; =
P — q/2, when fif; x exp[—Z(P,r) — Q(q)] and '

Y = AagFoFp+ Bagburs + Caprarp

1 L
Q — iAa,Bq.‘quG. ; .'! (CS)
Since d*Pd?q = d*pyd®p., Eq.(C.7) reads ‘
dﬁz dzdz &apP —E
dt f / (27{')31:)361@6; E:s), (C.9)

8.(s) d>q _
Es) = NZ=SIf 49 -Q _
() P / (27r)3p36m€zesqzwzﬁ Asrqre (C.10)




Now, we note that exp(-X) o< exp[—(s — ¢t)*/(202)]. For that reason, the variation
of €, during the rotation period Tp = IT/¢ is equal to

To  de,
Aﬁz ——ﬁ dt-a?,

which yields the average growth rate of e, in the following form

P Ae, ¢ d de,
A T@ H 0O dt
T ds d(ct)dzdzd’P g

_ Mg [ 4
o II 3) (2733 € €, "
Since the function e */(87°p e, e.¢,) is exactly equal to f(v/2p,v2r,v/2t), we find

det)dvdzd®P ¢ 1

(27’)51)56 €4Ex A 3
and

N 1 ds

a?
€, = ﬁUz(S) / pEGQZTL’zﬁfAr%AQA@_Q- (C.11)

(irYescie, J

To calculate E.(s) we note that

5} 1

A(tg(]:g(?_(‘? = —2 —-CXp - Ansaq

s = ;B
' g3 4

Hence,

2N T ds d>q
'z Y EEY N 3 f z Wy S
¢ (4%)‘51)26 €265 /0 5 =00 B(
I ds &g Ow.p
T ()3 pPeesen / ?—G Q( <4 Oqs (C-12)

The integral over ¢ is calculated in the rest frame system of the bunch, where (Ze
is the ion charge)

QIBH — Ualls

Wap(tt) = 2m(ZeY Lips - o (C.13)
2 (Z(’) L;r],s (Sa,ﬁ 9(1(9/3 o

= — — == - e = C.14

e ( g A f D (C-14)

Substituting this expression in Eq.(C.12), we obtain
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N(ZG) Ligs  HMds 3" ~ 2: -
(4%) VPR, €65 ﬁz/ 0

or, using d*0 = 62dAdQ), n, = 0,/8, exp(—Q) = exp(—6%aapnangs/4) and

/m dBf exp (—92%5%@) -2
0 ; 4 GogNalls’

we finally find (p = AvMe, A is the ion atomic number and M is the proton mass)

. K T ds N(Zz/A)ZT‘gCL[BS (2,2
SUPELI et A S SRS kb e 15
€ €.6.€5 Jo Hﬁz(S)G"(s)’ K 2y LA Vo (C.15)
Here,
a1 —
Guls) = —3n; (C.16)

47 &(xﬁﬂanﬁ

The matrix a.s in this equation is obtained from Eqs(C.3). In the rest frame system
of the beam it reads

@ 0 0
a=|0 & %, (C.17)
0 —v®a, Ya.
where
3, 3, 1 [ D? 1
= e ! T _ i’ s — —r @,3 ) '1
¢ € (e € “ € (ﬁ + O ) 52 (C.18)

Similar calculations result in (n, = 8./6)

dd* Iw/ T s dfd 1 — 3nz
= : —G8), G,= [ — —"= 1
dt €r€.€: Jo 11 () 4T QopNahs (C.19)

and in

de., K g , [ D? 5
— B B 96 + 7 [ 6.8 Guls) +26(0)] (€2
o KM [ ()G (s) + ( % )G(s)+ G (e)} (©.20)

where

dQ 30Ny
Am UasNalls

Crel(8) = 73,8 / (C.21)




Using Egs (C.15) ((C.20) we can, for example, directly calculate the growth rate
of the total phase space volume of the bunch

Lde, 1 de, 1db*

A= I
EL (if +€z dt +53 dt
Since
G 1 D? . G
x . GT g —F dc‘i)z G 2013 2
€z+6v[ .,(‘3)+(m+“ ) (s) + (S)JJF&Z
o [ Baul =8 + a1 = 302) + 20,90 + Viau(1 - 12)
- dgr An 3Nl
_[d2 Sple)
S dwaggneng
we find

K [uds [d2 Sp(a)
A= = U I ﬁs}. (C.22)

47r a,5NaM3

C.2 Calculation of G/(s)

