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Abstract

The helicity amplitudes of the high-energy photon splitting in the external Coulomb
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1 Introduction

It is well known, that the virtual electron-positron pair creation in an external Coulomb field gives rise to
such nonlinear QED phenomena as Delbriick scattering( coherent photon scattering [1]) and the splitting
of one photon into two. At present the process of Delbriick scattering has been studied in detail both
theoretically and experimentally (see recent review [2]). At high photon energies w > m (m is the
electron mass, h = ¢ = 1) the scattering amplitude has been found exactly in the parameter Za ( Z|e|
is the nucleus charge, « = €?/4m = 1/137 is the fine-structure constant, e is the electron charge). The
approaches used essentially depended on the momentum transfer A = |ka—k;| (k1, ko being the momenta
of the initial and final photons, respectively). The main contribution to the total cross section of Delbriick
scattering comes from small momentum transfers A « w (the scattering angle § ~ A/w <« 1). In this
case the amplitudes have been found in [3, 4, 5] by summing in a definite approximation the diagrams of
perturbation theory with respect to the interaction with the Coulomb field, and also in [6, 7] within the
quasiclassical approach. It turned out that at w > m and Za ~ 1 the exact in Za result significantly
differs from that obtained in the lowest order of the perturbation theory.

The applicability of the quasiclassical approximation is based on the fact that, according to the
uncertainty relation, the characteristic impact parameter is p ~ 1/A and the corresponding angular
momentumis !/ ~ wp ~ w/A > 1 at small scattering angles. This fact was used in Refs. [6, 7], where the
quasiclassical Green function has been derived from the integral representation for the Green function
of the Dirac equation in the Coulomb field [8]. In Refs. [9, 10] the quasiclassical Green function of an
electron for an arbitrary decreasing spherically symmetric potential has been obtained, which allowed
one to calculate the Delbrick scattering amplitudes in a screened Coulomb potential.

So far the process of photon splitting has not been observed, although some events in the experiment
performed at DESY [11] were erroneously interpreted as photon splitting. As it was shown in [12] these
events were due to the electron-positron pair production accompanied by hard-photon bremsstrahlung.
Some possibilities to observe photon splitting have been discussed in [13]. Photon splitting has been
investigated theoretically in [14, 15, 16, 17, 18] in the lowest order of perturbation theory with respect
to the parameter Za. The expressions obtained in [14, 15] are rather cumbersome and it is difficult to
use them for numerical calculations. Nevertheless, some calculations based on the results of Ref. [14, 15]
have been carried out in [17, 18]. Using the Weizsacker-Williams method providing the logarithmic
accuracy the amplitudes of the process have been derived in an essentially simpler form in Ref. [16].
The comparison of the exact cross section [17] with the approximate result [16] has shown that at high
photon energy the accuracy is better than 20%. The magnitude of the Coulomb corrections to the lowest
order amplitude of photon splitting has been unknown up to now. At the present time the experiment
dedicated to the observation of high-energy photon splitting (w 3> m) in a strong Coulomb field is held
in the Budker Institute of Nuclear Physics (Novosibirsk). Therefore, the theoretical investigation of the
problem is of great interest.

In the present paper the high-energy photon-splitting amplitude is calculated exactly in Za for small



angles fo and fs between the momenta ks, ks of the final photons and the momentum k; of the initial
one. It is the region of small angles that gives the main contribution to the total cross section of the
process. Besides, small angles and high energies of photons allow one to use the quasiclassical approach
developed in [6, 7, 9, 10] at the consideration of Delbriick scattering. We consider the case of a pure
Coulomb potential as well as the influence of screening. The initial representation for the splitting
amplitude is rather cumbersome and contains a thirteen-fold integral. The quasiclassical approach gives
the transparent picture of the phenomenon and allows one to determine the region of integration which
gives the main contribution to the amplitude. Without that it seems impossible to calculate the amplitude.

Our paper is organized as follows. In Sec. II we perform some transformations of the exact amplitude.
These transformations essentially simplify further calculations. Section III contains the discussion of the
process kinematics. In Sec. IV the small-angle approximation for the quasiclassical Green function is
derived. In Sec. V this Green function is applied to the calculation of the photon-splitting amplitude. In
Sec. VI we consider the case of large transverse momenta of both final photons (wafa >> m, wsfz > m).
The limiting cases of small momentum transfers and Za < 1 for this amplitude are studied in Sec. VII
and Sec. VIII, respectively. In the last Section the cross sections obtained in the Born approximation

are presented and compared to those obtained within the Weizsacker-Williams method.

2 Transformation of the amplitude

According to the Feynman rules the photon-splitting amplitude in the Furry representation can be written

as:

M = ieB/d4mTr < z|ere”FTGere* T Gese* T Gle > 4{kE o kY, eh & e}, (1)

Here €} and 6573 are the polarization vectors of the initial and final photons, respectively, € = e#vy, = —e~,
~* being the Dirac matrices, G = 1/(75 —m+10), and P, = i0u + guo(Za/r). The matrix element of the
operator G is the Green function of the Dirac equation in the Coulomb field: G(z,z') =< z|G|z’ >.

It is convenient to rewrite the expression (1) in the form, containing only the Green functions of the

squared’ Dirac equation:

D(z,z') =< z|D|z' >=< z|1/(P? — m® +i0)]z' > .
For this purpose we represent the left operator G in (1) in the form G = 7)(75 + m) and use the
commutative relation
(P +m)ée*® = etko [ _¢G™' 4 ¢k — 2ep |.
One can obtain another expression by similar transformation of the right operator G in (1). Taking a
half-sum of these two expressions and using the identity [ da Tr < z]|A;As|lz >= [dzTr < z|A2A |z >,
valid for arbitrary operators A; and As, we get:

M = ieB/d4mTr{

ejejelFamkIT < 1 Detka? (g3 ky — 2e3p) D)z > +

ereselFamkT < o Delks® (63 kg — 2e3p)Dlz > + (2)

ejeseihathale gy etk (e by — 2e1p)D)z >| +

1 . . . . . .
2 [< zle™F17(—é k1 — 2e1p)Det 27 (¢5ky — 2e5p)De'*T (é3k3 — 2e5p) D)z > +(2 & 3)] }

The formula (2) represents the amplitude as a sum of the terms containing either two or three Green
functions: M = M® 4+ M®) . The amplitude in the form of eq. (1) contains terms of different order of



magnitude and a strong compensation occurs. After taking the trace in eq. (2) the expression obtained
contains only the terms of the required order what is the advantage of this formula.

Passing from the time-dependent Green functions to the energy-dependent ones, taking the integral
over time in eq (2) and omitting the conventional factor 2md(w; — wy — w3), we get for the contribution
to M containing three Green functions

i

: d
M(BJ = 563 / i / dI‘ldI‘le‘g, exp[i(klrl — k21‘2 — k31‘3)] X (3)

e — wo)][(€3kz — 2¢3p) D(r2, v3]e)] %

TI'{ [(—éliﬁ — 2€1p)D(I‘1 , o

[(é5ks — 2e5p)D(r3,r1 |+ (.03)]} + (k5 & k5, ex & e3).

Here p = —iV differentiates the Green function D of the ’squared’ Dirac equation with respect to its
first argument.

Below the Green function D(ri,rs|e) will be called the ’electron Green function’ for £ > 0 and the
‘positron Green function’ for ¢ < 0. Let the initial photon propagates along z axis. Then according
to the quasiclassical approach developed in [6, 7, 9, 10] the main contribution to the amplitude at high
energy arises from the region of integration over the variables z; in which 2’ < z for the electron Green
function D(r,r’|e) (¢ > 0) and z’ > z for the positron Green function (¢ < 0 ). In terms of noncovariant
perturbation theory this range of variables corresponds to the contribution of intermediate states for which
the difference between their energy E, and the energy of the initial state Fy = wj is small compared
to Eg. Outside this region at least for one of the intermediate states |E, — Fg| ~ Eo and therefore the
corresponding contribution is suppressed. Besides, there exist another restriction for the region giving the
main contribution to the amplitude. This restriction follows from the explicit form of the quasiclassical
Green function. It reads

21 < za,2z3 , 21 <0 , max(zq, z3) > 0.

All these conditions allow one to depict the main contribution to the amplitude M®) in the form of

diagrams, shown in Fig. 1. The explicit form of vertices is obvious from eq. (3). The electron Green

K,
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b

Figure 1: Diagrams of the perturbation theory corresponding to the amplitude M) eq. (3).

functions are marked with left-to-right arrows, and positron ones with right-to-left arrows. The arrange-
ment of the diagram vertices is space ordered. With the use of these diagrams one can easily determine
the limits of integration over the energy and coordinates. The diagrams (a) and (b) correspond to the
following picture: the photon with momentum k; produces at the point r; a pair of virtual particles
which is transformed in the point r into a photon with momentum k,;. Between these two events the

electron (a) or the positron (b) emits a photon with the momentum ks at the point rs.



Analogously, the expression for the term M(?) containing two Green functions reads

d
M) = 3 / i/drldm Tr{exp[i(klrl — kors — kara)] ejel x

[(—é1k1 — 2e1p) D(r1, s |e — w1)] D(ra,x1 |€) +

(4)

expli(kir; — kora — kary)] erel D(r1,ra |6 — wo) [(é;]AQ —2e3p)D(ra, 11 |e)] + (k5 & kY, ex & eg)] } .

The diagrams, corresponding to the representation (4), are shown in Fig. 2.

K,

Figure 2: Diagrams of the perturbation theory corresponding to the amplitude M(?)| eq. (4).

3 Kinematics of the process

According to the uncertainty relation the lifetime of the virtual electron-positron pair is 7 ~ |ry — r1| ~
wi/(m? + Az), where A = max(|kay|, |ksi|) € w1 , kayi and ks being the transverse components of
the final photon momenta. The characteristic transverse distance between the virtual particles can be
estimated as (m? + A2)_1/2, which is much smaller than the length of the electron-positron loop. The
characteristic impact parameter is p ~ 1/A | where A = ky + k3 — k; is the momentum transfer. At
small ko and ks (f2,3 < 1) we have

2
A7 = (st )+ 3 (R B )
4 Wo w3

The characteristic angular momentum is [ ~ w/A > 1 , and the quasiclassical approximation can be
applied.