As we told the function G(s) in Eq.(5.9) can be expressed in terms of the elliptic
integrals. If, for example, we have
L. g4 > q- > a., then a substitution

d+ .
w=,/— " sing
‘\’ gy — Qg
transforms this integral into the following

[0+ ¢4 + ¢ ]

G(s) = % E k) - (c.23)
\/q ((J—k - az
where F(ip, k) is the elliptic integral of the first kind:
¥ da
Flp, k
(k) = Jo V1 kZsin?a’
and
R e (L
©) = arcsin /l — Ikt == : . C.24
7 \j + Yo ((I+ — ) ( )

Two othiers possibilities are given by the following expressions
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NERCRES

where K(k) = F(7/2,k) is the complete elliptic integral of the first kind and

k2 = gL(az_t;l

27 agr —q)

3- (LZ>Q+>Q',

S gt
Gls) = 13 T g 1) F (s )] - 3, (©.26)
\/EZ(Q+ - Q—)
where
3 = arcsin \/-1 - q_t, ki = %(&Lr-:q—). (C.27)
az qu(a’z - QW)

C.3 1IBS Integrals

Let us calculate the integrals in Egs (C.15) through (C.20). For example, to find
an analytic expression for the forin factor 3, in Eq.(C.15) we have to calculate the
integral

d 1—3n

— T ) C.28
G(s) AT Qopahs ( )

We choose as the polar axes n,, 80 that n, = cos(8), N, = sinf cos @, ns = sinfsing
and substitute in Eq.(C.28) cos § = u. Then, we can write

¢. = | " du(l ~ 3u?)L(w), (C.29)

dip/ 2 — ——{C.30)

2ar
I{u) = j e T T T a2 L oo ol
() o au?+ (1 —u?)|a. cos? @ +7a. sin? ¢ — 27®Pa, sin g cos @]

Using here cos® ¢ = (1 + cos2¢)/2, sin? o = (1 — cos 2¢)/2 and ax = (@ £ v2a,)/2,
we transform I, to the following form

2w dip/2m
L(u) = f e T TUNT T o eos o — @ sin ol
o au? + (1 - u2)[os + a-cosp — 7Pa, sin @]

or




yPa,
COSY = — = e =,

- Va‘ 1 (;‘I’EL )j, \/az ~/<1>a )3

Now, the function 7.(u) is reduced to the integral

f)" dp 1 __,__l._ B
o 2ma+beose  Vad - b2

After simple transforiations that results in

I:;v = - — = T T —. /oL T/ /T T/ T/ T ',..:5 (0.32)
Vige = (@ —a)uwlle” (@ - el
where
Ge = st 2 OB (©33)
are the eigenvalues of the matrix
a . & € — .-\[ (I) a’:x:
U v®a, e |
Substituting 1. in Eq.(C.29) we obtain
) L — 3u?
C - dll* e - ( = 7“1 — ‘7:_‘_):’
o Jlay - (gr — a)dla- — (g- — a.)u?]
or (Y = q&/a;)
1_ a2
U+ . U+ - 1) 2”/ ( -

In general case, such an integral is expressed in terms of the elliptic integrals. 1f, for
example, y+ > 1 and gy > 1, simple transformations yield

€2 fi Sy_ 2y +1
G.— {"' Elpo )= " P o). (C39)

\/U (Y4 — l) -1
Heve,
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n —1' yr Y- —1

o = arcsin — B =kt (C.36)
Y+ Y- yr—1
Similarly, we write
g, = [921-3n
A7 GopNang
- " dp (-3 -3 -wwsacsy
27 g2 + (1 —u?)ay + (1 — u? x/gzz “/<I>a1) cos c,o
1 Q.
= 5 |=Cr 3Tl C.37
2 [ ’+5ai + (v®a,)? } (C-37)
Here,
_ __ 2
IS = du —_— ‘_,‘_q‘t ‘L(LL‘EZE‘_;‘::‘:

0 az\ﬁn— 0y — @)U [g- - (g- — a.)u?]

1 e — 12 . — (4 —
= [ ly- =~ (v - Q@Z_l AU 1_)@71 NED
0 ly— — - —Dw?] N [y+ — (g4 — D]
These integrals expressed in terms of the elliptic integral of the second kind. If, for
cxample, ¢y > 1 and y_. > 1, we find

I,=,/— E Yy, k) + ———-—E k), C.39
Bl ) Vo) (C.39)
where
oy -1 o yslge— 4
=arcsing — —, &k C.40
i \/ Y 7 gy - 1) (C.40)

As far as we know shnilar expression for the swn of increments (A), a direct calcu-
lation of G, is not necessary.

Gt |
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