Let us discuss a screened Coulomb potential. In the Thomas-Fermi model the screening radius is
Te ~ (moz)_lZ_l/3 . If R« 1/A < r. (R is the nucleus radius), then the screening is inessential and
the amplitude coincides with that in the pure Coulomb field. At 1/A ~ r. the screening should be taken

into account. Obviously, the impact parameters p > r. do not contribute to the total cross section. Due



to this fact we shall concentrate ourselves on the momentum transfer region corresponding to the impact
parameter p < r.. If koy 2/wa+ksy ?/ws < 71 | then it follows from (5) that the condition p < r. holds
only when |A | = |kay +ksi| > r-!. Thus, the main contribution to the amplitude is given by the
region of momentum transfer A |, restricted from below. In this region |A | > |A |, that is A~ A}.
It is this region of parameters which we are going to consider. In addition, at w/(m? + Az) > r. the
angles between k; 5 3 and ry 2 3 are either small or close to 7 , and corresponding expansions are used in
our calculations.

According to the Furry theorem the photon-splitting amplitude is an odd function with respect to the
parameter Za. Due to the singularity of the Coulomb potential in the momentum space (—47Za/A?%)

1 is essential only in the lowest (linear in Za)

the region of very small momentum transfers A < r7
order of the perturbation theory . In this order the Weizsacker-Williams method is applicable and the
corresponding large logarithm appears in the cross section integrated over the angles of one of the final
photons [16]. In next orders of perturbation theory with respect to the parameter Za the integral over
all momenta corresponding to the external field should be taken provided that their sum is equal to A.
Therefore, even at A ~ r7! each momentum is not small and the screening can be neglected. In the
Born approximation the screening can be taken into account by multiplying the amplitude by the factor
[1— F(A?)], where F(A?) is the atomic electron form factor. Thus, to find the photon-splitting amplitude

in a screened Coulomb field it is sufficient to solve the problem in the pure Coulomb field.

4 Green function

Let us pass now to the consideration of the Green function D(r,r’|¢) appearing in egs. (3) and (4). In
Refs. [9, 10] the representation of this function has been found in the quasiclassical approximation for an
arbitrary decreasing spherically symmetric potential. For the case of the Coulomb field, at small angle ¢

between vectors r and —r’ we obtain from eq. (14) of [9]:

jethlr+r') (a,n+mn’)
D(r,v'|e) = ——— [ dll 10) +iZa~———=J, (10
(rx7e) Awkrr! / [JO )i 10 J1(10) (6)
L2 (r 4] [4k?rr! e
Rl Y= 2 ’
where a« =%y k2 =2 —m? ;A =¢/k ,n=r/r and n’ = r'/r’. Taking into account the relations

/dllJo(lﬁ)g(l2) = %/dq exp(iq @) g(q®) g]l(lﬁ) = —% a%Jg(l@),

where ¢(I?) is an arbitrary function and q is a two-dimensional vector, one can rewrite eq. (6) in the
form

Dle.r’] ) = ) /dq [1+Zoz—] (7

g

2 ’ iZaX
N G ) I , 42rr!

— 7 0+0
! 25rr! —|—zq( + ) q?

exp

Here 8 = r,/r , 8’ =1/ /r'. Expression (7) contains only elementary functions and the angles 8 and
6’ appear only in the factor exp[iq (6 4+ 6')]. Therefore, the representation (7) for the Green function is
very convenient for calculations. At small angle between vectors r and r’, for the case of pure Coulomb
field, we get from eq. (15) of [9]:

D(r,v'|e) = —

SIRIT=T'| .\ iZaAsign(r—r)
(+) . (®)

drir —r'|
One can see that in this case the Green function differs from that of free Dirac equation only by the

phase factor. It is easy to check that after the substitution of the expressions (7) and (8) for the Green



+iZa cancel. Note that one

functions to the splitting amplitudes (3) and (4) all phase factors of the form r
can replace & by |¢| —m?/(2|¢|) in eqs. (7) and (8). Moreover, one should take the relativistic correction

m?/(2|e|) into account only in the factor explir(r + r')].

5 Calculation of the amplitudes M®) and M)

Consider now the diagrams, containing three Green function (See Fig. 1). Obviously, the contribution
of diagram (b) can be obtained from the contribution of diagram (a) by replacing Za — —Za and
changing the overall sign. It provides the fulfillment of the Furry theorem: the sum of two contributions
(a) and (b) in Fig. 1 is odd function of Za. Therefore, this sum is equal to the odd in Z« part of
diagram (a) multiplied by two. Then, at the calculation of diagram (a) the region of integration over z3
is divided into two: zz > 0 (photon with the momentum ks is ahead) and z3 < 0 (photon is behind).
In the first region the angles between vectors rs | r3 and —r; are small. In the second region the angles
between r1, rz and —ry are small. Denote the contribution of the first region to the diagram (a) as Ml(S)
and the contribution of the second region as ME(S). Introduce vectors fy = ko, /ws and f5 = ks /w3
(If2,3] < 1), as well as 8; = r;1 /r; = n;; (i=1,2,3). Taking into account the smallness of the angles
we have dr; = T’Z-2 dr; dO; . 1t is convenient to perform further calculations in terms of the helicity
amplitudes My, x,x, (k1, ko, ks). It is sufficient to calculate three of them, for instance, M4 __ (ky, ks, ks)
y Myi4(ki, ko ks) and My (ki, ko, ks) . The others can be obtained by substitutions. Note that
within the accuracy of our calculations there is no need to take into account the corrections to the
transverse part of the polarization vectors ez 3. Due to the relation ek = 0 the z—component of the
polarization vectors can be expressed via the transverse one as (e23), = —es 3f2 3. So, for a given helicity
one can put the transverse part of the final photon polarization vector to be equal to the polarization
vector of the photon with the same helicity propagating along z axis. Further the polarization vector ey
corresponding to the positive helicity is denoted as e. Then the negative helicity polarization vector e_
is equal to e*. Note that to obtain My 4_ in our approach it is necessary to calculate both Mfﬁ_ and
Mf’_)_l_ since the arrangement of the vertices on the diagrams is space ordered.

Let us substitute the expressions (7) and (8) to (3) and make the obvious expansion at small angles,
taking into account terms, quadratic in f; and 6;. Introduce notations ks = wy — ¢ , k3 = w3 + £ and

pass to the variables

Wi w2 w3
r1, Ro=—ry, R3=—r3.
KaK3 ER? ER3

qy = Kaqy, 4z —> k3qz, Ri1=

Simple integration over 8; leads to

(3) _ €3 r T T 7 dR3 2\ e

M d d dq, d = e

1 3271'3(.01(.02(.03 /6,‘62&3 6/ Rl/ Rz/ R // q, aqs (lJS) € ) (9)
0 0 0

where L = Rawsks/woks, and

1 Zoaqs 2 Zoaqy
T=-T 14— | = —érk —_— 10
4 r{< T T d )(RlelQ “ )( g ) (10

42

2 ~% 7 2 * A% 7 * %
[ (E(e;, Q + 6R3f23) — 62k2) <E(e3, Q + 6R2f23) — 63]€3) — EQQG3:| } s

=

[(1 1 ) Q’ n RoRafly  (kaqy — K3qs, A)

R R1 2 2R w1
Ry — R 2
(wakaRa — waksR3) (Qfa3) — (R, + R)] ’
wlR

R=Ry—R3, fos=fy—-f3, Q=qy+q3, A =wsfy+twsfs.



It is convenient to transform the function 7 in eq. (10) to the form which does not contain the parameter
Za. To this purpose we use the identities

2iZ o 2iZ o
o L2 <q2) B 0 <q2)
a— | — =—c— | — ,
95 \ 43 0, \ g3

2iZa . 2iZa
w5
2\ ~ 2 dq; ’

and integrate by parts over q, and qg in (9). After that some terms in the function 7" are independent of

IS

the variable R; and others contain it in the form of factors 1/ Ry, 1/R?. Taking the trace and integrating
by parts over R; the terms with the factor 1/R?, we obtain for different polarizations:

8

A
+ R R?

=7 (€Q)(eQ2)(eQ;) ; (11)

4 R K % * w . W w
(-2 + K—Z’) (eQ)(€"Qy)(e"Qa) — 15 (e , K—jQ%% - ;jQSQs> +

Trer = e

2 2 2

52::}{2 (e*, Qs+ Q3) + n;;l <e*, :_2Q2 - :_zQ?,) ;
4

T++_ = —W (% + ’:_2> (eQ)(eQZ)(e*QS) +

Waw wiw Q
(@ QY)(eQ) - (R—S’ —m ) (eQu) +
41 2i
R <2:§ - 2) (eQ) + —5(e, Qs + Qy),

where Q, = Q + eRaf23 and Q3 = Q + €Rsf23. The function 74 _ 4 can be obtained from 7% 4_ by the
substitution wa <> w3 , K2 <> K3, Q4 <> Q3 and ¢ = —¢.
(3)

In the same way for the contribution M;"’ we obtain:

o 3 wa o0 0 leRs 0 2%Za -
M. _ dRy | dR dq, d = A 12
2 3271’3(.01(.02(.03 /6'%2&3 6/ 1/ 2/ TRE // s <q3> ‘ ’ ( )
0 0 0 0
where Ly = Riywsks/wie , 7 = R1 + Rs |
b [<1 +Ri) Q" _ miRiRaf;  (kaay—caz A)
2

2 2r wo
Ry —cwi R 2
(WSKZ 1 w1 3) (QfB) _ mT(R2+r):| ’

(13)

War

and the function 7 for different polarizations reads

8

T‘l'——: 2R (

eQ)(eP;)(eP3); (14)

~ 4 Ko € N wWa ey w32
Tiw = —- | —=4 — P P — —P:iP —PP —
e = o (24 2 ) Q)PP + 22 (o, Lpip + 2PIP

2 2
205 Py Py) — T2 (e, “Ip, + ﬂP?,) :
K2 3

Koer? K3T

8 4
Trevs = e (2452 (€ Qe Py (ePa) +

K2

wWiws

(P2 4 P (o Q) + 12 (E — ) (ePy) -

ek3r?Ra Koer \ 12

43 wiws 21w wo
— -2 * — * P P
rRy < KoE ) (e"Q) Koer? (", P1+Py),




where P; = Q + k3R1f3 and P3 = Q — k3Rsf3. One can get the function T+_+ from f+++ by the
substitution wy ¢ —ws , k2 & —¢ , P; & Pz and e & e*. Note that the integrand in eqgs. (12) and (14)
for helicity amplitudes M2(3) can be obtained from the integrand in egs. (9) , (11) for M1(3) by means of

substitutions
qo3—+ —da3 , WirwW2 , W3— —W3 , K3E
Ry & Rs s Rs — —R3 s foz3 & —f3 s fo — —1,. (15)
so, that
Ty =Ty o, Thy—To y,

Typy = Try (e e”), Tiypo = Tipq(eee’).
As to the amplitude M(?) | after the integration over the angles 8;, we get:

M_(f_)_ =0 , Mf_,)__,_ = (e", M2+ Mi3) (16)

M = (e,Mj2 + Masz) , Mi23+ = (e, M3+ Ma3),

+4-

where

ie3 N
My = ——~ [ 4
T / ¢

3

go 2iZa . 1 1
[fawia () ool (7 7)

£2 Ry — (ffqu - &3q3,A) o
2(.0% 23702 w1

WaW3kaK3

and the vector M, can be obtained from M3 by the substitutions ws <> w3 and f3 <> f5. As we shall
see, many terms cancel out in the sum M) 4+ M),

In general case further transformations of the formulae obtained leads to four-fold integral with the
integrand containing the elementary functions and this problem will be considered in detail elsewhere.
In what follows we restrict ourselves to the case |koyi| = |waf2| > m, |ksi| = |wsfs| > m when the
amplitudes can be essentially simplified. This range of the parameters corresponds to large virtuality of
the electron-positron pair compared to the electron mass, which in this case can be neglected. Note that
the ratio between the momentum transfer A = |A| and the electron mass m can be arbitrary, since A

determines a typical impact parameter p ~ 1/A rather than pair virtuality.

6 Zero mass limit

It is easy to see that putting m = 0 in the expressions obtained leads to the logarithmic divergences in
some terms (in other words, these terms contain logm at finite mass). For instance, one obtains such
logarithm in the amplitude Ml(S) integrating over R; the terms in 7" which do not contain the factor 1/R;
(see (11)). The final result, as it should be, does not contain the logarithms of mass. But the cancellation

of these logarithms between different terms is rather tricky.

10



Taking the integral over R; in (9) for 7' = T4 __ we do not obtain any logarithm in Mf’_)_

while
Mf_)_ =0. Eq. (11) for Ty 44 and T4 _ contains the terms proportional to Q. It is convenient to pass
in these terms from the variables Ry and R3 to Rs and y = R3/R, and then integrate by parts over y.
In the terms containing Qg we pass to the variables Rz and y = R3/R and also integrate by parts over
y. As a result, in the two-fold integral over Rs and Rj all logarithms cancel out and one can put m = 0.

After that T4 44 and Ty 4_ are transformed to

4
Ters =~ (— 4 —) (cQ)(€ Qy)(e" Q) (18)

Teve =~ (24 ) Q) (eQ) Q) - ]

K2

In addition, there are integrated terms at y = wska/wie (upper limit) and y = 0 (lower limit ). Making

(3)

the similar transformations for the amplitude M, we obtain that f+++ and T++— turn to

Tese = (24 2) @ QePoeP) (19)

T‘2R2 Ko

Tovr = o (242 (@ Q(e'Py) P iR
The integrated terms corresponding to the lower limit cancel out in the sum of M1(3) and ME(B). Remind
that to calculate the amplitude M®) we have to find the sum Ml(S) + (k2 & ks, e2 & e3) , extract the
odd in Z« part and multiply the result by two. After that the contribution of the upper-limit integrated
terms of Ml(B) vanishes in the case Myy4, and in the case My, and My_4 gives the finite result
after the summation with (eMag). To cancel the logarithmic terms we exploited the antisymmetry of
some integrands with respect to the substitution ¢ = ws — w3 — €, q, ¢ —q3. The contribution of the

(3)

upper-limit integrated terms in M, vanishes in the case of My4_, and for My 4 and My_4 gives the
finite result at m = 0 after the summation with (e*M;3) and (eM;3), respectively. Analogously, the
amplitudes (e*M;j3) and (eM;3) cancel singular terms of M2(3)(k2 & ks ) for the amplitudes M4 44 and
M4 4+_. For the amplitude M4 _ 4 the upper-limit integrated terms of MZ(S)(kg & k3) cancel out. As a
result, the sum of integrated terms and M(?) gives the additional contributions to helicity amplitudes.

We represent them in the form:

63 dR dq dq 2iZ o s 2iZ o
M = —2 =3 - = Fo 20
47T3 // < ) <Q2) (20)

For different polarizations the function F' reads
’ Kok3 i ’ Koe? i
Fi =0 ; Fyi_y=(eQ) de =" — [de —5—e""2| ;
wie w5 K3
—Wws 0
* T eR3 i
F+++ :(e Q) d62—e 2—|—((.J2 H(.J3,f2 Hfg) )
Wy k3
0

F++_ :F+_+((.d2 H(.dg,fz Hfg) ) (21)

Q®  wawskaks £2 (k2qy — K3q3, A)
23t —

V1= 2R 2(.01 w1

The phase 12 can be obtained from 4, by substitution (15). To obtain eq. (20) we have integrated
over one of the radii. Note that the singularity of the integrand in (21) at £ = 0 disappears in the total
expression for the amplitude of the process so that no regularization is required.

Putting m = 0 in phases ® and ®, we take elementary integrals over R; in (9) and over Rj in (12).

After passing from the variables g5 and ¢3 to Q = q, + q3 and q = q4 — qg, the integral with respect to

11



q reads:

B d_q |q+Q|)2ZZa _i
1= [ & (ag))  eotgaa) 22)

Let us change the variable q — |Q|q and represent Q and A as Q = |Q|A; and A = |A|A,, respectively.
After that it is easy to see that J depends on S = (A;Az) and |Q]||A|. Note that in two-dimensional
case the form P = eij)\ﬁ )\é is also invariant with respect to rotations. However, the even powers of P can
be expressed via S (P? = 1 — S?), and the odd powers of P change their sign after reflection. On the
other hand, J is invariant under reflection. It becomes obvious if the reflection of q is made along with
the reflection of A; and As. Therefore, J is invariant with respect to the change of variables Q < A.

Therefore, we can represent J as

_ [ dq [la+ AP i
J_/P <|q_A|) exp(—7aQ) . (23)

This form is very convenient for further calculations. Now one can easily take the integrals over Q and

all radii. Summing all contributions we finally get:

(24)

8 3 A 2iZ o
M:%/dq(TVq)Im <|q+ |> ;
Twiwows A la— A

T, _ :(.J3e/d6 K3 [(eb)ffg 3 (ec)E] N (wz st) ;
0

(e*a) wﬂ)l (.JQD3 f2 — f3

w2

T+++ = W3 /dE Ko
0

e*

(43 -

2 K3 — K2 (e*fg)
waDs3 2 (e*a)

Wo < W3 )
f2 Hfg '

K3 Rg — ¢ _ (ef23) 9 9
ewﬂ)l ( 2 (ea) (k2 +e7) |+

(e*b)(x3 + 3)
2(ea)w1 Dy

W2

T++_ = w3 /dE.‘i‘Q
0

0

e /dmglﬁg(ﬁ%ﬁ) <(e*f23) . (e*f2)> ~

(e*b) wiD1  w3Dy

—ws

eK3 + fi% g? — KaK3
2(.017)1 2(.03@2

Obviously, T4+_+ can be obtained from T44_ by the substitutions ws ¢ ws, f2 ¢ f3. In eq. (24) the

following notation is introduced:

D — wokza? — wakab? 0 D= wokzE? — wyeb?
1 wie ) 2 Wako 3
2 2
wiEa® + wzkacC
Py = S22 T 8RR
3 Woks )
a=q— A+2fy , b=q+ A —2ksfs , (25)

CIq+A—26f23 s E:q—A—|—25f23
At the derivation of (24) we used the identity
Q exp(—ti) =2iV4 exp(—§qQ)

and integrated by parts over q. Note that vectors e and e* appeared in denominators in (24) owing to

the application of the relation 2(ea)(e*a) = aZ.
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7 Asymptotics at small A
In the small-angle approximation (|f2], |f3| < 1) the cross section of the process reads:
wi

T 928y5

where z = ws/wy, so that wg = w1 (1 — ). Let us define p = (wafy — wsf3)/2. In terms of the variables

do

|M|?2(1 — z)dz dfy df5 | (26)

p and A the cross section has the form

dAdpdx

_ 2
do = |M]| Browlz(l—z)

(27)
Consider the asymtotics of the amplitudes at |A| < |p|. To this purpose multiply T in (24) by

1=9(q5 — a*) +9(q* — q3) ,

where |A| < ¢o < |p|. Then, for the term in (24) proportional to ¥(¢2 — q?) one can put q = 0 and
A = 0in T and integrate by parts over q. After that, using the relation V49(¢2 — q*) = —2qd(¢2 — q?)
one can easily take the integral over q since at |q| = qo > |A| one has

217
Im (19t A ~4Za 32
la— A 2

q

As a result, in the region |q| < ¢o the term proportional to Z« is independent of go and the terms of next
orders in Za are small in the parameter |A|/qo.

For the term proportional to ¥(q? — ¢2) we get

A 217 2A_2 A
vl <Iq+ I) ~ 470 9 ?(q )
la— A lal

We put A = 0 in T and perform the integration first over the angles of q and then over its modulus. As
a result, the main in qo/|p| contribution is independent of ¢gg and proportional to Z«. Taking the sum of

the contributions from these two regions and performing the integration over the energy e, we get

4N 3 47 ed
My = ANERS \ . o dEaceaes

o ; (28)

w1 A% p?

Miyy =N

* 2 _
oA +2(ea)© g’) (1 TRt} Mt B
P w1 Wa

2 2
wy w3 . o W3 2
Y2 w3298

2w? (In w2+7r))

Miy_ =N

2
oA 1 2(e*A) &P <1 ot

w3 .
In =2
P > (nw1+z7r)+

2 2
wi twz , o w3 . w3
————(In" — + 2iwln —
232 (In w1+ urnw1))] ,

where A, is the projection of the vector A on the direction of ki. Substituting (28) into (27) and

performing the elementary integration over the angles of vectors A and p, we come to the expression

_ 47%a5 dp? dA? dx

dO' ﬂ_2 p4A2 g(I) ) (29)
where the function g(z) for different polarizations has the form
gs—(@) =2(1-2) , (30)
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Jrrr () = 2ol = 2)

1+(1+(2x—1)1n<1;x)+

S o (152) o)) |

14 (2/z — )(In(1l — &) +i7) +

Formulae (29) and (30) are in agreement with the corresponding results of [16], obtained in the Weizsécker-

1+

Je- () = 321~ 2)

1+ (1-2)?

52 (ln2(1 — )+ 2imn(l — z))

g4—+(@) = g44-(1—2)

Williams approximation. However, this approach does not allow to obtain the amplitudes (28) themselves.
The large logarithm appears after the integration of (29) over A? from A2, up to p? where A,ip ~ 17t
for the screened Coulomb potential and A, ~ p2/w1 for the pure Coulomb case. It is interesting to
compare the contributions of different helicity amplitudes to the cross section at A — 0. In Fig. 3 the

function g(z) is shown for different helicities as well as the quantity

9() = g4-—(2) + 944+ (2) + 944-(2) + 94—+ (2) (31)

which corresponds to the summation over the final photon polarizations. It is seen that g(z) has a wide
plateau.
The Coulomb corrections to the photon-splitting amplitude at A — 0 are small compared to the Born

- g(x)

Figure 3: Function g(z) from eq. (30) for different polarizations: g4__ () (curve 1), g4+ (2) (curve 2),
d+++ (2) (curve 3), and g(x) (curve 4), eq. (31).

term (28). One can show that in this case the Coulomb corrections are proportional to (Za)3A lnz(A/p).
Thus, they become essential at A ~ p. We shall present the detailed investigation of the Coulomb

corrections elsewhere.

14



8 Born approximation

As it was mentioned above, the photon-splitting amplitude obtained in the lowest Born approximation [14,
15] at arbitrary energies and momentum transfers is cumbersome and rather difficult to use. Therefore,
it is interesting to consider the first term of Za expansion of (24). To obtain this asymptotics we perform

the substitution

|q+A|)2iZO< [ 1 1
eVy)Im — Ja —
vt (5 (©.a+4)  (cqa-4)

in (24) and write the quantities D1_3 in (25) as

f35—i0 (32)

2
K9 — K3 A 4(.02(.03.‘62/’63
w2

D, = <q+

Wi 1
K9 — € 2 Jwiwskoae
ST R
wa Wy
2
4
Dy = <q_53+eA) B wlw;,‘ngfg
w3 w3

After that we shift the variable of integration q in each term so that the quantities D;_3 become inde-
pendent of the angle ¢ of the vector q. For instance, in the terms containing D; we make a substitution
q—q-— mw;lﬁ?’ A. As a result, one can pass to the variable z = exp(i¢) and take easily the contour

integral. Taking the integrals with respect to |q| and ¢, we get for the Born amplitudes

QiZaeS (f2 X f3)

Mo = AT (e h) (e ) (e ) )
B 2(Za)edw (efy) + (efs) e
Mrsr = “A2(ef23)2wzw3{(eA) 1+ (ef23) ! (03) *
2 2 2
% <% + %m?(;‘—z) 4 Lis(1 = as) + Lis(1 — a?,)) +
a as In(a a
@ [w%(ef3)2 1 —2a2 (1 + 21 _(a;)) + W;(efz)zl —3a3 x
as In(as) 2(ef2)(ef3) as In(asz) . In(as)
<1+ 1—(13 ):|+ (ef23) I:MS 1—(12 2 1—(13 :|} ’

B 2(Za)edws o* 3 (e*f2) + (e*fa3) Lo
a 7"A2(e*f3)2<-01w3{( A) [1 (e*f3) Inf as )+

e*f5)2 + (e*fq3)2 /72 1 —a ) )
( 2)(e*f3()2 23) <€+ 5]112(&_21)+L12(1—a2)+L12(1—|—a1)) +
1 2¢ xp y2_ 42 as In(as) 2 xe 2 A
— f 1 — f
(e*A) [w3(e 23) 1—as ( + 1—as wi(e's) 1+a1><
L@ In(—ay) n 2(e*fy)(e*fa3) o ap In(—a;) 3 w3a2 In(asz) ’
1—}—61 (e*fg) 1+a1 1-— as
where
A? A A2
a1 = ——35 Qs = ——5 a3 = —5
! w2(-d3f§3 ? w1w2f§ 3 w1w3f§
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[ dt
Lis(z) = —/7111(1 —1)
0
It follows from (25) that In(—a;) should be interpreted as In(—ay + i0) = In(a1) + imw. Besides,
2
Lis(1 + a1) = Lis(1 4 a3 — i0) = % —In(1 + a3)[In(ay) + i7] — Liy(—ay)
The result (33) is obtained for [A1| > |A|. One can show that it remains valid in the case |A | ~ [4]
if the expression (5) for A? is used in (33). Actually, in eq. (33) the difference between A? and A? is

essential only in the overall factor 1/A2. For a screened Coulomb potential the amplitudes (33) should
be multiplied by the atomic form factor (1 — F'(A?)). For the case of Moliére potential [19] it reads

3
- F(AY) = A2y 2 34
where
a1 = 0.1 , Qg = 0.55 , Q3 = 0.35 , ﬁl = ﬁobi , (35)

by=6 , by=12 , bs=03 |, fo=mz'/3/121

Remind that the representation (33) is valid when |ka |, |ksi| > m.

9 Cross section

As it was suggested in [13], to overcome the problems of background in the measurement of photon
splitting one has to register the events with |f3 3] > fo where f; <« 1 is the angle determined by the
experimental conditions. Let us consider the cross section integrated over f3 for [f3] > fo. It is interesting
to compare the exact result for this cross section (do/dxzdfs ) following from (33) and (26) with that
obtained in the Weizsacker-Williams approximation (doappros/dz dfs ). The large logarithm corresponds
to the contribution of the region A < p = |waf's — wsf3)/2| where fs & «f2/(1 — z). Taking the integral
over A? in eq. (29) from A2, up to Agff, where (see [16])

Arznin = Aﬁ = (Wlfzzxﬁ(l - I))Q ) Asz =p’= (Wll‘fz)Z )

and summing over the final photon polarizations we get for a pure Coulomb potential

do-appro.’l,‘ SZ2CY5 g(r) 2(1 — I) x
wdf, ~ wat o )=l (36)
For the case of a screened Coulomb potential the approximate cross section is
doappror _ 42%0° g(z) w1 fo z
- 2In (== 9 - fo) 37
wdt, ~ w7 o M\ Ta ) T A (37)

The function 7 in eq. (37) is

ilna; —a;lna;
’y:l—zaf(lnai-i-l)—?z:aiajw ,ai =bf+ AL /5 (38)

ai—aj

i=1 i>j
and the coefficients a;, b; and B are defined in (35). If A2 /B2 > 1 then v = —In(A2,. /B82) and eq.
(37) turns to eq. (36). If A2, /B2 < 1 then v = —0.158. For the case of a pure Coulomb potential the
dependence of oy 'do/dzdfs on fo/fo is shown in Fig. 4 at fo = 1073 and # = 0.7 (curve 1), z = 0.3
(curve 2), where
47%a5g(z)
00= "3 974
mwi f3
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1 2 ] 4 5

f,/1,

Figure 4: o 'do/dxdfs versus fo/fo for the case of a pure Coulomb potential, fo = 1073, & = 0.7 (1),
z = 0.3 (2), o¢ is given in the text. Curve 3 corresponds to the Weizsacker-Williams approximation for

x=0.3.

and g(z) is defined in (31). For = 0.7 the cross section given by (36) practically coincides with the curve
1. For z = 0.3 it is not the case (the curve 3 corresponds to the cross section in the Weizsicker-Williams
approximation at # = 0.3). However, within a good accuracy the cross section do/dz at @ = 0.3 agrees
with that obtained from eq. (36). It should be so, since do/dx is invariant with respect to the substitution
z — 1—2z and at z = 0.7, as we pointed out above, the approximate result (36) is in accordance with the
exact one. At z = 0.5 the difference between the exact result and the approximate one is rather essential
(see Fig. 5). It can be explained as follows. The large logarithm appears as a result of integration with
respect to f3 over the range |(1 — z)fs + af2| < @ fa. After the integration over the azimuth angle ¢
between vectors f3 and —f3 we should integrate over fs from fy up to zf2/(1 — z) and from zfo/(1 — )
to infinity. If 2 f2/(1 — 2) & fo then the contribution of the first region vanishes and the cross section
becomes approximately two times smaller (in accordance with Fig. 5).

Since the amplitudes (33) are obtained in zero-mass limit, it is interesting to estimate the accuracy of
this approximation. Numerical calculations of the Born cross section do/dx dfs with the electron mass
taken into account were performed in [17] (see Table V of that paper) for Z = 79, z = 0.87, w; = 1.7
GeV, 3.4 GeV, 6.1 GeV and for five values of the angle f3 in the interval (1.2 — 2.8) mrad. These
results are compared with ours in Table. One can see a good agreement everywhere. Only in one point

corresponding to the smallest value of the transverse momentum ks = 1.77 MeV the accuracy is 7%.

Table. The photon-splitting cross section
do/widz dfy in b/GeV st for Z =79, 2 = 0.87

fo w1 = 1.7 GeV w1 = 3.4 GeV w1 = 6.1 GeV
(mrad) | Present Paper [17] | Present Paper [17] | Present Paper [17]
result result result
1.2 22.72 21.1 3.11 3.25 0.565 0.56
1.6 7.47 7.4 0.994 1.03 0.177 0.18
2.0 3.09 3.12 0.404 0.41 0.0712 0.072
2.4 1.48 1.51 0.191 0.19 0.0335 0.034
2.8 0.793 0.80 0.101 0.10 0.0177 0.018
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Figure 5: Same as Fig. 4 but for = 0.5 (1). Curve 2 corresponds to the Weizsicker-Williams approxi-

mation.

For the case of a pure Coulomb potential the cross section do/dz can be approximated with a good

accuracy by the following formula

docoul d(x—1/2) 2(1 — x)
W:ngao [T QIHT—l—F(m) +(xel—2x) , (39)
where ) ) ) )
x x—
Flz)== Inf2-—— . 40
(=) 2+1—1‘+(1—1‘)2n< ;l‘) (40)
If w?f3 /B2 < 1 then the corresponding expression for the cross section in a screened Coulomb potential
reads
doger 9 d(r —1/2) w1z fo
I =xf; oo — 21n 7 +0842—F(z) |+ (x & 1—2) , (41)

with F'(z) defined in (40). The function F () characterizes the difference between the exact cross section
and that obtained in the Weizsacker-Williams approximation. It is seen from Fig. 6 that this difference
can be significant only at = being close to 0.5 . As for the total cross section, the difference between the
exact result and the approximate one is about a few per cent.

The inequality A < p which provides the applicability of the Weizsacker-Williams approximation
corresponds to a small angle ¢ between the vectors f3 and —f3 (when the vectors f3 and f3 have almost
opposite directions). So, it is interesting to consider the quantity do(¢mayz)/dz which is the cross section
integrated over the angle ¢ from —@40 10 ©mas. In the case of a pure Coulomb potential the dependence
of (mf2 00)~ do(Pmaz)/dr on Pmas is shown in Fig. 7 for different « and fo = 1073. One can see that
the cross section becomes close to its total value at relatively large ¢4, The same conclusion is also

valid for the case of a screened Coulomb potential.
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Figure 6: Function F'(z), eq. (40).
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Figure 7: The dependence of (7fZ 00) " do(¢maz)/dx on @mas for a pure Coulomb case at different z:
=05 (1), 2=0.7(2), and 2 = 0.9 (3); fo = 1073.
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